_ MATHEMATICAL ANALYSIS OF

- SOME MODELS

¢

[
i
i

o

i
L

i
THESIS ,
%’ /
SUBMITTED IN PARTIAL FULFILMENT | s
OF THE REQUIREMENTS FOR
THE AWARD OF THE (M.Sc.)
DEGREE
N
PURE MATHEMATICS

AIN SHAMS UNIVERSITY /

FACULTY OF SCIENCE

ASHRAF FOUAD MOHAMED AHMED

DEPARTMENT OF MATHEMATICS
FACULTY OF EDUCATION

AIN SHAMS UNIVERSITY /, 7 é 7[,

SUFPERVISORS

Prof. Dr. EL-SAYED M. EL-GHAZZY
s,

DL ABD EL-HAMEED A. M. AMMAR
FACULTY OF EDUCATION FACULTY OF SCIENCE
AIN SHAMS UNIVERSITY

CAIRO UNIVERSITY _
BENI-SUEF BRANCH

il
L




LA
45,10

’di" -Mg‘mlﬁi@wﬁmﬁuiﬁ‘wﬁ‘- .:“3‘-:-’}1‘- -!ﬁu 'ﬁn l’k‘- "‘;b-,: l‘ﬁ\u\ﬁx . .'ﬁ] .{:!‘u “r'r“ .

i,

""—"r!l""j'.t ki "’;b ] 1:!" "'jﬁ‘ c.ng‘lf‘mﬂ‘m—-';r',"ﬁ[
S T

- K] o, ' 3 NP 1y
Pl ,,",f‘ r‘gt;-z‘ r":‘:.h m_f',.f‘mj.."- n:,_"- a: :..t’r

'
t
vt

Y
—

.
uy,

< 'h
= et ()

Ehliism!m]IimIlfIHIIJIHHIIsmlezmunml|!|imui|ﬂﬁﬂ!l!liihml1EEImHHmIﬂElli!t:inulf{_‘_{

D
= P T = ¥
=t » —= P
— == EN
/C;' i » = il L

,.
%

14
By :
:;‘i. :
-5
A
o
wi
Lk
'.‘_R

.
o~

S T e M

Ea
o

R

s
IS A

& W -
A T wAAIPE TS

SIS LN E

Ay rT !
 Waget
.

— 3
S

-

- - -
"TT - .'_F"‘TM

L L R s G LR

SV|ME

P

\

153

8

1
Patoe o,

f

P,

AL e

i

&S

T N NN G R R R R R R R o

s



m
/‘- -
.
ST

::L% 1 :éf %
-— = [ i
,f:EE = 5::_'::

L ‘\ |

Central Library - Ain Shams University



ACKNOWLEDGMENTS

First ”and formost, thanks are due to Allsh, The moStU
Beneficent and Merciful.

I would 1like to acknowledge my deepest gratitude and
thankfulness to Prof. Dr. El-Sayed Mohamed El-Ghazzy, Mathemal 1CS
Department, Faculty of Eduction, Ain Shams University, for his
kind supervision and his invaluable help during the preparation
of this thesis.

I would 1like to express my <deepest gratitude and
thankfulness teo Dr. Abd El-Hameed A. Mohamed Ammar, Mathemalbics
Department, Faculty of Science, Cairo University, Beni-Suef
Branch, for suggesting the interesting peint of research,
supervision and following the progress of the work, invaluable
advice and guidance, and for his help during the preparation of
the thesis.

I would like to thank deeply all who helped me in this
thesis, especially Prof. Dr. Abou El-Magd A. Mohamed, Head of
Mathematics Department, Faculty of Education, Aln Shams
University, and Pref. Dr. Munir Sayed Morsy, Head of Mathemalb {cs
Department, Faculty of Science, Ain Shams Univerity.

I would 1like to thank the staff members of Mathematics
Department, Faculty of Educatlion and Faculty of Science, Ajipn

Shams University.



CONTENT

Introduction

Summary

CHAPTER ONE
1.1. Mathematical Knowledge.
Autonomonus System
Stability
Liapunov Function
Some Important Definitions
1.2. Some Recent Results on Predator - Prey Models.
For Global Stability of Prey-Predator Models.
For Global Stability of Competition Models.
For Global Stability of Symbiosis Models.

Prey-Predator System With Functional Response.

CHAPTER TWO

Conditions For Global Stability of Three-Spacies
Population Models With Discrete Time Delay.

2.1 Introduction

2.2 Global Stability of Two Preys -~ One Predator Models
2.3 Global Stability of Competition Models

2.4 Global Stability of Symbicsis Models

page

P
W

Y]
Ui



CHAPTER THREE

Effects of Dispersal on the Stability of Two

and

3.

