
  
Faculty of Science 

Mathematics Department 

Evolution of Strategies in the Two 

and Three Players Iterated Games 

A Thesis 

Submitted for the degree of Master of Science as a partial fulfillment for 

requirements of the Master of Science 

(Pure Mathematics) 

Karim Mohamed Abdelfattah Mohamed Soliman 

Mathematics Tutor at Zewail City of Science and Technology, Egypt. 

 

Supervised By 

Prof. Dr. Entisarat Mohammad El Shobaky 

Emeritus professor of Pure Mathematics, Mathematics Department, 

Faculty of Science, Ain Shams University 

Prof. Dr. Salah ElDin Sayed Hussein Mohamed 

 Professor of Pure Mathematics, Mathematics Department, 

Faculty of Science, Ain Shams University  

Dr. Essam Ahmed Soliman El – Seidy 

Assistant professor of Pure Mathematics, Mathematics Department, 

Faculty of Science, Ain Shams University 

Ain Shams University 

2017 



 



 

 

 

 

 

 

 

 

 

 

 

Acknowledgment 





v

Acknowledgements
I would like to thank all those people who made this

thesis possible and an unforgettable experience for me.
First of all, I would like to express my deepest sense of
Gratitude to my supervisor Prof. Essam El-Seidy who of-
fered his continuous advice and encouragement through-
out the course of this thesis. I thank him for the system-
atic guidance and great effort he put into training me in
the scientific field.

I would like to express my very sincere gratitude to
Prof. Entisarat M. Elshobaky and Prof. Salah El Din S.
Hussein for the support and encouragement whenever I
was in need to make this thesis possible. I am thankful
to Mr. Abdullah Ahmed for his precious assistant during
coding all of algorithms in my thesis. I also want to thank
Mrs. Marwa Hossam El Din for her flawless grammatical
editing of my thesis.

Finally, I take this opportunity to express the profound
gratitude from my deep heart to my beloved parents, broth-
ers, and my friends for their love and continuous support
both spiritually and materially. I also would like to give
my gratitude to my lovely wife for the support and en-
couragement whenever I was in need to make this thesis
possible.





vii

Contents

Acknowledgements v

Abstract xvii

1 Discrete-Time Markov Chains 3
1.1 Introduction . . . . . . . . . . . . . . . . . . 3

1.1.1 Specifying a Markov Chain . . . . . 3
1.2 Transition Matrix . . . . . . . . . . . . . . . 4
1.3 Absorbing Markov Chains . . . . . . . . . . 6

1.3.1 Canonical Form . . . . . . . . . . . . 7
1.3.2 Probability of Absorption . . . . . . 8
1.3.3 The Fundamental Matrix . . . . . . 8
1.3.4 Time to Absorption . . . . . . . . . . 9
1.3.5 Absorption Probabilities . . . . . . . 10

1.4 Irreducible Markov Chains . . . . . . . . . 10
1.4.1 Regular Markov Chains . . . . . . . 11
1.4.2 Fixed Vectors . . . . . . . . . . . . . 12
1.4.3 Equilibrium . . . . . . . . . . . . . . 14

2 Basic Definitions and Concepts 17
2.1 Introduction . . . . . . . . . . . . . . . . . . 17
2.2 Games in Normal Form . . . . . . . . . . . 17

2.2.1 Prisoner’s Dilemma game . . . . . . 18
2.2.2 Matching Pennies Game . . . . . . . 19
2.2.3 Rock, Paper, Scissors Game . . . . . 20
2.2.4 Battle of the Sexes Game . . . . . . . 21

2.3 Some Definition of Games in Normal Form 22
2.3.1 Common-Payoff Games . . . . . . . 22



viii

2.3.2 Zero-Sum Games . . . . . . . . . . . 22
2.3.3 Strategies in Normal-Form Games . 23

2.4 Optimality and Equilibrium . . . . . . . . . 24
2.4.1 Pareto Optimality . . . . . . . . . . . 24
2.4.2 Best Response and Nash Equilibrium 25

2.5 Removal of Dominated Strategies . . . . . . 27
2.6 Evolutionary Stable Strategy (ESS) . . . . . 28
2.7 Sequential Games . . . . . . . . . . . . . . . 30

