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(during the whole acadexnic year)
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Algebrezic infinite natrice 2 houry
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we invistipg
=z riz fune

S 3 — o
2B LE 04.
zezrnisuce.

in

i the subject,

b 1A
-&rj, Leq 311
Fo S S
t 2 gubject

sul:s are in iheorens l.4,

I}
o

1.3,

- -
- = = -
r a3 s L

-

o7 eertzina orisrs of

7o zive in § 2, owr asin oontridution o

in treoreas 2.1

>

new in the suvbhjeot.

Q-
-

e wetizote

sizele, of wasle este of ol moiicls zssceirdzd with non-
Lusulsr mesmixn furaglons F(X) vhere Iols enoclzereic zeszl
lock Iairiinoof vliash i€ elezents sr: 17 ceriezin orl -z of
oooomicwis.e Inm o I, wo g0 Elicf® oSag o omoTuotoutes LUl
e itegn, 2od ln L 2o L L I it ion. T ool
tokoscvexz Z.i o5 L., LvosiniiloLiszozel o to ozelo Lol Lo
savcllivien L.z To oWl o7 oarTiozlicoms o lllT 2 osuUlSCT. o
veaulte i thatvevce 2.1, otr il 2.7 I% 2Ireno2.i0 AU
wogpectivel s forrevesenis of ne (Mnoend slelllz Lo oToeorels
1.5, 1.3 273 1.z o0f § 1. Tne result in toeoowen 2.1l invilves
co% iy thesres 1.3 of 5 1.
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In chapter III, w® investigzte two prodlezs. The first
is the order of magnisuie ofthe lengths of t:8 rows of g

setrix fumetion Fid) vliere &4 1s an algebraie row-finite metrix

of wiichk the lengths of the rows zre of give. orders of
nsgnitude. The gecond problem is the order of azgnitude of

the glezents of F(A) wien 4 is an el:zebreio row-finite matriz
of which the lengths 0. the rows anl tie elezents are of glven
orders of magnitude. Tre first ruoblez ie tre:ted in § 1, in
which we summarize t..0 movm rasulis and zis ¢ few zdditioms.
Tne second probles is trosted _n ¥ 2, in voich we Tirst
susmarize the known ragults and then zive owr main coniributiom
t0 the gubject, ithis Leing in tieorex 2.5 en ¢ 1n corollaries

2.7 %o 2.13.

The tnesis hes been -reperad un.er the L@ supervision
¢? Prof., Dr. Ragy l. Uskar, +2 whox I wiel 12 express oy

rlcerest gratitude ezud thank fulness.
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Cohapens w0

m TEZ C4DZn OF E-GHIZUDE OFr T2 BLalENDS
OF & TATRIZ FUCTION T4

WHERE & IS 400 ALGEBRAIC SEUEL 3I0CI WATRIX

l. xntroduotlont and _891C _results on +ne o”ca¢ of magn 1+ude oz

o 2 i

the elements of F(4)

i g Ao e e A e

An infinite matriz & L= sald 4o be algebraie if it is

=y

gel ssoclative and satisfies 2 polynozial eguiiion of the
oz -
(1.1) 2(8) =ED‘+‘;~:1£3—1+KEA‘ ¥ eee + ¥ L = 0
where I is the Infinite weit metriz. I Shig ecuttion 1s the
squation of leest degrce sciisfisd by the metriz &, 4 ig sald
¢ be algebraic of desrse o

\

An algehraic infinflis neizis & shores sowle maitrices

ae1” of thelr propertiec. I $The zinims scuctlon of & is

.
(1.2) f(4) = — (A ) = 0 ;I‘“ - = a
=1 i=2
mar LT
I .
S I S A
T ) f-T {z - wu. )5 ’

(=) Z(s)/z ~u )L

-~
}J
L2
fa
~
a]
P'
Py
[
L
|
ho)

4.3~ for 2 function (- +ich is cmelytie 11 ¢ domein D

Lol the "geslar rocic y, 1 ceey Uy of 4 gl 1lie,
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T AP SN L8 . a1

