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PREFACE

The thesis consists of four chapters.

Cheptsr I summerizes some factg which will be necded
in chapter II.

Chapter II consgists of two sections. In the First
gection we give 8 review of tne complex clagsical groupsg --*
wiile in the second, we investigate taree new types of
complex repregentationsg namely, tae complex ragtricted

repregentztion, the compl:x gphacre repregentation zrd the

s on EP R D \'.-\‘:

complex proicetive repressrntation. rﬁése'tyﬁés of repre-
sentations can be regarded a2g extensions of the unitary

- B _
representations. Wwe heve irtended thet oar congtructiosng
saould pe mainly related to tne unitery represertstiorns
decauge the unitery repressntations ars tne mogt importent
zrd mogt widel, studied class of representetions. Thneaie
ars twd) recgong for thig. Firgtl,, ariter, representetions
appear ratarally ir diverse z:plicatiors ir paysics sclsrca
(djnamical s,;stems, gaertum wecnanics and tae prysicel Tnedry
of fizlds),., 3:cordly, aritar, rebresertzatiors erjoy & scrigs

of remarkadle prop.rties, vuica greatly fecilitate tneir gtady.

vhepter ILI consists of two gectiors. In the firgt
~
sectlon we .xpPose tae comstractiorn of tae 3. in¥(n)-groap
while ir the sscond, we exposze two theorems or tae urito.ry

i

ring of tais group.
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in caapter IV, we gudote soms theorems on tns repre-

- .
b4 z

sértations of a complsx Lie group and its Lic algebra. In
the firgt section we congid:r the represerntation functions
wille iz tne sscond, we corsider the scmi-simpls repregsnt-

at lons.
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CHAPIER I

PRELININARIEG

In talg chapter we give some preliminaries wnlech will

2e needed throughoat tne thesis.

31. HOMBOMORPHISE |14

Definition (1.1.1)

Two topologlcsl gpaces X ard ¥ are called nomedrarphic

or topologically egaivelent 1f toere sxists & dijsctlive (iL.€e.

dng=-ore, dnto) farction £ s I —> Y sucna tnat I and f-l ere .

cartirisig. Tne farctior £ ig cslled a homeomor: nism.

Jafirition (Z.1.2)

~ TOPliogicel srzce X is seil T te emoelded in &
topoiosrical spzce ¥ if L is iomeomorgnic to & siospazce of I

~.q—'
L

'

~ T3ro.czlical sizce X is celled s first countudie
gpace if It gatisfizs t.s foliovary sexiom, calied tng first
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In other words, a topological space X is a first eountabls
gpace if and only if there exigts =& countable local base at
every point p € £.

Observe that ['Cl] is a locel property of a topologicsal
gpace X, i.e. it depends only upon tne propPerties of

arbitrary neighboraocods of taec point p & Z.

Definition (1.2.2)

A topologicel space (X, [ ) is celled a gecord countable

gpace if it satisfies the £ollowing axiom, called tae second

axiom of countability.

cm] snere exists a countable pase 3 for tne topology'?f.
L
Jogerve tnat second countability is a glodel rather taan a

local property of & topological space.

Low if 3 ig a countsble bage for a space £, and if Sp

corngistyg of tac memoers of B wilch corntalr tne 20int D Ly

o

tnenb%p ig & coairtasle locel besse at £. Irn otasr words,,

Froposition (1.2.1

4 gecond courntenle gpace 1g =lgo first co.untable.

—— =y

#3. CENIRALIZAR 47D NJRWALIZER OF 4 GROJZ | 4 )

Definition (1.3.1)

If G is a groap, we define tie cerntre ol G, denoted

oy Cr(G) to be
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T B
{c\ceGandforallgeG.gc=cg‘,
_ .

C,.(3) turns 2ut %o bs a normal subgroup .. G.

Definition (1.3.2)

The certralizer G(A) of 4 (in ¢) is dsfined by

C(A)=3Lc | ¢ £ G and for all a € %, ca=ac?5.
C(4) is a subgroup of G. If 4 is an abelian subgroup, 4

igs normal in C (a).

Definition (1.3.3)

The normalizer n{a) of 4 ir G ig defiped by

¥(z) =2 pln & G and An =n 4
L —

LY‘—)

%(4) is & gubgroup of G and if, 4 Ls a gaogroup of G,
L iz rarmel in X(&). Partnermore, i s is a gaocgrour 2 G

i is roreel ir G if ard orly if N{(4) = &G,

s4. IDOPILOGICIL GROUFS | 11l

Sefirictiorn (Legely

~ Topologicel sr=zee T tnzY is alsd

o
o
L
a]
(%)
L
T3
b
7]
N
[ﬂ
;
14
(4
£
m

S3pdlogicel group if tie madping

g, : (2, y) > Xy

‘)J

3% 0 arnto G ls contirsous ir Dotz verliadles togelner

ard 17 tne irnverslon magping
-1

5 Y
: X » X
=2

2 T onto 5 ls also continidus.
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If the group operation is addition instead of
-1

maltiplication, xy and x — ghould bé regerded ag x + y and

- Xy

regpectively. The identity of a multiplicative group

will be dernoted by & and taat of an additive group by O.

5.

