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PREFACE.

The homology theory is the oldest ard most extensively
developed portion of algebraic topology, =2nd may be
regarded as the main body of the sublect, its axiomatic
characterization nas becrn given firstly oy 3. Eil.nterg
and J. Steenrod [7_/. Rouphly speaking, 2 bonology
theory assigns groups to tecpclogical spaces, ani honomo-
rphiszs to coatinucus maps ¢f one spacs into arcther. One
o the cost important homology theorics is that due to
N.Steenrod /[ 12_7, who had introduced in 1440 rew homology

8roips for cozpact metric spaces.

any mathezaticians have lrvestigatod and goneralized

Steernrod's hozolugy Zroils: we ~irtiorm arong thchfﬂ[ﬁ$rD|L

Civzéov /73 7, Borel azd icore ;71 7, Chocosrvili L 27
end f.A.Zattour -5 7.

Trhe present taesis consists ot thres CLZETLI5:

e Lirst onapter contzins rasic idees fro- topelcgy,
algetra and algetrzic topology, nanly the cavegory cf
simplicial corplexes which is LefeS32Ty Te give any

nomodogical stract.ure.

The second craptcr Scems to se original; it deals with

a slight generalizztion of the 2icept of dircet spectrun
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to include the case wher there may be =osre than one

homomorphisma betWween two groups of the spectrusm.

Tre first article of the third chapter discusses

=t

the Stecnrcdt's hcoclogy groaps of the rezilar ave es
E Z

[

¢ glVe =z roof

=
Q

t-plet

ar
‘3

c¢f compact metric spaces, ang

4]

for the -ozstepy axicz for trese grcuos.
2 =] X

ke second article of chapter (III1) secens to be

origirzl; it deals wita the projective Lenaclogy greap,

H,

whicz is 2n

-~
~

a

Toe ocneralizaticns I the Stecarod's

w

@]
L g

homele o 8. TIihls generalizstic: Zas scze Zoints

T

ST
of sentisiity witn tre treory of dn.o.. complexes, ¢

Kuow ©o wiatl <XteLlt Trhe Jteenrod

- - I - Sot e o - DA - y e . T : ~
be corctricted bty ssing some ideng T niglosiacl zlgebra.

hd 3 ] - - . - R T . - — .
+T 28 Jroved tost too rrolfective DOLLLLEY CCn3TIa
is a T.n0tor from Troe category of -lipact cotrie
-y e e

iy e LI - - N oo ~ e - <
e CLITLNL0LS TLps T The tuntl.zry of srolian

spac

h
147]

greups and khooenorphkiscs.
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CHAPTER X
SOME_BASIC IDEAS

In this chapter we introduce a number of definiticns

and copventions which we need in our thesis.

1. Algebraic end Topological Concephs

Definiticr 1.1.1. A lower seguence of groips is a collection

e S ey iy

e ¢

g = 2 Gq s 'qQ , #here for each inveger ¢ (positive, negative,
or ze-o), 2. is a group axd ¥ : G —> G__- is a homomor-

2 q 3 4= -
phism.

The lower sequence G is said te be exact if, for each

integer q, Im &) = seT 2, (see [ 7_73, wazre

im Qq*l = l) and Ker QQ = eé e G /¢ (E) = C

l:1"’q+1(gq-+

groine 1s a collection

, where for each irtezsr g (,csitive, negative,

= ~-CT ; .
5 grouap =uni e TP R 15 a hcocoomor-

An upper ccc.cence & is eranrt If, ior each integer
~ L ]

Im 891 - xep 09,

There is a cne-to-one correspondence between the set of

all lower sequences and the s-- oI all z:poer sequences, for,
\

. ~ (. .
if G = e g Qq\ is a lower r~.g.ence z=nd we set 3 = G_q
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and 29 = 3_y for each g, tren 3 1, &% g is an upper

seqQuence.

The following definitions are given for lcower segqiences
and the correspond:ng definitions for .pper seqiences are

to be obtained usirg the above transformation.

