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PREFACE

The thesis consists of three chaptsrs, In ckhepter I
we investigate four main convergence properties of basic
sets of polynomials associzted with non-singular zetrix
functione F(P,q) where P snd § are twe commug=sive
algebraic row-finite matrices. These converszence pro-
perties sre effectiveness ic an open sircle, =ffectivensess
in ciosed circles, effectiveness 2t the orizin for every
Tunction zucd effectiveness Za the whole plane for every

ectire fuocstion, Five bheorems ars astsbliched,

In chepter IT1 we investigste thres mpais sLavergencs
rroperiies of bagic sebs ¢f cewvnoriels £f too complex
verieblaes associsted with -on-singuler matris Tansoiogs

7(,&). Ibese convergencs:

oy

3 c.en Cisc, eficctivinzees In olosez 2iess
elfeciiveness 2t the origin, Thres theorems ars establdshed.

- -

T — ——. ol Ly = V — T
Ir chapter IIX we <2 _ wigsh o2 proclie

Tirst is tn

[¢%}

order of assuitude of the elerencs of &

matriv function F(A4,3) whorz 4 eud & ars two commutative

Central Library - Ain Shams University



algebraic row-finite matrices whether genersl row-finite

opnee or semi-block matrices., Fleven theorems sre given

in this concero. 7The secoud prodblem is the order, and

-

type o2 a circle, of bssic scbe of polynozisle associated

H

with non-singular nmatrix fuasctions F(F,&), whether P aand
@ are genersl row-finite metrices or semi-block matrices.
Bight theorems are given iz this coancsarn.

The thesie has

been prepared under the kind supervieion

of Prof. Dr. Ragy =. kaker, o whoz 1 wisn 5S¢ eXpress =¥
=N

~

il

sinceresc gratitude and thernzfulress.
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CHAPTER T

ON TSR BFFECTIVENESS OF BASIC SETS OF POLYNOWTALS

ASSOCIATED WITH NOR-SINGULAR MATRIX FUICTICIS OF

TWOQ_COMMUT/TIVE ALGERRAIC ROW-FINITE MATRICHES

The definition of an analytic function F(4,B) of
two commutetive algebraic matrices 4 and 3, belonsging 6o
an agsociative field, is explained in §l1. 4 few words on
basiec sebs of polynomials are given in § 2. JTn 8§ 3-7 we
investigate the convergence properties of 2 basic set
asscociated with a non—singular analytic matrix function
*(P,&) where P and § are commubtative algebreic row-finite
n8trices satisfying some certein conditions. & 3 is con-
cerned with efiectiveness in an opea circle iz| <R. § 4
is comcerred with effectiveness in closed cireles [z| R
where R belongs to an open intzarval 2 L R 5. § 3 deals
with effectivencss at the origin for every fusmction. § 2
deals witcn effectiveness, in Ghe whole pilane, for svery
catire rucciiocz. L=stly § 7 deals with effectiveness in

closed circles z|& R where R belongs to a closed intervel

8 g;Rgg_b.
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1. Funcbions of a2lgebraic infinite matrices

&n infinite matrix P is said to be self-associative
when the power matrix PT exists for gvery positive integer
r, and has & unique matrix va2lue independent ¢f Lhe order
of multiplication of the factors. 4An infinite matrix P
is said to be algebraic if it is self-associative and

satisfies an equation {(identity) of &the form

(1.1) I+ Eys + oee + X 47 = O

where the ecoefficicents kr’ o] S:r g;m are coxzplex scslars,
and I and O are the infinite unit matrix and the infirite
zero matrix respectively, If this equation is the squetion
of least Cegrec satisfied »7 the wabrix 4, = is £2id to be
algebraic of degrec m. Buch egustion, of least dczree, is
unique save for 2 multiplyics constant and is czlled the

minimum equation of A,

“he roots of the gcalar -qQuatica f(z) = o,

(&)

() =

is the minieum esguation of 4, 2rc c¢8lled the sealar rootes of

Cosle

I3
[

v

4o Tho sct of sclar roots of 4 is ¢231led the spectruc of A.
when F(z) is & fuuction of a complex variabvle z,

enalytic in & domaic D withic which the spectruc of so

algebraic infinite zatrix s lices, then ¥F(4a) may be defined

by the so-called Zercite-Sylvester interpclzticn polynomial
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for F(a). This definition due bo kakar and Sskr |13
which is ¢ generalization cf Schwerdtfeger's definition
520, sce also 18, § 2.6} of 2 function of a2 square mabtrix
russ as fcllowe.

