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The thesis dcals with the G-function and Wnitltaker
Latica.  dhke  importence oi the G-function Jorives
.

wossibility of expressing by acang of

i
A < Y

1

tho G-symbol a great wmany of the speclal funcitlocas, 50

that each of the foruuwlae developed Tor the G-functlon
Lecones a most key formula from which a very large ~uaber
of relations can be deduced for Bessel functions, Whittaker

functions, d-functions snd other related functicns.

The results obboined are grouped in three chapters.

In chapter I, we evaluate tvio main integrals
involving G-functions in terms of G—-functions. Using
slLese twe integrals we sum a number of gseries invoelving

products of G-functions.

In Chapter II, we give formulae involving summations
of G-iunctions represcnting Whittaker functions, formuilae
invelving summations of a-functions represcnbing products
of Jhittaker's Tfunctions and ferwulac invelving summations
cf G-functions representing Bessel functions.

Tn chapter 11k, we gvaluatbe integeocls lavolving

iciaker lunctisng and Besuol sunctilons i Loooms o Ol

+h

"
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in these Tormilae we deduce scue integrals involving

whittaker functions and Bessel functions.
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CHAPTER C©

[

I 0 TRO

In this introductory chapter we zgive the deiinition of

tue nyperzeometric function, the generalized hypergeometric

funciion, the Pessel function, the whlttaler function, the
o~ilunction and the G-funection.
0.1: The hypergeonetiric Tunction
co oo )
(1) oF (aybjc:d) = S - (“?nz'fbin) 7
o n (cyn
vheare
" (a+n)
V21l < 1 and (a;n) = _r_(.é_j__
satisfies the differential equation
Ly G2y ) dw
7 (1-2) ==5 + {c-(ati+l Z1 =Y -~ abw = 0.
£ (1-2) 572 [ 1) 1 az
1% can be represented as an integrel; we have vhen
[z} <1 and Re ¢ > ke b> 0.
1 c-b-1 -z
(2) _F, (a,bjc:2) = (o) f 9 (1-1) (1-z¢) dt.
21 C()fle-b) o

o we have fiom (2).

‘ v V() (e-a-n)
(3) Py (a,bjerl) = ece) F (eob)

When Re ( e~a-bl>

which is Gguss theoren.

Ween | 2 | <<t , [1-%] «} ond proviced e (a+b) T Re e «1,{1)
can be written in tne foru.
() T ic~a~) . . .
(4, F, (n.Tiieszy = g”_mj?' el NS P-EE NN PR Y
<4 T fowr W lowhy =« 4
&:h v
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If 3%« ¢ > HRe D> o then
r(1+p-a) kl+“}2—b)

(5) I (e,b,b-g+l: -1) =
2L U(i+b)f (L é— b o~ a)

vhich is llummer?’s theorem.

f | a|<| and e c¢> ke b> o, then
~a o
(6.2l 2Fl (a,byc:d) = (1-4) 2Fl(a,c—b5c: Zfi )
~b
{6.b) 2Fl (a,bjc:2) = (1-2) 2Fl (byc-ajc: éf» ).

0.2: Barnes contour integral for F; (a,bjc:Z)

Barnes, following Pincherle cnd i.ellin has Trepresented
the hyperzeonetric function by i:eans of a contour integral.

A particular case of Bornes formula is

S ML/ St S GO T

valid whenl.ZI<(] and 1 arg(-z)|<:zr , the path of integraticr

being the straight line Re s = & vwhere <o <L o,

Bornes contour integral for 2Fl (a,bzeczz) 1is

g5y v (=) [ () F (a,bjc:Z )
(8) S o) 21 29
G+ g
- | Tlata)l(o+s) (g (-2) ds.

-u-é—}-?:"i_—'?d -0 i Y(C'*‘S)

F (ajc:Z) can be cefined from F (a,bjc:Z) .5 follcows:
11 2

11 PRSP

1
Fo (ajeciz) = 1in P o {a,nie s 20
opr e 0

L e e T o e L0y R
PPV kR A PR ) 4 L:( - R AL L O B LT & S O A S




a=w

Z =-% + (b-2) %? - aw = O,

aze 2
When I arg (-Z)l<:' é and a 1s not a negative integer

or zero, then

) +er K
(9) F (a;b:z) :V(b ;}- r(§+33r(~o) (-4)
11 Pa) 27 i = jo° C (bes)

