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( 141

Suane LY

One of the recent studies in the theory of
differential equations 1s that of the stability of
motion for a system of differential equations of the

form:

§ - e, (1)

where t is real (usually denoting time) and X is a
vector with coaponents X10X59 ees , X, The vector
function f(t,X) 18 assumed to be oontinuous with

respect to the variable t and the components of X,
and has continuous partial derivatives with respect
¥c the components of X. Moreover it satisfies the

condition

£(t,0) = o (2)

Thus the system of differential equations (1) satis-

fies the geroc solution

X=zo (3)

In the first chapter of this thesis, we give i
the definitions and theorems of stability and ins- l

tability of motion of the zero solution of the system |

{
of differential equations (1).
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( iv )
The systea is written in the first spproxisation
form
= ax e xt,) (s)
Whers A i3 a sqQuare mstrix of order n, and the
vector function X(t,x) is continuous with continuous

partial derivatives with respect to the components
X, and satisfying the two conditions.

X(t,0) = 0 -3%55-9)— = 0 (5)

Wo glve the results which have been obtained
88 regards the stability of solutions of the non~
linear differential equations (4). Denoting by
Xyv Tos eens %, the roots of the characteristic

equation.
det (A - AB) = o 6 ,

and imposing rather weak conditions on X(t,x), it
has been shown that when

Re( )«1)<o (1 =2,000,n) (7) ,

the zero gpolutions of the linear system

g = AX (8)
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a:d also the 2er0 solution of the noth linear systo-
of equations (4) are asymptotiocally stable. When,
hn the other hand

Be(D) > o

for at least one value of 44 (1se. when the real
part of ome of the roots of the charseteriatic
equation (6) 1s positive) then the zero solution
(3) 1s unstable for both the linear system (8) and
the non linsar system (4). This leads us to consi-
der the critical case when Oone of the roots of the
characteristic eguation (6) is equal to zero; all
cther roots having negative real parts. For exap-
Ple when one root of (6) is zero, Lyapunov studied
the atability of the zero solution of the non linear
system of equations (4) in each of the following

two cases:

1. When the function X(t,x) is periodic in t.

2« When X is independent of the time t i 8. when
it is of the form x(x).

In both these cases Iyapunov assumed that the func-
tion is in the form of an infinite power seriss of

X, in which the terms lower than the second are absent.
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Krasowosky, considered the stsbility of ths zero-

solution of the aystenm

ﬁ = Y(y.x) \

(9>
$ = ax 2y

where y is real and ¥ a vector with components
X)» X1+« X534 Deing a matrix of order n, the
charscteristic equation of which has roots with

negative real parts.

Kragowsky assumed that X,Y are continuous
function with respect to their orguments and have
continuous partisl derivatives Batisfying the
following conditions

Y(o,0) = o, 19100 _ 4 ’ [2{C:N-3] =0
dy ox (
K¢ o, los0) _
dy 3x

]

(10)

n
S

o/

Ei
n

X(o,0)

He proved that, in this case, there exists a func-
tion #(y), depending essentially on Y. Which plays

a principal role in the study of the stability of
the zero solution of the gystem (9). He studied

the stability of motion on the assumption that #(y) o
for yfo and obtained the following results

Central Library - Ain Shams University



( vit )

(1) If yMy)< o y o, for fyi-2h, then the
rero solution of the aystem (9) is asympto-
tically stable.

(1) If (y) > ¢ for Yy >0 ,
or y)< o for y<o ,
then the sero solution is unsteble. In 1966 Dr. Mur’

Nassif studied the stability of motion for each of
two system of differential equations.

g =Y (y,x) S

9)
F = bx + X0
% = 'f(t.J.!)

(11)

% = AX ¢ X(t,y,x)

under oonditions similar to those of Krasowosky
85 regards the two functions X,Y,

Por the system (11), X(t,y,x), Y(t,y,x) are
aspumed to be periodic in t, i.e.
Y(tew,y,X) = I(t,y,x) ?

‘ 12)
I(tiw,y,x) = X(t,y,x)
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( viit )

In this case,8s in ttw previous one, the function
P(y) is obtained, which, ss stated before, Plays a
principal role in the study of stability of motion.

Dr. Munir Nassif considered the question of
stability on the assumption that

y) = o for y «C,

where C is & set of real numbers baving a limiting

point at y 04

Under these conditions on #(y), besides the
zero solution, there exist far the system of equatir-
{9) non-zero solutions in the form:

Y=c , x=utc)’ a3 ,

the system (1l) has periodie solutions of the form

Y =y(tye) , x= (tye) (14) *

In Chapter II, of this thesis, we treat the
question of the stability of mofion for the non-
zero solutions (13). The following theorem has

been proved:

Iheorem:
(1) If there exists a Sequence of positive numbers

Jj ™% 0 , such that
j~»
+ The function ) is defined in chapter II pa,
{ 4 in 6392?‘ '

the functiomy(t,c), x(t,c) are def
chapter III page 53‘
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( ix )

'(yi) = 0 i = l.2| ss by
and another sequence of negative numbers §1 —_— 0
i—w
such that .(ii) = 0 for { = 1.2' Tee
then the non zerv solution

Y=o x = u(e)

is stable.

(2) 1If there is a sequence of positive (negative)

nuabers Yy ——> 0, such that
i

5(71) = o 1 = 1|2' sese

and &(y) > o fory<o (B(y)co for Y Do)
then the solution (13) is stable.

Chapter III desls with the 8tability of
periodic solution. (14). The following theorem is
obtained,

Theoren:
(1) If there is a sequence of positive numbers
’(zi) =0 iz 1'2' ves 3 Ef)een

and there is a sequence of negative nnnber‘§i~—9 o
such that
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“7-1) =0 i1=1,2,

then the solution

LA N ) []

Y » y(t,0) X = X(t,e)

is atable.

(2) If there exist a sequence of positive (negative)
nuabers Z; % o such that

g(zi)zo .31. e n,

’(Z) > 0 for Zz < L+ 79

(5(2.)4 o for Z > o), then the

solution (14) is stable,
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