Let the minimum cscuation of the algebraic matrix
~ be
(1.2) f(a) =

.

L

M, = Ta

T
= i 1

(A-uiz)“i= o,
1 i

n et

The reatlornal function 1/f(z) mey %z writbtez =g & sum
/ o

of fracticns of %he form

1 b By

(1.2 5 = 2. py(s)/(z=uy) * .

‘ i=1
The polyunonizlg fi(zj, i = 148,000yt E£re zow defined by

) gy
(1.4) £.(z) = p. z)f{a)/{z - u, > .
i i i

Then we nave for Fla, Ghe polyuicoisl representetion
{1.5) a, = I Ila 0L (ama, 1.8 FNE0ud/pty .

i=1 { p=o * - )

Troe polynocials fi(nj, I 2 1,2yese0 t 2rs called th: co=
voriacts of 4.

Ihe polyoomizl representation in (1.3, for ={(4) ca:z
be recuced by toe use of tus zitioum equstion £o 2 poly-

acmial ol gGegrev b most o1 in Al Indecd when the sminimun
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equaticn of A4 is written ia the form

R Y| ;m"l Y o2 -
(1.8) I(A) = 4= + k& + foa + eee + kI =0

we have for F(4) the polynonisl representation

(1.7) F(A} = alév 1 + aag“ 2 4+ ese + amI
where ~
1/ - \
1 f.o=1 -z F(w) -
3 = eee———— - Y '
(1.8} a8, =35 T /K:x + klm + see + K }/?%E% iw

Y = 1,25¢00ym; the integrels being taken rcund z contour C,
lying in thé domain ic which F(w) is analytic, 2ad enclosing
the spectrun of a.
This result duc tg Sax {19, DL 65—56j is 2 gernerslizaticn
tc algebreic ianfinite metrices, of Fanteppie's reesult [2}

for square matricce.

matrix which commutes wit:h 4 22d let = have bho rinipur

ggquaticn

g . s

(1.9 g(B = T (5v.I) =0, I n.=n2.
j=1 j=1 ¢

(Ve alweys cssume that - and B colons to an aseocirtive

ficld ’} , T

@]
a4
Q
™
2
%
L’
|
a
ct
1
Q

2gsccictive ficld ¢f rovu=Tinite
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matrices.) Lst F(z,w) be & function of %o complex varisblee

z aod w 2n8lytic in & domain D which is the scelar product
of two domains Dl and DE' Let the spectrum of A4 1ie inm Dl
znd thet of B 1lis in D2' Lzt fi(A), 1 = 1,2,e0ayb bz the

covariants of &4, 2s defined above, =2nd lab gj(B), i=1,2,

essy S be the coveriants of B, similarly defined. Lot

S P+d

(1.10 P Ly o
.) ( ’W/ szp ‘\dv:q

T{z,w).

Tren the matrix functiocn F(a,3) is defined

polating polynomisl

t
(1.11) P(4,B) = Z

U Y
by T (e, I PG, 220y o
e aso i VJ WUy J>/qu

i
N

kerive use of tie zininun ¢suationes o7 a4 =ud B oghis
e b AFoFT ~r v m T e e d T - v -" - h
1ZGerpolaticn polyrnozial for i(a,2) ca. be reduced Ge o

Ve = T AR Ao - ~ 1 r [ = - - -
PUiyBeIlel O Ceglee at most ==1 iz a =0d ¢f degree =t most