Sefinition l.1.7 A lower seguence G' = 2 G

to be a subseg.cm e ¢f th lower 5934ence

Yo e
¢ g’

written 3''e 3, LI ioT each integer GY ¢~ G_. and &' = & St
? ' 8L Ay Yq ©7 g a = %\

i.8. @& is the r:sTriction of the map éq on the sibgroup Ga of

G
(
Sefinition 1.i.=. if 3= 5 35 *13 , G = 3 SN g
3

-—e ' 18 2

are L4#0 1lOWeID SSgatnlES, & azooczorpnisz ¥ o

N
Scj.cnce oI hemrmerprniszs é ¥ E siach that, for eacz integerl

3
q, ¥. : G, —--=+ 3l 270 tue c.lowing COmML.TaTivily relation
[ - q _-: ———— - LA ] P R - -
holns
:' k. = ] . ~ R
32 T3y

q
N /
Sefi_ition 1.1.5. If L= ¢ I, ¥, 18 a s_useq.ence of the
o ¢ Q ay
\ ¢
lowor seguence x = | Gq , @q { , the factor seg.cLce G/L
L D,
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of G by L is the lower sequence composed of the factor
~
groups Gq/Lq and the homomorphisms @q : Gq/L‘,_1 — Gq—-l/I‘q—l

which are induced by the @q.

Definition 1.1.6. let % Xa g be a collection of sets indexed

by a set M. The product of the collection, denoted by TJ x%,
oe M

§

is the totality of functions x = 2 x" g defined for every
& £ M and such that Xq, the value of ¥ on @&, ic an element
of Xx¥. Tz navticular, if U consists of the first n natural

pumbers, 1, 2, ..., n, shen the prcd % of the collection,

is the set of all n-tuples (xl, xg, ..., ¥ sich that xieXi.

i=1,2, «-., n, and will be denoted by X' x X2 x ... x X8,

N . s : .
If ezch Z 1is a topelogical spare. a Tteopology is introduced
g N
. . as fcilows:

in the produact of the cocliection <

P

o .

if a 7inize nomcer of the X7, 8 Aar:- rsLiacsn Ty open sapsets

.YQ‘_Q. - - T Y - H K

J X7, tne produnt of ths ressltirs :ollection 1s & sabset
R e e T L

oL &g. £, gr . is ceiled & recvangsl .t oren oFxnoor N T

Any wnion of rectangalar cpen sets, is cz=lzt D open set
of the orciiz . The prel.cr with this torology, 1s c:lled

the %$opological product.

S g ¢

IT each X~ in the collection ? £ S is an ab<lian group,
then an addition is defined in the procuact &zg X oy the
usual method of adding functiornal values:

(x + J-:')OL - xX 4 w7,
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In this way the product ﬂlﬁ X* becomes an abelian group

and is called the direct product of the groups a x* S.

b2 sn indexed colilection of

{
Deiinition 1.l.7. Iet é G~
X o

N A el

%)

groupr. ~Thelr direcv sum , (M is the se%t of indices),
o i S
ig the zivgre.n 5f their dirsct product '), G
’ cel

saving &1 “»im 5 Jimite puxmbar of

consisting of

ct
g
O
¢
i)
)
—-
D
!
' )
N
n
i
[ =
™
NN YL

¥ = ¢ 2 g% for all but a finite

finitior 2. 7.8. A relstion ™ <~ " jir : 5:- 'l is called
quasi-ordsr if 1t 1s roflevive sn3 Lol LI lve. A directed
set .. is a z2asi-ordsr set soch trat for cach v, B e M, there

existe g elerent X e M farviich oo« & and 540y .

"

A ogabs it L' of w o is cofinal iv 3l 17, for ecech Loz M,

there ~xists arn element P ¢ L' s.ch that o < B,

If I sna X are directed sats, a nep & : 4 --» N ie an
ordered-preservirg function from ] +~ 7, i,2., o =< 3 in

I

¥ implies ®(c) < &(L) in ¥,
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2. Categories and Fanekone
4n algebraic representation of s topnlecys 15 a mapying
from the topology to algebra. Such a reprcsentation con-
verts a topclogical problem into an algsbraic one to the
end that, with sufficiently many representations, the
topological preovlem will pe solvable if (argd only if) all
the rorresponding algetraic rrohlems are scivable, (see£_7_7,

L13.7).

The defirition of a Tépreszntation, forrally called a
funector, is given in this article. This arvicle ig devotead
0 the concept of category, tcca.se f.ncsers ame f.ncticrns,
with certain nat.ral propertier, froz cr: or Several cate-

#ories to anotser.