[

3.2

3.3

3.4

a Common Prey.

Introduction
Basic Systems

tability

{r

xzamples

References

Arabic Summary

Predators

70

70

71

95



INTRODUCTION

In order to make a real phenomenon amenable to mathemalical
descript.ion, the mathematical formulation of numerous physical
problem results in differential equations which are actually
non-linear. In many cases it is possible to replace sSuch =a
non-linear equations by a related linear equations which
approximates the actuval non-linear equation closely enough Lo
give wuseful results. If a phenomenon is described by the

following system of differential equations

dy.
i .
dt —'¢.1(tr yl» yar-~~. yn) , l—l,2,...,n-
with the initial conditions y(t )=y , 1 =1,2,...,n.

Which are ordinarily the results of measurements and, hence, are
inevitably obtained with a certain error.

The question naturally arises as to the effect of small
changes in the initial values on the desired solution.

If it turns out that arbitrarily small changes §n the
initial data are capable of producing a substantial change in Lhe
solution, then the solution defined by the chosen initial data is
ordinarily devoid of any practical meaning and cannol describe
the given phenomenon even approximately.

This brings us to the important question of finding the
conditions under which a sufficiently small change in the initial
values brings about an arbitrarily small change in the solwution.

If t varies on a finite interval to =t =T, Lhe angswer to

this question is gilven by the theorem on the contjnuocus



dependence of solutions on the initial values.

But if t can take on arbitrarily large values, then tLhe
problem is dealt with by the theory of stability.

The subject of stability can be approached from two view
points :-

1} A reasonable mathematical problem is to generalized or extend
some of the results we obtained concerning the orbits of two-
dimensional linear homogeneous system to orbits of non-linear
system of dimensicnal n > 2.

2) For more interesting and important is the approach to
stability theory from the view point of applications tc problems
in the physical word, if we assume that some physical system 1is
described with a fair degree accuracy by a system of ordinary
differential equations, then how are the solutions of the system
of ordinary differential equations reflected in the actual
behavior of the physical system?

In recent years, there has been high interest in stabll ity
and oscillating phenomena which play a role in regulalting
bioclogical organisms and in biochemical and chemlical reactlons.
For mathematicians this interest has been partially sparked by
new demonstrations of stability and oscillations in predator-

prey models.



SUMMARY

This thesis conatins three chapters. The first chapter
consists of two parts, the first part is a review of Some
definitions and some theorems and the second part is a review of
some recent results on predater-prey models.

In chapter II, by constructing appropriate Liapuncy
functionals, asymptotic behaviour of seolution of various delay
differential systems describing two preys-one predator,
competition and symbiocsis models has been.studied. It has been
shown that equilibrium states of these models are globally
stable, provided certain conditions in terms of instantanecus and
delay interaction coefficients are statisfied.

Starting from this chapter, all the work are new and have
been accepted in J. of Appl. Math. and Computations (U.S.A) .

In chpater IIl, we concerned with the question of affects of
dispersal on the linear and non-linear stablility of the
equilibrium state for a system consisting of twe predators and a
commen prey. It is shown that linearly or nen-linearly stable
equilibrium state remains so with dispersal as well. Also Ll i«

shown that the dispersal has a stabilizing effect.

g



CHAPTER ONE

1.1 Mathematical Knowledge.
Autonomonus System

Stability

Liapunov Function

Some Important Definitions

1.2 Some Recent Results on Predator - Prey Models.
For Global Stability of Prey-Predator Models
For Global Stability of Competition Models
For Global Stability of Symbiosis Models

Prey-Predator System With Functional Response



1.1 MATHEMATICAL KNOWLEDGE

Autonomous System

Definition 1.1.1 : A system of differential equations in which

the independent variable does not appear explicitly , that is ., 2

system of the form

X' =F(X) (1.1.1)

is called an autonomous system. ([12], P.115)

Definition 1.1.2 : Let X{t)= Xl(t),XE(t)“..,X‘(t) a
T

solution of {1.1.1) such that not all the functions X1( t),
Xz(t],...,Xn(t) are constant functions. Let I be the domain of
X(t), the underlying point set of the solution , that is , the
set of points

C = {x(t):[xl(t).xz(t),.... xn(tJ]: L el }
which is a curve in the intuitive sense , is called an orbit of
(1.1.1). If n=2, the orbit called a path. {([12], PF.116)

[¢] . P
Definition 1.1.3 : IF x € D, where D is some domain, is such

that F(xo)=0, then x° is called an equilibrium polint [or
critical point or singular point] of (1.1.1)
Note that if x° is an equilibrium point of (1.1.1) and for z11

real t , x(t)= xo, then x(t} is a solution of (1.1.1). ([12],

P.118)



Definition 1.1.4 : we consider an autonomous system on the form

dx

T = P(\i,y)
dy  _ aie 2)
at. - Qx,y) (1.1.

where P(x,y) and Q(x%,y) have coentinuous first partial derivatives
for all (x,y) ,the plane xy 1is called phase plane, we shall
define a path to be a curve in xy-plane which may be defined
parametrically by more than one sclution of (1.1.2)., ([(486],

P.542).