B
-2 -
@ have the pol-rnoxisl representation fov F(4)
1 - o=l .}
7 N s R . L
(1.5) ¥(&) = _é A C R 05 BA JF%)
: b j 2o i
i=2 i L=0
ere D, = 4/du. T‘Gz.
P i el 1_ L-—»

Trhe polynomial rzprgsentetion in {1.5) oar he reduced by
the uge of the ririmur -cwald on to a polymonbal oi degree at
mo9t n-l in 4. Indesd ve hazvs $ne polymomial representaiion
( 1
L 104 o

- - — N p::'-l :."'2 .
(_._.:J. ;(‘d) = ‘;"-1 +ﬁ2£1 + s +“:&J_
wLere
- r-l | . _T=2 . pals
(lc,) “,”= 1 %(Z ‘}'-:1: +::22 3+ sas T
271 S -
.. \ (o .
I “_sz‘" ot
o= 1, Z, eeey Iy Gee Lidetrels Lsings Szken reund e conbour
7 ivirz v %2 dome Lo coien Izl iz ommaliyilisz oend enslosing
the gpectmin o A L.t 2 clon ool Loiflzh) o

Hoer Tich ig oneloois inmooo Joo=in Towiviiin wiiich she sczlex
SUCTL gy L= 1, 2y esey %, oD onorlociioio nflinite zeirin
& all lie, =nd i gnell emouns o thzi o ow o+ oo o, 1= 1, 2,
eesy v o212 Lie witiin D, Then
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(1.13) t(1) €L L L o5(3)

4 mal 5. Mahmoud

T;aorem 1.l: Let 4 = aij]

3¢tr1“ gztisfying

(1.14) 1

(1.15} i

Iet F(A) he
erpressed as

£ in A, Then

5

as proved the following results:

tag fflaigi

—— . ———

1

an zlzebralse seni blogxk

= o<u<m

arnd led F(AY when

2 in & ha of degree

-

~1lzoe.
ebrelc gsexni hlool
<o &£ oo

1R € p

- XN

=2 1ot F(A) shen

e i & B~ of Qegree
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{1.20) Em s oy e = L {1+ (s-l)h} a3

the sign of egualit, in (1.20) may taxe rlcee.

P

fo)

(915

gggggeg 1.3 Iet & = [aij] be an algebraio seml tlock

metrix satisfying (L.14) and

(1.22) i s8d) =h , 1€ < ®, 0CL&L® .
L~ o i’ﬁ(i)}p

Iet F(4) be an analyviie Funotion of A, and le%t F(4) whexn
expressed as & polyno=ial of lecasi degree i 4 he of degree
g in 4 . Then

(2.22) TIE i

L. Z (s = 1)nY oy
o w pu

tre sign of equelity i (1.22) zay saks

l..l
[w)

Q

[0)]

L ]

try

Whern an &lgebreic z2etrix & hee the sinimz equation in

(1.2), if we -miteo

A o I |
= T L ) 2. TR
i=] L Teo {z “i)

tien the polimomiel 2of lecgt dasree in & repwrorenting FlA)

-reoisely of degrec o=l in & if T{z) satl . Ties the eonditiom

[,
(Ze24) Z LA P“)(ui) ¥ C

17 1o0llows thei vner 4 is arn algehrzic sexl Lloo: matrix havirg
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Cmrit T A s . o

tiic ghatemernts of tneowens 1.1, 1.2 amd 1,3 z..ould ve

reéplaced by o-l.

