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AbDstract

This thesis is concerned with the developament of
methods for speeding arithmetic operstions in digital
computers. Residue number representation was used
since it has the major advantage of having no inter-
digit carries.

Different algorithms in existence were reviewed
and a propoged one using signed - complement residue
sunbex representation was used. This representation
meaulw in improved slgorithms for performing the ba-

tll,jgaic m‘l‘ithnotic operations. It had also the advantage
of geowiding simple mesns of determining the sign and
‘the depection of overflow.

Implementation schemes using R.O.Ms were suggesated
a8 @& féaaible means of mechanizing the different propossd
glgerithme. This will result in simplicity of constr-
wptimm together with the possibility of achieving very
high speeds.
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INPRODUOCTION

This thesis deals with methods of performing the
basic arithmetic operations ueing residue represents-

tion of pumber.

The basic attraction of using residue represent-
ation 18 due to the fact that additive and multiplica-

tive operations ere inherently inter digit carry-free.

Chapter 1 reviews digital arithmetic when using
the binary representation of pumbers. Both fixed -
point and flosting - point arithmetic are considered.
Speeding - up procedures are considered in great detail.

Chapter 2 introduces the residue mumber system
notations and definitions. Basic theorems concerning
the manipulation of residue arithmetic are also presen-
ted. Modulo adder schemes are introduced and the use
of R.0.Ms is suggested as a practical implementation
scheme. Conversion algorithms from the residue form
to other forms of mmber representations or vice-versa

are given.
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(14)

Chapterr 3 deals with sddivive operations when
guabare are sepresented in their residue form.
Firot , the available procedures in the literature
are surveyed. Next , a proposed scheme is presented
in which numbars are repreasnted by their signed -
coaplement residue fora. Implementation schemes us-
ing R.O.Ms are given.

Chapter & consiaers multiplication and division
in reeidue nmumber systems. Algorithms ere proposed
using the above number representation. An implemen-
tation scheme for performing multiplication is sugg-~
eoted using R.O.Ms.
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CHAFTRKH 1.

Heview of Digitais Computaer Aritucetic

- - ———

lotroduction :

In this chapter different methods for performing the ba-
8ic arithmetic operations in both fixed and floating point

forms will be presented,

bection A deals Lasically with speeding-up procedures for
fixed point arithmetic includin addition , multiplication ,
and division.

Bection B deals with the basic methods of performing flo-
ating point arithmetic operations. in this case operands are
normally expressed by their normslizea mantissa and their ex-
Ponents,

4. ¥ixed Point Arithmetic

An adder is a basic pert in the arithmetic and Jogie unit
(A.L.U.) of & computer. All arithmetic operations ; namely
addition , subtraction , multiplication and division make use
of this adder unit. Thus , the speed of any A.L.U. will be
limited by the speed of its sdder. In this part we expose
fixed point binary sddition , and algorithms for speeding-up
the multiplication and division processes,
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1.1. Binary Addition

Addition algorithms adepend on the particular way of rep-
resenting the sssociated binary pumbers (signed magnitude, si-
gned 1's complement , signed 's complement forms). Addition
can also be classified as serial or parallel. In what followa
we ”hall survey different adders and discuss the speeding-up
techniques adopted.

l.l.1. Serial Adders :

The simple Berial adaer consists of & "full" or "3 input-
Z output" adder whose carry output is fedback to the carry in-
put teriainal through a unit delay. This is a direet impleme-
ntation of the standard equation for binary addition, namely :

B=a; (0B © ¢y

Output Carry =, = 4,5 Bj) C; + Ay B,

Bunm

vess (1.1)

This is shown schematically in Fig. (1.1), where ;

H\

augend number
B

tH

addend mimber.

l.l.2. Parallel Adders :

Parallel adders could be impl emented by a set of full -
edders arrayed as shown in Fig. (1.2). 'This adder can also
be envisaged as a synchronous adder if it produces a usable
Sum in fixed time regardless of the mumbers being added ; this
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3,

time is egual to ¢ b levels where n is the numbes of adoer
bits , where s one-level aelay correeponds to the prupagat-

ion delay of an AND or On yate,

l.1.35. Assynchronous Adders :

———

Bpeeding up cen be achieved when using assynchronous
1,2
adders, 12:3 In this sdder , shown in Fig. (1.3) , extra

speed 1is achieved in two ways :

(a) The simulteneous initistion of carries at all sta-
ges where the carries are independent of preceding
carries.

(b) The use of extra fast carry trausmission gate to

propagate carries 4 .