(a)

(o)

uARTPOLDS [ 3] amd [11]

Let £ be a regl-valusd function defined orn an opsn
gubget 5 of R®. Dhaen f ig sald to 2e ir tae clsss
r or Cf, if all mixed partial derivatives of all
arders sxist and zre eontirnaoas on S.
Let X be & topological spaces An atlas 3i-of class
r S . .
on £ i collcetior. of pairs ( U NS 4
C n s & co P > T Y sy € &
ar. index set, satisfying the following conditions :
( L ) Becn %x. ig ar open sgubsst of X ard {q%} covers X.

(ii ) Becn 4, is a aomeomorpnism of J , on ar open

=4
o : e .
gudget s ( J. ) of R7 for some f{lxed n.
oA i
(iii) For .1 Js 7 D
: ',.‘ '.“.-l. [ - " - 3 - Cy : ~ 3 ‘
b D\T/F * {ﬁ (JD/\' Jy) —— %,(( JX [ -’af

. .- Ny
18 01 class U »

{(iv ) Let { o, *z ) 5¢ & pmir conslsting of ar oper

sioset s of X and e admeomorphaien ot of U orto

-~

ar oper. sabset of RY., If for caca paeir

( J(y\ s Wy\‘) € -df’ for whica JDL n o J# (’f tne map

{1

N -l i d T R dore- ~ - .
y Okééi : Q,/(J.x JY\) —— \* (o1 %yA)

N

iy of o¥, toer (J, V'€
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(e)

4 Haasdorff topological space X witn an atlas s&.is
called ar n—dimensional ¥ manif>1d or gimply e mer.

fold. The memders of the atlas are usually called the

coordiraete system for the manifold.

If the mapping £ in the above definitiorn nas a power

geries expangion, then £ is said to be anaslytic.

Defiritior (1.3.1)

(1)
(ii)

L Lie groap G is a get wita tne two gtractures :

& group strictire,

a real {or complex) analytie marifold, and tnese are
compatible with one arotaer, i.e. the equations
defirirg t1e group operations are analytic in tne
coordiretes of tane rwanifold. we spsak of & real or
eorrlex Lie group. Of coirse any compl=X .le groip

: . - : C .
ig a1lso & reel Lie grdar by the reelizatior metndd 17}.

Jdef ‘.:‘_iti.G:‘. (1-502‘)

: - o - P — ) - ! R
. YoCTIOr &% & point § oF & reel analg Tic manifold L3

- -~

& marpins L of 4 (p) (the arnalytic fuaretions delirn:id .rn tnae

Leignoornydd of  p) into R saen tnet

(L2

(ii)

L iz & - lirzear,

ive. L(a 2+ pg)=2al{r)+0ol (g) goec B
L ig =z diffzrerntiztiorn,

i, L (Pg) = 7(p) L {g) + ¢ (p) L (2).
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Definition (1.3.3)

4 vector f£:21d (or irfinitesimal transformation) on

a panifcld ig e mapping P ==—— T{p) (T(p) dsnotes the
vectar space of tangent vectors at p). 4 vector field X
ig analytic in U if the function X(p) f is analytic for
gv¥ery analytic funetion £ in J,

s veetor field £ carn ve written locally

O

£=2 & , I; analytic functioms of (xy).

i a)xi

if € =nd Y are two {eralytic) vector figlds, ther in gereral

ZY ig =0t & veetor figld. In fact, lst Xyr eees X beg

eoordirates znd let

— _
[ .. . [
L= < '{J_ — Y =Z '.'i_ s
. =, . ~.
~NE . VX .
by C/I]_ 1 _xxl
Tnen
—~— \>_‘ £
L3020 = 2o 4 = -
i 7 oAz, d J ol ¥
Y :
~ - . - s - =l
— c £y . _ e ooZ
-~ e «. . -
= = ‘{3'. 1 v L oL, ? - .
X \ - : - ) ~
Tmig: L CaETLONS 30N0W LY OvCos Tzt oar = i lz 8 veellr Jield
Eiver D)
~T :/‘ li - — C’l,_j Yy
Ly -~ ¥ = (g, —d -2y = : .
i )X: i RIS RPN
- L L
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his operation on vactor fields is denoted 3y 2 bracked
B ¥]. Cleerly from its definition it nas tae following

prapertics :

(1) (& ] = - [y z]
(i) [o {2+l [& z}] [z. [x. x]] =0
(Jacobi Lientity)

(iii) It is bilinear over R.

iny vector space over R with a hracket satisfying tness
reletions is eallsd a Lie algebre over R (possidly infirite
dimersional). Taus tae victor fislds on & rezl analytie
menifold form a Lis algeora (of irfirite~-dimersgion). 3ut

ws snall only consider finite dimersiornzl Lie algesopres.

~sw lst G be & real Lis group, ani let L pe Inse
tarngert spesce at Uoe idertity. Iner, 2y left multiplication
ws oonteir a i1seft irnveriart veetor figld or G corresgsonding to
gvery vecsar df L. Jsing Uis Dracde’ dperetisn for vector

sieidg we ontelr taersefors & oracxel Jdperatlorn i L. .na Lie

algeore tiug obtaired is called ©0¢ Lie algeora oI G, Oor tne

-~

infinitesizel group of G smd ig odagle to e stady I Ge

Remark wa could have .sged rigat invariant vector fields
e ARr————

to define tne Lie algeora stractirs, out Tne map

-1
g ————> &
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