— g,

0.3: the generalized hypergeomeiric function

The generalization of 2Fl {a,bjc:i) can be made by

the introduction of P »arameters of the nature of a

y D
and 9 paraseters of the ncture of c¢j  thus
a a cee, 8.t &7
_]_9 23 Fl 2

(10} F = F (a,, bg: 2)

= (ay3n) (as,n) (an;n) n

t_' al,n a2‘.n -0 ‘.,p-,l’l 7

- ‘d_-_ ] a

n=o (blan) (bzgn)...(bqgn) nl

(10) is known as the generslized hypergeowmetric series,

qu converges for all finite 2 if »p g g , converges for

jZ¥¢) if p = g + 1, and diverges for &#11 Z2 # ¢ 1f P > q+l.
We note that
F iy Boy eevs 2 &
pq<L K
by Doy eeey bq
satisfies the di f{erentlal equation.

(11) & (6 + by~1) (6 + by-1)... (6+b, -1)v




vhere

= Z i
%] Z iz

0.% : Definition of Bessel function

Bessel function ic the solutiocn of the «ifferentizl

equaticn
5 @%ﬂ w2z 4 (2 -n?) ws O
de dz

n and Z can be complex,

tpecial solutions of this equation arc the Dessel .leunann
and Hankel functions, J,(2), ¥,(Z), u(l)( Z), (2)(2)
rezpectively, The latter thrce are linear combinations of

the first. They are defincd by

2 )" g O
IR - <
(12} Jn(é) = ﬁ;; mtr(n+m+l) ( 2 )
(2 2
- 2 ) F (n+1; - <« ),
Y’(n+l) ol 4

-1
(13) Yn(Z) [ sin (n 17 )] !jJn(Z) cos (n 77 )~ J_n(z)] .

- i
{14) ﬁi)(Z) JJ(Z) + i yn(z) = (1 zin (nﬂf)) LJ(A)—J (7)) e nT

!

i n

(2 L _ o ‘1( N
JJ(A)-lYn(Z)-(i sin(n#)) Jn(Z).e "Jmn(ﬁ)j ,

(15) H )(z>
n

n

In case n is »: integer or zero oho vignt nond siaes oo U

above equations iecome indeierninste.

poaified bessel funciions
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mediflied Bessel differential equation

72 d<y 5 du o

=
S-X 4+ Z 22 - (Zf+n") w= (.
12 dZ ( ) v

The modified Bessel diifercontizl equation is cotliined v
replacing Z by iz in Bessel’s differential equration.

bpecial solutions are

. T I <O 4 \nt2m
-i % n 1% (£)
_ 2 2 S 2
5 = J (Z e ) = Z -
(16) In(A) e n n=0 Wi (natl)
Z.\n
(%) 2
= < OF (n +1 : éq ).
" (n+l) .
(17} K, (2) = %IT f sin (n 7 T 4,) - In(Z)J
or i "

¥
Isn i3 -iszn
2

K, (2)=%Tf [sin i nii”l te 2 J_ (2o 2)-e J,, (Ze

or expressed 1In terms of Ionkel’s functions
T

i'sn JT -i'tn
2 (l) 1= -1
(18) K (2) = 4Te g (ze 2)=—l§ ife - Hf)(z«e
We have:
K ,(2) = K2 .
A Cad T
Y(Zeé)= ie'm2 I (Z)-gelneli(z)
n F r[ n JT n T
5 150 i ~-ink  (2)
(53 iy (ze ) =dame T al @) =-lire 2n (2.

U.5: Lelinition of viid ttaker {unction

We ave the Kuwaeer’s di. feront -0 YR I e
fatl Ca% Lk
e s
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b/ -c
If we put y = e 2 /2 u o, we get
2 1 & . a 3 (1...9)
(21) da’u + [- i + 2. 2 F _2_““&‘_2____”___“] u = (.
az? % z2

Lot e Aleiney % oen= - e - & 21_2
Agoin taking 5 a=k and 5 (1 2} m

ecuation (21) takes the foru

pE
dacu 1 k | -
2 — + - + - o —rer——— = {:J .
(22) 172 ( Lt -z }u

The solutions of equation (22) in tho neighberhood of the

point at infinity are

2l

(23) & (2)=e® 2 2 F (u=+ % -k; 1+ 2n : 3)
kK,m 11
-g —m+% 1
(24) M (3) =e Z P, (emt5-ky 1-20 3 2.

ke o
(23) and (24) form a system of linearly independent soluticns

of equation (z22) provided that m # - L y - g, - g s see

2
(25) Wi (2) = r (fn)-m-— b (Z)+ - 1,(.,13‘-1) o (Z).
Lem r(m+2 -k)  k,-m F(—m+é—k) I,

W (%) is ezlled Ww.ittaker function.
|-
,m

Ihe values o W (Z) when Z lies outside the srincipal
-3
branch, czn be e ressed in terms of the vzlues in the

grincipal Yranchi oy seans ol

T .