Fig. (1.3) shows a logic circuit realizing this adder.
1 o
The equations for the l.carry ¢ and O-carry C are :

1 1 1
Ciez = "G5 +7C; By g

tesvounas (1-2)

-] [ ] [+
Civa = 63 + O3 B g

= A; By
Gi::AiBi

RORA
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This adder 1s an assynchronous gdder , since its addit-
ion time depenas ujon the longest path of dependent carries
generated by any particular pair of 3ummands. Thus , the
circuit has & carry completion gate which transmite a signsl
indicating thet all the carries have been generated. Stati-
stical analysis “ has shown that on the sverage the time
required for addition by tais method is approxinstely the

transit time for seven Btages for a 48 bit-adder.

l.1.4. Carry Lookehead Adders :

The principle of carry lookahocad 35 , or sip tech-
nique as named by Lehan and Burls 6 s is8 to examine a number
of stages of the adder to produce simultsneously the carries
for esch of these stages. The carries are then applied to
the adder block for each steyge which produces the proper sum.
The mumber of stages examiled is limited by the maximum fan-
in of the gates used. By separating the carry out of a
particular stage into two parts , that produced internally :
the genersate carry Gk = Ak Bk » and that produced externally
and passed through ; the propagated carry Py Ok—l =

(Ak + ak) O3 = The equation of the cerry may then be
expanded =aa follows :
ck = Gk + Pk Gk"‘l L 3 Pk Pk""l Gk—a 4+ seee + Pk Pk"l ses Pl GO

(1.3)
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5.

where GQ i8 the carry input to the least signiiicant stage of

the adder,

A8 & result of the limitation imposed by the maximum fan-
in of the gate used as well as tbe complexity of realizing
carry lookahesa arrangemeut for a considerable number of sta-
ges , Beveral arrangements are usually scopted. Anpgume that
five stages represent a reasonsble number of adder stages to
be connected together and aeeignate such an arrangement as a
" group ". The group copntaining the five low order positions
of the adder will be group 1, ... etc. A carry out of group

n will dbe C 1f these five-bpit wroups are now connegcted

n
iu series ,gthls ar:angement ir known as zero level carry
lockahead. 4 carry will reguire tfour levels to be produced
ana reach the output of the first group , two levels to go
through each intermediate group , and four levels to reach

and be assimilated into the sum in the final group. Thus ,
for five-bit groups the maximum carry path length is 4 (2R )
levels , where n is the number of adder bits. The arrangeme-
nts to generate carry lockahead for any group is shown in Fig.

(1.4).

For each group , a propagate signal , Pén = Ei Ié Pb Ih IB,

is generated to take a carry across the group , where the
mmbers 1, 2, «s. etc. refer to positions within the group.

A generate signal , G__ = G5 + P5 G4 + PB Ph G3 4 eavsasas +

gn
PB P@ P3 P, Gl , which includes only carriec originating within
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the group is also sobaratey. Now each five groups will be
designated as a section + the carry-out of section m is C“.
witoin the section , earry lookahead arrangeaeunt is used bet-
ween the yroups. The sectione are connected in series « With
the resulting arrangement referred to a8 first level carry
lookshesd. The maximunm path length for a carry to be gone~
rated , within a section and resch the output 0“ is 8ix le-
vels , two levels to go through esch intermediate section .
and six levels to produce the sum in the last sectiop. The
maxizum carry path length is therefore [1a e 2 (M- 2] ’
where M 16 the numbers of sections.

A second level lookahesd arrangement osn be thought of
if carry lookshead is used between a grour of sections.

1.1.5 Oonditionsl Sum Adder ;

The conditional sum adder is one of the fastest adders
available 1,7 - 1t 1s of special interest because of the
small fan-in of the circuits used. The copditional sum meth-
0d of performing addition requires that , for each pair of bits
to be added , two results are created. The first result ,
one Sum and one carry bit per stage , is prepsred as though
the carry into a stage were a 0. The second result is repa-—
red as though the carry into a stage were a 1.
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4

The secopd leval rusult fur a pair of stages is deter-

nined by the resultes of the firet stage of the pair.

This

Procequre ig ocontioued , axamining the results in quartebds '
octets , ... n-tets. Pig. (1.5) 1llustrates the coniitional

sun adaer procedure.

0 0 0 1l 1 1 1 0 Carry | Level
1 0 1 1 0 G U 1
N AR O 0 B R fwma w
oj1| o0f o1 fwo o1 o1 |oh |01
t ! § 1l
tto| o'1] 10 11 {30 1010 |10
[ ! 1 t S i 43
¥ i " =
Ol 01 10 0 S | 0'1 1
i { 2
o1 1{ 10 1o o |
. l \ L
[ l
ql 0 o1 1 1 1
f 3
da 1w
\ f
i
i
01 1 0 0o 1 1 11
] 5
i i
Mﬂwzw + t=-=.-=gr
Fig. (1.5) an sddition by the conditional

sun method.
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