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PREF LCE

The thesiz consists ¢of three chepters. Chapter I
involves very meny definitions in the subjects of
immersion and imbedding and fibre bundles. It dinvolwves
the statements of two thecorems which are needed for the

material in chapter II.

Chentey II considers two important topics,. The
firgt is the proof of the so-called the“Basy-Whitney
Imbeeding Theorem™, The second fopic iz the proof of
Epestien-Schwarzenberger two theorems of 1962, on

imbedding.

Chapter 1I1 expoges two interesting topics. The
first topic iz cell complexes and combinatoris]l equiva-
lence, The second toplc is the immersiona and imbedding¥

of complexes,

In the thesis we a2lways consider the complex case

#hich 1s rEkRek tlhehr i nmcRafsUhtetdiyfhen the resl

cAage,
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GEAPTER I

PRELILINARTES

In this chapter we give some préliminaries,
following £ 23 , 33,53 and [63, which will

be requivred througheut the thesis,

1. SUBVFY ON IMBEDDING ARD IMMERSIoN Y2} amp [sl

Definition { 1.1.1 )

4 subset B 2 [ ias e@lled an open base for the
topelogical space ( X, L. ) if each member of T, the
topelogy for X , is the union of a family cof members

of 3,

Definition ¢ 1.1.2 }

A subset A — X is said to be dense in X if

the closure 4 in ( I, T ) is equal to X .

Definition { 1.,1.3 )

A subset B < I ia said te be nowhere dense if
the intericr B of B ig the void set & , i.e. B

o
is nowhere dense in I ==> B = 4

Definition { 1.1.,4 )

An n-cube K € 0O » where c® is the complex
n-space, of edge r)\‘; o - is s product of clesed intervals
of length A 3
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K=111...I InC-CXtoixc=Cn

‘N_...__)._\ e -
n-copies

thus

I,- {aj,aj-i-:{‘j i

The meagure { oxr n-measure } of K ¥

-

MR = p@) = A

Definition { 1.1.5 }

A& gubget X o o hag megasure gzero df for
every T >0 1t can be covered by a family of n~cubes ,

the gumr of whose measures is less tham | .

Definition ( 1.1.6 )

(a) & family i,'g. ] of open subsets is
TJier
called gpen covering of ¥ if and only if

]
= A,
ier 1
{b) A family iﬁi%i : of closed subse¥s is

X

called glosed covering of X if and only if
U
X=geri

Definition (1,1.7 )

The pair { U,V ) of the space X is called =

partition of X if and caly if

A £ B#qb,
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n,—

ANB =9 , 802 =-9, and
X = Alch
Definition (1.1.8 )

The space { X, -f,.) 18 disconnected if and only

if X has & partition (G , ¥V ) and the zeta U and

¥V form a seperation of X.

Definiticn {1.1.9)

The @pace ( X , T} is connected if and only if
it is not disconnected. A subset AC I is connected if

and only if the space { 4, IA] is connected, where

T, =-Tia

Definition ( 1.1,10 )

The topoloyical space { X , I) is said to be

Haugdorff apace if IfoYry every zla.nd Z5 € X and Zq £ 52—-?,

there exist & € U(z )and B € [(z,) such that ANB =9,
i
whare U and U are regpectivel the neighbo,
(zl) ("‘2) ’ E T o» ghbopr—

hoosds of 29 and Z,

Definition { 1,1.11 )

The space ¥ is locally connected at the point

z € X if and only if given any open get U I containing
z there existe an open comnected subset VC I guch that

z ¢ YU, If X is locally connectsd at esch peoint =z €X,
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then X is called locally connected spdces A subset ACX

is locally connected if and only if the space (A,—EA} is

locally connected .

Definition { 1,1.12 )

Let Eﬂﬂ}a{s;\ be a family of subsets of the

b T - s ER
spacel X end B<Z X, the fanily {Aahgﬁcover B %
B {Jf\ Ay « If A ds finite and {Aq}xmcover B, then
{ﬂ,ﬁ; is called finite cover of B. If each Ay, oeA

€A
iz open (¢losed) in X and {Ab&%‘ﬁ covefa B, then{ﬁgslfn

is ealled an open {elosed} cover of B.

Definition ( 1,1.13 )

Let gﬂq"‘gd‘ﬁbe a cover ef B CC X ., %Then  the

family {Aﬁiﬁf-ﬂcf\. is a subcover of qu‘%ﬂlGﬁ for B if

{A'FiﬁfﬂCﬁ is a cover of B.

Definition { 1.,1.14 }

A space X is called gompact 1if each open cover
of X has a finite subcover for L. 4 subset A of the space

(X, T ) is compact if the space { 4 , IA } is compact.

Definition { 1.1.15 )

4 topological space is said to be locally conpaet

if ench of its points has a compact neighhsr"rhoad.
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Definjtion { 1,1.16 )

let ( X, ?;} and (Y ,jf} be two topological
spaces and £ : X—=Y be a map , The functien £ is
continuous at the point z € X if given any open sct
¥V < Y containing f(z) , there exists en open set

UtZ X containing z such that f{U)< V.

