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A thorough investigetion on the lmportamt problea of
rovetion Ls given, with the application of tha group theory.
Sugh en investigation is quite essentlal for the furbher
spplications of sotations in higher dimensions in $the moldern
developmente of Henentary partlcle Paysics.

In the firet chapter, the essentials of the Sheo¥y of
mlll umunt-uou with hﬂortnt touulu mu-ul.ul-

In the m-l chapter, She redresentetion of the ehmmﬂ i
thees dimsnslonsl sovetion growd 1e given with & torougn
mww st sgroper rotabion represent
and their edditionss The quantum l.ehnlcal rotetion is aleo Y

datchod with its gemerel mnmilthn in the Ellbert m x (ﬂ'
e —— ‘ ﬂl \"..I"
The mmtun ot th. Clebsch«Gordan, cosfficianty, q |

mmmm-utwmuu-uunmn B
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lumuu rmiuu. after m.m,mu some recurrence

i

duuon- tor thol.r nl-u'l.ul eo-utuuou. These tadles
£ind wide uge in meny applications.

In chapter IV, the enargy levelg and eigen vectors of

. gmrd mim moleguly i ﬂllund with iaplicis
valugw tor low velues of the cuntm m-iu-- w:.{lzc_m the
!ot.ﬂ.on.

o i b1t b

In She lest chapter V, the electronic part of the
‘snguler momente uwum

investigetions en tha lsdariant Problsm of slactronie
orbitals end Shelr mt__j_._n_
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GIIERAL THEORY OF GROUP REPRESENTATIONS

In this ehapter w shall samarise all the important
postulate of group theory whioh are very important in the
epplications to the angular moments of molesules ss & whols

and in partioulay to the eleetyonie angular momenta of
moleoules.

Vo shall say that a vepressntation 2 of a growp G is
g¢iven in & eertsin linear speoe L, if to eash eslement R of

G there is a eerrespending operator T (g) in the space L
ouch that te each predwss of $he elemant of the growp there

is a corresponding predust. of the operyetors

T (%) T (Ry) =T (RyR,) Q)

The dimensionality of spece L is gaid o be the dimbme
sionality of the representation. ZTwo repregentations ?(R)
and P*(R) whieh are ocomnested By a relation soh as

PUR) = 4 B(R) 4~ (2)
a®e w§id 40 be oquivelenmt.

4 trensforuation whish scnverts s yeprosamtation fmto
an equivalent ane is called a similarity trensforwskfan.
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All representations equivalent to & given one are eguivalent
to sash other, Hanoe all the epresentations of a given
group 0 san be aplit into elasses of mutually eguivalent
representations. Eash olass of squivelent representations
of ¢ finite group contains unitary representations.

A reprepentation ? of o growp 0 in spase L 15 oalled
rodunible, if there exipts fin L at least one nontrivial
subspases 1) invariant with respect to all operetors 2(R),
(Rg @),

™he representstion B of G in emoe L is ealled irredunible,
if in L theze 1is 2o nontrivial sibspace 1y invariant with
Tregpeot to all the operstors 2(R), (R € ).
A space L oan be expanded into 2 sunm of mutually orthogonal
invariant subspaces

L Q ]'n(l) L 2 In(a) * sseee @ IJ(-) (3)

%o quote without proof the following important properties

of irredueible representations of finite groups (:1'2)

1=~ e nmber of non squivalent irredusible repressmtations
of u group is equal to the number of classes in the group.

2« The smm of the squares of the dimenziong of the non-
equivalent irveducible.representations is equl to the
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order of the group, i.e.,

rg.‘rg".oooﬁt‘:-' (‘)

where £, denctes the dimenaton of the o( 32
irreduwoible representation,

J= The dinmension of an irreducidle repressntation of a
finite group is a Adivisor of the order of the group.

4= The following orthogonality relations hold for the
matrix elements of irredwsible represenations -

%rxln)' r;:)(n) o (&/f) 8‘*? 8“8,_ (5)

s (X)ip yu 2{)y 3 § 6
Talfec/e) Tgy TMIT G, TMy) Op (6)
The oharester X (R) of the representation T(R) ig defined
28 the sum of diagonal elements of thb(”trlz that corres~
pond to the ocperator 2(R) for any basias. i.e.,

(X)) (X
-2
X - %y tw) (1)

The ohavastere of equivalent repregentations are identical.
The charasters of irredwible roprogsentations satisfy the
Tfollowing cxthoganslity yelation 3~

) . B
TX o Nwesby @
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Since the sharueters of all ths elaments belonging to a
given elaas are equal, ¢q. (8) ean be written in the fomm

= & xm’co)‘ )(‘P)m .z 809 (9)
e X

where the sun is Saken over all olasses 0 of the group,
and g, denvtes the nmber of elements in O. Another
orthegonality relation for the charaeters of irredusible

representations is

(&) o (
%)‘ (0)* X

(4)
The point groups =

o
)(ok) - (d‘.‘] Suiok (10)

W uge a symbol ¢~ for refleetion in a plame. 8ince

two ronu_r_tim in the same plane retwm us to inftial

position 1~ we have
2

o =B 1)
We denote by o refleotion in an axis perpendloular %o
rotation axis, and by oy reflestion in s plane passing
through the axis,
A predust of two reflections is oqual to 8 rotation $hrough
double the angle between planes. The matrixz representatien
of & reflcstion i egual to the matriz represeatation of o
rotation with X =TF  (Ryy = ~P;y + 2 KeKy) nultiplisd by
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e matrix representation of inversion. Hense it is equal to

1.-2x$ -t K8, - 2K,
Re | -2KK 1-2X  -2KK
-2 KK -2 KK, 1-2x8

(12)

Lyvery sudbgroup of the full orthogonal group is celled a
point group.