. R Site (D=l
=" A P L .
5 20) WY' . ’\ s =, ;"""“""i'“'"‘““'“\-”--" = LA [

4\,{1} O - IR ' -ti,

2



.
L |

1z ( Itom)
o (o) e 7 2 Lo (2)

[ (m-r]-'- + k) +1 g(l-—2m)
= 2 e w2
\. (Iil -+ 5 —k) Sl

cos T (in-k)
cos ¥ (m+ic)

—— A2 i

V& ~n-k)
2

[ (-om) +i=(1~+2:)
+ . [

bome recurrence relations for Wk m(Z)
2
(27} (m~;+k)2£ Ve l o 1020 - (2n+id) W, (2)
2 23“‘ 2 -5l
1
2
+ Z W (z2) = ¢©
l{+3=9m+l
2 2
L
% (2) W (Z) 2§ W (z) =0
(28) g2 W 1.1 L)=2.0 ¥ + 1 1 ) =
. - ’l Tk
k+2;m > nk “72,m+2
(29) (utidu 1 (Z)~2 W 1 (Z) + u 1 (Z) =0
(30) (ftm-k ) (- i)W (L)+(2m=2)W  (Z)+u (z2) =0
2 2 -1,m L,m L41l,m
Some special cases of W, ne»
N J-L, s
‘Z .
() (= 2
©13 o
“f
(S A N
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+ 14
(33) W (tigz) = Yo
o.&
2
2
) m+E
%) W (2) = (2) = exy ( -2y 5 2
L+E . m R+, 2
2, 2, (V%
Integral representation of Vi, m(z)
irg
- 1 k+l
( - " oY e e 2
35) | (;. k). Wy n(2) = e ( “f ) &
Q)
j -4t ak —;—j m+i =+
. e t G+t) 2 ¢t

O

vhere j arg Z,(” /2 and Le (m-k)> - %,
2

l aa
_ m+= -4t +k—l =k
(36) § (%-i-m-k) Woo(2) = exp (B). 5 2 [e tm 2(t-—1)l :
Ky 2l 1
where ]arg VA ' < ir /2 and e {(m-k) > -~ % .

In terms of 2 Darnes type intcgral, the funetion

wk,m(z) is given by

(37) r(]?-..;-k) r(%--m-k).\l {z) = . exp ( - é) Zk
k,m 27 1 2
¥ +i @
1 -t

. j r(—‘)r(é-i-u—;+t)rk%—m-—k+t) {a) dt

¥ %100
where

4 « 3R L -



the nath of integration 15 to be chosen in such a way as to
separate the poles of

T(—t),r(%+zz—lc+t) and T(é—m -k« t),

0,6: Leiiniticn of the L-function:

heerobert’s _-function arcse from an attempt to

give a meaning to tne syubol, Foowhen p > ¢

+1. F
P g : oF

p<X g+ 1 we have
r (al)... r(ap)
F(bl)...r(bq)

(38) E(p,ap;q,bs : X
. F (a g e84y ab ...,,b 2 - % )
> g L piT1 q X
wnere pxg g and X # o; fornmula (38) alsc holds when

p = g+ 1 provided that [ X} > 1.

P\
P I - a
(39) E (Paari%bs : X) ::—1 g=1 r(as ar)‘—(ar) X-_I‘
Pl o T (bg-ay)

pt+q
+1 p-1
q J.;) ar"al +lg "8 ey x? “s e ar - ap+l

where p > q+l; fornula (3

g

} 2lso nolds when p = g + 1

~

provided that | « [} . ke .rime in J7 indicates the

D

ouwission of the fr-tor [ la.-ap), Lie ssterisk in ©

indiecates the oui:ion ol the morancter a, - a. + 1 o, an