2.7.1 The Perfect-Information Extensive Form
Game . . . . . . . . . . . . . . . . . . 30

2.7.2 Imperfect-Information Games . . . . 32
2.8 Repeated Games . . . . . . . . . . . . . . . . 32

2.8.1 Finitely Repeated Games . . . . . . 32
2.8.2 Infinitely Repeated Games . . . . . . 33
2.8.3 Stochastic game . . . . . . . . . . . . 34

2.9 Cooperative Games . . . . . . . . . . . . . . 34
2.9.1 Classes of Cooperative Games . . . 36

3 Prisoner’s Dilemma Impact 41
3.1 Introduction . . . . . . . . . . . . . . . . . . 41
3.2 Network Sciences . . . . . . . . . . . . . . . 43
3.3 Ecological Systems . . . . . . . . . . . . . . 46
3.4 Evolutionary Biology . . . . . . . . . . . . . 50

3.4.1 Kin selection . . . . . . . . . . . . . . 52
3.4.2 Direct reciprocity . . . . . . . . . . . 52
3.4.3 Indirect reciprocity . . . . . . . . . . 54

4 Iterated symmetric three-player prisoner’s dilemma
game 59
4.1 One shot game . . . . . . . . . . . . . . . . . 59
4.2 Infinitely iterated game (3p-IPD) . . . . . . 61

4.2.1 Example: . . . . . . . . . . . . . . . . 66
4.3 General Tit-For-Tat strategy . . . . . . . . . 67
4.4 Competition between Tit For Tat, AllC and

AllD . . . . . . . . . . . . . . . . . . . . . . . 69



ix

4.5 Conclusion . . . . . . . . . . . . . . . . . . . 71

5 Two Population Three-Player Prisoner’s Dilemma
Game 87
5.1 Two population (3p-IPD) . . . . . . . . . . . 87
5.2 Conclusions . . . . . . . . . . . . . . . . . . 92

A Algorithm(Pseudocode) 101

References 107





xi

List of Figures

2.1 Prisoner’s Dilemma Game (a) . . . . . . . . 18
2.2 Prisoner’s Dilemma Game (b) . . . . . . . . 19
2.3 Prisoner’s Dilemma Game (c) . . . . . . . . 20
2.4 Matching Pennies game . . . . . . . . . . . 20
2.5 Rock, Paper, Scissors game . . . . . . . . . . 21
2.6 Battle of the Sexes game . . . . . . . . . . . 21
2.7 Nash Equilibria in the Battle of the Sexes

game . . . . . . . . . . . . . . . . . . . . . . 27
2.8 Hawk-Dove Game . . . . . . . . . . . . . . 29
2.9 Twice-played Prisoner’s Dilemma. . . . . . 33
2.10 Twice-played Prisoner’s Dilemma in exten-

sive form . . . . . . . . . . . . . . . . . . . . 35
2.11 A hierarchy of coalitional game classes . . . 37

4.1 The First Class Of Strategies . . . . . . . . . 77
4.2 The Second Class Of Strategies . . . . . . . 79
4.3 The Third Class Of Strategies . . . . . . . . 81
4.4 The Fourth Class Of Strategies . . . . . . . 83
4.5 Some Examples of Automata . . . . . . . . 84

5.1 Two Population Automata . . . . . . . . . . 95
5.2 Same Strategy in different Two Population 96





xiii

List of Tables

4.1 Three Player Payoffs Example . . . . . . . . 67
4.2 The Third Player is TFT1 . . . . . . . . . . . 70
4.3 The Third Player is TFT2 . . . . . . . . . . . 70
4.4 The Third Player is TFT3 . . . . . . . . . . . 71
4.5 The Third Player is TFT4 . . . . . . . . . . . 71
4.6 The Third Player is ALLC . . . . . . . . . . 72
4.7 The Third Player is ALLD . . . . . . . . . . 72
4.8 Strategies Invasion . . . . . . . . . . . . . . 73

5.1 Two Population Stochastic Vectors . . . . . 97
5.2 Two Population Payoffs for Player I . . . . 98
5.3 Two Population Payoffs for Player II . . . . 99
5.4 Same Strategy’s Payoff in Two Population . 100



 



 

 

 

 

 

 

 

 

 

 

 

Abstract 