Dafinition ( 1,1.17 )

Let £ 1+ X—3Y %he a hijective function Ifrom
the gpace X to the space ¥, If f is open and continu-

oug , then { is called s homeomorphism, If f is s hom=-

eonorphism from X to ¥ then the gpaces X snd Y are szaid

i

to be homeomorphic , denoted by X = ¥,

Definition ( 1.1.18 )

Any tapological snace X is called n—dimensionsl

complex lecally space if every point ¢ € X hag a nai-

ghb%%hood which is homeomorphic to an open subset of c?

or every point on X is hogeomorphlie to an n-ecell in c2,

Definition ( 1,1.19 )

A chart on X 1s a homeomorvhism of an open subset

of ¥ onto an cpen subaset of o .

Definition ( 1,1.20 )

A chert on ¥ defines & set of n-coordinate complex
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functions on any open subset of X zot by decomposition
ef a chart with the verious complex projection mappings
ot — 5 Gl 3 such an open subset of X with the set of

such coordinate funeciions is known as the coordinate

A
neighh%;hood.

Definition { 1.1.,21 %

in stlag on & complex space X is a collection of

charts on X whose domrain covers I .

Definjtion { 1,1.22 )

4 function f is called C° -function if it ia
analytic i.e. it satisfies the €auchy - Riemarn eque-

tiong{ the ¢ = R - equations ) .

Definition ( 1,1.23 )

A C™n~ manifold X® is defined as paracompact
Hausdorff-space with a family-S'defined cn X, ?i is
tne set of all contimious eomplex Tfunetions on X

such that

(a) & is loeal
(b) T is analytically closed , and
{e) (X, ¥) is lscally Buclidean in the complex

senge,

Central Library - Ain Shams University



Definition ( 1.1.24 )

powilaty

Let M, ond i, be two 0 +menifolds with diffe—

La¥
rent dimensions , a C-~ function £ : Mlquaﬂ is e

2

k]

Dh:- imbedding if
{2} +the funetion f is homeomorphie onto, ond
(b} the rank of ¥ equal to the dimension of My
2t 211 peints of Ml.

Defipition ( 1.1.25 )
g mep £ of Ml to ME is called an immersion

if £ has renk squal to the dimension of Ml'

Definition ( 1.1.26 )

i pomplex monifold is a Howsdorff space covered
by neig,hhgrrhcods each homeomorrnhic to = cell in
n~dimensional complex space o™ s Such that when two
neighbo}';hoods overlap the local coordinates ftransform .
by = complex analytic troansformation.

Definition ( 1.1.27 )

in znalytic submanifold Nqﬁl Mm iz o claosed
subset such that if z&¢H there is a neighb%}hood U
of =z , in with locnl coecrdinctes Wl,..., Wm, such
thrt WY U ig the =get of points in M at which

gt L, %" a1l vanmish,
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Definition ( 1.1.28 }

Any complex form can be written in the form
i = OL+ i where OL, £ are real forms. Then

) = OL— ifs . We define
dz¥= ax® + 1dy* , azf = ax’~ idy%,

Then since dxk ’ dyk form a basge for the space of

ke

{JJ — -
complex C - forms , dzk, dz~ form a base =aiso ,

Then a form of degree Wr" can b8 written in +the

Torm

I-“‘,_} = U_} -+ t

5
T,0 r-1,1 1t -+ L%

E
(94

where UJP a has degree p in dzX and degree g in az¥,

¢

Definition ( 1 |1 t29 _l

T
bs}
P,q y

j'\— tgh LR j
S e N . [ : 1 +
p,a .4 Then ,a doez not depend on he

choice of the coordinate syetem because if Wl,..., e

We define the ( p,a } -projection

ig another system of local complex coordinstes, the

C - R eguations show th=t duw is a linear combination

k s and 4% is a linesr combinstion of dEk .

cf dz
£23
Therefore, the complex ¢ -forme form e bigraded ring

over the complex nubmbers. The form u.wp q ig said to
» —

have bidegres ( p,q )} . Hence,

Central Library - Ain Shams University




4

) 1 i ) _j .3
{n) | oy e a, = CZ 1h¢.-ﬂdzlpr\dz‘ila. .'hdz’]q
PsQ[Pqu L l"lp 1 1Jq ’
where e; i - is entigymmetric in the i's and in
ll.' Pal'..aq

o
the J's and is a complex valusd C - funciion of the real

coordinatag.

. oo Y .
Then dia = + et where Ju3 has
“pya T Y g 19 P21

videgree { p + 1,9 ) ana’émp o 28 videgree ( p,arl ).

3
-

’ ; N o : 2™
iterefore, 4 =<+ wiered has bldegrse{ 1,0 ) and o hes
bifegree { o,1 ). Tor generel forms we deiine’

T« ——— —_ T s
4 A A ang D=L A aﬂﬁ:
B3 Paa+1 F:Q

Mhen d = J +v din genersl. It follows that

-~ Y '] .._‘ .
6 = d° =0° +DE LD 3+
s0 from degree considerations we gei thet
o =2 .
:_:,_ = o ‘Lb}' B?} O

Definition { 1.1,20 )

i co*aplex velued funetion £{ =,y ) is holomorphic
it end only if Bf = o0, IHence, we ¢efine g holonmorphiec
form to be a form ol type ( p,o ) such that %{.!\J =
Thisg is equivalcnt 3¢ gaying that the coefficients of (i

gre holomornhic functions,
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