Definition 1.1.5 : A critical point (xo,yo) of the system

(1.1.2) is called isolated if there exists a circle
2 2 _ 2
(x~x0) +(y—y0) =r

about the point (xo,yo) such that this point is the only

critical point of (1.1.2) within this circle. ([46], P.545).

Stability

Definition 1.1.6 : Assume that (0.0) is an 1isclated critical

point of the system (1.1.2). let C be a path of (1.1.2); let

x =f{t),y=g(t) be a solution of (1.1.2) defining C parametrically

Let D(tY =4 (F(6)12 + (g(t)]?

denote the distance between the critical point (0,0) and he
peint R : [f{t}, g(t)] on € . The critical point (0,0) ig

called stable if for every number ¢ >0, there exists a number



8 >0 such that the following is true :

Every path C for which D(to) < 8 for some value ta is
defined for all t = t0 and is such that D (t) <¢ for tos t € o
{[46], P.551).

FIGURE (1.71.1)
Definition 1.1.7 : Assume that (0,0) is an isolated critical
peint of the system (1.1.2) . Let C be a path (1.1.2) let
x = f{t), y = glt) be a solulien of (1.1.2) representing C

parametrically . Let

D(t) =4 [£(t)12 + [g(t)]?

denoted the distance between the critical peint (0,0) and the
point R : [f(t),g(t)}] on C .

The critical point (0,0) is called asymptotically stable {f
(1) it is stable , and

(2) there exists a number 60 > 0 such that if D(tOJ < 60 for some

t , then

)

lim f{t) =0 , lim g(t) = 0 ([46]), P.552).
t —m t 5o



Definition 1.1.8 : Given the n-dimensional system

.x‘ = F (t,x) (1.1.3)
where F has doméin D , an open set in (t,x)-space [that is
Euclidean (n+1)—space] which includes the positive t-axis and F
is continuous on D. Suppose that the solution x(t) of a system
(1.1.3) is defined for all t > T. Then thesolution x{v) is stable
if there exists t > T such that x(to) = % and if x(t) is
denoted by x[t,to,xo) , the following conditions are satisfied
(1) There exists a positive constant b such that if

| x*-x°] <b
Then the soultion X(t.tdxl) of a system ¥'= F(t,x) is def ined
for all t = to; and
{(2) Given € > 0 ,then there exists &8 >o [6= SEE,F,tde) such
that & = b and such that if [x-x"| < &, then for all t = ¢,

Yy x(t,to,xo)[ < g. A solution x(tJﬁ,xO) is asymptot-

|x(t, t ,x
o
ically stable if
(1) it is stable; and
(2) there exists & >0 where | & = g(f,foo) such that
S < b and such that if 11{401 < 3 then

Lim [l t ) )=x(t, e <) =0, ([121, P.151).

t —m

It is clear that , this definition is equivalent fo the other
definitioncf stability and asymptotically stable in (1.1.6,1.1.7)

and (1.1.8) also we can using the definition



Given the system

dyi
Iyt = ¢ i i = 2
dt (Pi(t’yll y2| PN yn) 1 1, 2, ..., n
the solution ¢ (t) (i = 1,2, ...,n) of this system is called
P i

stabie if for any € > 0 we choose &(g) > 0 such that for any

solution y (t} (i =1,2,...,n) of the system satisfy the
1
inequlaities lyi(to]_¢1(to)| €& (i=1,2,...,n) for all t = &t
Iyi(t3—¢‘(t)| < e (i = 1,2,...,n) hold true and if given an
1

arbitrarily small & > 0 we have |y,Uﬂ~¢l(t)[ < g 1is nolk true
i
for at least one solution yl(t) then the solution ¢‘(t) is

called unstable.

Definition 1.1.9 A criticel point is called unstable if it i=

not stable . ([46], P.552).

Example 1.1.1

Test for stability the solution of Lhe differential equabkion

dy 2
—_— - a ¥
at a y , a Q
define by the initial condition y(t0)=y0
2
the solution y =yoe_ 2ttty is asymptotically stable since
2 2 —a2u~t)
| e a (t-to) _ ; e 2 (t—LD)l = e o |y _;’- l ¢ e
o 0 070
- — at
t= f - <
for t . i |yO yol cee o
. a (t-t ) — _
and lim e 0 |y0 yot =0
t —o