1~ Tne growp G_ has elements O, 02, ..., 27, @ s0

a oyolis group, The axis O, is celled a two ~ aided
axis if C, and 0;1 are conjugate. Other wimse C, is
oalled a one sided exis. Every operation of thim

groyp forms a olass, and the irreduwidle repregent-~
ationa are all one ~ dimensional.

2= Thogmwnnhaumn-tﬁoﬁorcnaﬂ.uandnncond
order axes perpendiocoular to it. These axes are denoted
by We Wys cosy W, the anglo between two of them is 1—5.
the group contains 2 n operations t n rotations Oy abous
the vertical exis snd n rotations through Tl about the
Mrisontal axis. The nmaber of olasses of the growp D,
axre (3?3) if n 8 even and (B-%J)d.!nlsodd.
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The growp 82‘ oonlut- of powers of the rotation
inversion 8, « 8 ( =)o It has 2 1 elements

e, 82‘. .gn. saa g ﬂ%:l « The even powers of ﬂm

form a subgroup soinsiding with Gn. ’2:1 is a oyolio
group. It has (n + 1) olassep

(o {om 2% o {2, i3} {2}

The growp cnh eonsists of rotations and rotetion -
inveruions. It thus containg 2 n slements, 0: ’
op 0K (X = 0,1,2,000y B-1). The O, growp is
sommutative. Nach element oonstitute a elass YWy
iteelrl,

!hnmo-oontammnmordoruﬂlmdn
vertical planes 9 cl'é. sesy O that pass thaough the
axis O . The group O, has 2 n elements ¢, Cps G: ’
veer @2, 5 , @G oeep 00 It 18 Secmorphic to the
grovp D, and therefore, the numbeyr of their oclassoes
and elementh are squal , so that the number of olanses
is equal to (§+ 3) it n 18 avem or to (9——*2—-2) ir

n is odd,

The group By; has the 2 n elements of the group Cojpr @
horisantal second arder axes i . Wy scey Wy and n
vertical refleotion planas %, 9, 20 *ses o, passing
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9=

through these axes. The nunder of elasges of this

group is equal to (n ¢ 10) if n s even or (n ¢+ 5)
if n 1g edd.

The group D), sontains one rotation e inversion axie
3,, of oxder 2 n, n vertical reflection planes o
6'5. sesp 0 and n horigzontal seoond order axes uy.

Ups eseg By The total awaber of classes is (n ¢ 3).

The group € has four axes 03 and three axes 02. The
seoond Order axes are Wpe Yae By, Thus T oontains
beside tho unit element four rotations of 3;: s four
rotasions of -‘-;-r end thyee rotetions of T 1,e.
altogether 12 elenmenta. We hawve then following clsasses

{.} , ‘{051)} .{cgi)z} '{“11}'

The group ¥, oontains the group T as a subgroup, In
aeddition to the 12 elements af T, the group I, eonteins
the 6 refleotion planes 0131 F3e Hyr %33 Togr Toy

and the two rotstion - inversions S,, S; about esoh

of the thyee sosond order axes. Thus it has 24 elements.
It decomposes into 5 oclasses as follows

{e} {ch), °§“f" fu}s { si=), sim} i {‘ix} :

10~ The group %) is obtained fram ? by adding the invermion

and earrying out invergion on all the elements of the
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group T, The produst of the inversion and the yotation

5
05)) 15 the retation tnverston zogl)- n?’ alwo

2
xcgn - 32” . The produst of {nversien I and

6 7T« rotation s equal to a refleetion in a plane
perpendieular %o the axis of rotation. Thus the total
number of elements of this growp is 24 its classes are

{o}. {ogi’} .{o}“’} -{‘u} .{1} .{az"}. {sé”} .{o'u} .
11« The growp O contains three fourth order axes c‘(‘l) ’
°£2’ and c{” $ feur third oxder axes 0;1). 0;2)0 0;”

and c“’ and gix aeoond order axes Wyoe Upgs Uye Uy

Ung and Uyqe bogide thw unit -luunt. The group O

oontains thyee rotations ot ¥~ . three rotations o 7T
and three of 2,— } four rotations of &y , four

rotations of 5,- and finally six rotations of 1T .

1.6, altagether 24 olements. We have the following

olasees

{,}. {cg), ,,gui {cm } ofV), ,m} {,ﬂ}

12~ The group Oy, coutains 48 elements.2woe clements belong
to 12 olasses.
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