Soliniticr 1.2 A CATSEITy 2ol oL T R er *3 consisting

¢I sets, rfoosinly Preserving Toe adiitiinLl - LIS S

Yore précisely, a categery O tongisrs cof

(a) 2 cluss of cojects,

{p) fcr ever, ordsred pair or ool
2 8¢t B, {4,Y) ¢f morekizog owsen donnin { zrg

range 1; € f e uunaX, L) we wrine £ 5 ox oy Y,
(c) for vvery oraered Iripic 7 o% cects i Yy and 2,
a ruictiorn asseociating to a Pair of zorghisms

"

f:4d-»Yandg:Y -3 7 U .eir cor osite gf : ¥ -7z,

84atisl'ics tne follewing tuo nxio .s:
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Associativity: if £ X -—->Y, g :Y -3 3%, ard b 2 7 -——>» W,

ther (hg)f =h (g 1) X =3y

Idzntity: for every cbject Y there is a morphism

Iy ¢ Y 7T orach thav 1P F ¢ X - X, then T f = f, and

ifh s v -7, Tasz 2 7 =k

-

verinition l.2.2. et °1 ana . 0e catégcrlises. A covariantg

furnctor T, from Cl to CZ’ consisvs of an orject function,

]

hick acsigns to every otject X of C, -~ otle-t T(L) of C

(3 2)
arl & MOTCSIA1sm IANCTIoL SIlcL LT T Tl every Zorphism
- . . e e = — ) C _ .
T ¢l == . ©r . & zorifiso 2 v Joan === _ .o ot oL
[t
A o, e =
o aw W omdnd - B
- s -
fa) 2°Z T ey
.- e
I N . - ~, N
e ) - e -— -\ oz - - ).
= Lo LLVw TITAallLOorn TLoT L L LU 5 W lTh CL TS,
:o—.‘
i o
T s = e - - L - R S -
~aiL LE Lor . 5 0I 2 Sa T TgnmT ToT 2ln I Mot ITE.
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of Cl the Tollowing diagram is erommitatiwe

. T ()
) - (Y5

:
2 () / I

- ’
= ~ *® f oy o~ ~- [ = o
i.€. LT TS = 2Ty o).
L 2
Defliniziin T.5.4. A "275207y UITH oollles (TriaTly: C—CLTEZOTY

o Aigezam= T iwm prinh mapreiv e des a - -
15 a °lv-zory U In which certain rzirzs o, F) of zaps, ralled

e P . B . S .
. .
* -~ R | -~ —_— — - <~ - -— - < - =
sl TN Lrle I GeTnTesory Lo Trat crtiired Trem the
Cat.gous CI arlellan EUOUALS BN Tn D nomimsoriat oo :
K L
SEllnlloToLanlls &, 1, gy m=F 2. == Tl Vasnever
1 - o, vaEmever
¢ T L =m - e e e - T PR
HE R Lo Dvl ZEIG, Y1 - ——ze L = Lnre s
. z LE oonro, ond
Rer ¥ o= 10T,
- ER o - - -
0 P N s S S

a_nd ’:_f\ - 5.1): fa.l "'“%Yl "'“9 ul
are ccuples in 2 c-categery O, & map rro- the coirtle (r, )

t i C _4:“ = [ \ el e 3 ~F -~ — v 3
o the co.rle (o4, El" censists of tiro. zmaps . 4 o—-» X4,
-’
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2(2 : ¥ —-» Y, and ‘2{5 : 2 -3 %, in the category C such
that commutativity holds in the two squares of the diagrams:

x

X

(N
<
b
oy
na

|
h’li

v 5
A A 5 \d

%._.“2.5: Let C te a c-c
8 HQ(X) ] o'-i ’ ’B(&,B)
C and each integer g , Hq(X) is a group, (2) for

Definition TCcgory. Consider the

systen H s whers (1) for each

oW )

object X ¢

(1%

each m3p @ : X ~» Y in C and each integer q,

o Hq(}:) -3 Hq(Y) is a homomorphism, (3) for each couple
(¢yB) : X ==Y ~->Z and eack integer aQ,
/B(a,ﬁ): Hq(Z) "-?Hq__ (X) iS5 a hOmOﬁOI‘pbis:}_ Such a

systen E is czlled & covariant 7Y -Iineter on the cenateszors C

-

previded the following Foir axiaoms hels
Axiom 1. If o = iderntity, ther Som o LuinTit
Axilozm 2. (F o) = B a .,
.« )x Fx M

AXiom 2, IF ‘Sl, 2{2, 2{5 orz a 2=y ol The zouple
(& y B 1 X ~~>Y —» 7 irto <he couple (-11,31); Xl —J”Yl-"zl’
then commutativity holds in the diagram

X
o Az .
Hq(ﬁ) > ..-q (_‘l

f
I
~~
S
~r

(e, 8) Doy, 8))

. . xlx Y
dq__l(}.) > (.‘.(1).
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