When an alzedreilce Infinite matrix & Lhee tie mininum

equetion in (1.2), & JuwiotionFid) satisiving .o oondl¢ions
v, ) # F{o.) whenever 1 & [,

w) ¥ ¢ dienever my D

1

is of particulszsr interest., Such a fimetion ie & algsehraie

toiz of fne saze degree as 4 [lC‘] ard the zeirix 4 ean

be expressed cs o« yolymonial ir FlA), Cunmsidexrinz such funciion:

S . H -
weé have the fclloriis resulis S} warlshoo: deriwmbdls froo
theoreas 1,1 znd 1.2 Tespeeilvelr,

gopoliary 1e1 Lot 4 = [egij be zn algebraic semi dloek
oatrix setiefving (1.14) ~=¢ 1.135). L2t T74Y e an analytle

[ ! PR - N - = _— 2 = T -
Tunction ol 4 sasicfrirg [2.25) znd (1.29). Ie%t 5 be thne

log =z | < %
\l,Eﬂ\ Q Y S 77

Tl+ (+-1)b" '; e s

T e e e _ » - d
encoytic Duwsvion of &4 pasie”

. o P . e - C. :
e the degree o tuc nuliTozidl ol Lot deowns iv o4

P . Lt e, N S - - e - =
capresentin: TUE) S Lo ¢ Lazroe 21 4 —mronial eof
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lcagt degree i F = F(A ) for &. Then

(1.28) —— éTF ——-—-—-—-—-'1———1-1‘:&{}%3-1)':1} a;

1+(% = 1)

o

hoth of the ecuslify

m \...«('“’
8
H
o
2
e

tung in (1.28) may tcke ~lace.

The dedustion ol the lower bound in {1.24) From taearen 1.2
asices use of the faot thet ~hen the number of ncn-zero eleaents
in each row of an infinfte meirix 4 is bounwc so algo te th
nuaber of non-zero elexenis in ezchk row of F(4) where Plz) is

e polynomial inz ( 7 j .

N

jo i

e gondition ixn (3.14) icpliss $nai sl-en o erditrarildy

greater than a, e iove
(1.29)  qey, ) € X o7, 121, ok 3 o s(i)

K heing soxme constant S 1. We g2t the mame rosuld in (1.16) LF

Luy obviously ooncitionr (1.14) ir wider (lecz —oxtristive) ttas
poadition {1e3C), In (L.30) 2 ordér of ze.oifuue of %
gle ents &y 5 1g relcted So Sne roy - index L. V2 men insier?
e’ te fie order of amagndliuvde cf the elemenico t,. witn the

fan L pleoes of ecndifion (L.3C)Y ve mor

T — — T e N o -

l% seexs, Cnm o2 Lilces loi.ee, thed She regult coorespondings to
b - rivyoy oy La. R - -

1.32), znalogou: st Lo (L.155, does mot roguire ¢
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suah & resuit oen te cagily derived froa Fnct in theoren l.d.

In the following we e.0v s2at thigs eondlusie. Ls quite faloe.

#* -
Comdision (1.315) izplics thad given an i arbivrsry greater
than k, there ls ax io suair thet
(1.32) s{i) &L w %(L), for &1 L3 %i, .
Sirce 5 (i) ig siwars leszs than i, we tusl have
- - ' . s N -
(._03)) E(l)( i y —OF 213 1l = -5 .
Recalling whed for everr 1, &g = o for 222 3> s(i)Y,
w
we rzve from {1.31),
. PR Lou
; - ‘g A
(1‘34) *aijgéy‘ cu - ( "y y 1, ,_)2 1
cnd sc in virtue of (Ll.33)
w7 §u
i 1 - e L ] -
1.35) fojsi €% e by LD i
o
Z% Follows that : .
dag TER |8y | _
’ - R ' < ‘ x;/ 2
‘*-3:\) iz —— .U e - £ = *
i =2 w i
5i. e h{ s urbizreril;- erosen grezster thaer ., S.en
ipg nax &
Sl s . S SRS U N
[ I ) -‘L--u- T T~ H
i—» T L
3. oarizom of CL.3T) vt (L.14) apporentls o otws Shet ghe

~ = ~ , ~ . N
Teldl vy wwit s el = picoe o a. Doint sc 2 et the
. ERE
ot ot cmaen ix b giatereny of 4heors. l.I, conclilion
- P L T . S S
(>,14) is rezleced T o¢ iizion ¢L.21Y, (1.2 ) Lz rerlec2d b

log  Any L

3

s - i .
! 3. ' W LA

§ o - A m e —— bl ‘ ‘1+(r1...1 )k: S el
L L \

—:):r i - 4
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