Whel a enc 3 &re Gwo comomutative alse

o2
=
[
'.Jn
Q
}.J.
&
h
’_‘n
3
e
ct
@

catrices having tho sinioum eguztions iz (1.2) =28 (1.9)

rugpectively, =nd Z(z,w

s
[ Y
n

~nxlotie in = D, > witn
5 D Dy x D2 ’ tx

[

- e e i} o i s T ; R
the spoctrs of = =znd % lying iz Ly 2ad D2 ruspeetively,
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then the nixed partial derivative

o BY L. .
(1.12) F< 38 (4,8} _:—-&_—p—ﬁ F(4,B)
(exists end) is given by E6j

" e
(1.13) PR By =TT £ (W £4(®

. Pra_vw 34 =(p+3,5+8)
3 (& uiI) (% vj¢} T A

2o e (ui,vj)/p!qlg

Tbis is true for £ll integrzl & ,3 2 o. Tisrsfire the

function F(a,2B) is celled az anelytic function cf ths two

td

ccamutabive slgebrzic catrices 4 znd

We zote that wher B is the (infinite) urit nmstrix,

tonen = is az 2lgebrzic metrix of degres 1 vhich oommubes

S Ctae BCEl2r rict nezsly 1, £ad this

i

wWith a. a&lsc B I
sc2lar reoot 1s eizple znd the zgscci~tsed covarisnt ig the
unit m=grix. Iz such ¢ cose (1.11) tzhee the foliovins

form with @(z,w) wristes iz pl-co of Flz,x).

Y

(1.14) B(&,I) = : (ui,1>/ps§

t
1=

T Caeu )P g(ps2
1 = =

~
J

kritins F(z) for ¢(z,1), {(l.14) bic.ces (1.5
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2. p8sic sets of polynonials

4 B2t of polyaoxials ipn(z)} = po(z), pl(z), pE(Z}, ces
]
is said %o te & basic set [21} when every polynoumial can
De uniguely expressed as a ficite linear combination of

the elements of the set., In particular

(2.1 z° =3 T pz), L= 0,1425000 4
1

. - ~ o S . N
waen hn the nunber of non~zers coefficients hni in tte

representavion (2.1) satisfies the condition
(2.2) i | as n —> o

the set is cslled a Cannon set, otterwiss it is =2 general
- . . - . a 7. <. . o
cagle set. The matrlx:ljziff;j Jls celled ths zatrix of

operators zssociated with the set and ig t-= unique row-

Tinite reciprocal of the zatrix of coefficicnts P = {piji
[ -

n o le

(2.3 pjlz; = I Pizg =¥ 0 3= 0114250es .

J
Fiven a function
- \ < ™
Czad Mz = I anz“
a=0

there is formally an associats? tasic series

oo $ ) oo
(2.5) T a ¢ T f".p.(z\( = T > p (z) .,
mpy aifi “( ) o4
n=0 i ) I=0
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when tois associated series converzes uniformiy to #(z) in

dooe
ITre convergence properties of

according to the classes of functiom represented :y treir

associzted basic scries and also sccording to the domeins

ic woienh they are represented.

Eriting

(2.8} Ai(R} = mex ;;
IZ;:R

2. W (&) = T

( f) “-4),‘&3/ ?i :j_f’
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(2.11) rEX@ £ M@ o

4 hasic set gpr{z)'}w:ose matrix of coefficicnts P

- - > - r - ]
is zn slgehrezic matrix is csiled LIOT a2z algebreic tasic sct.
-

. BEffcctiveness in aco open circle |zl <R
P i

-

- . r . > = .
A begic set of polyanouis l o E is s2id to te effective
in & circle |z | <R wher the basic seriez zscocizted with

\
every functicn F(z) whick is rezuler in [zl <R represcats
) ‘ r
F(z) in lz! R, !
! [

21, p. 11}. Tte necegsary snl sufficient
cordition that 2 Cannor set is offective in .zl <R is that
{ N . b
!21, i 15, Po 2{3-‘

(3.1} M) <R fcr 211 r € R,

-
Por zcuerzi tasic sets t.c consition ie L2l, Th. 2, . 38]
(3.2 X < =& for 211 r <R .
“~
aritice i
{ e

3.2 AR = iz 4 & (R

T OO { - }
the condozion
(3.4 alr: < m oz osl1 r <G

05 1ply the effociiv. oss o e gt %pn(z)i iz ]z¥<:R.

Tor consicoring tho tasic sof ;;V{z;g Lifdined Ly
TE-
£z ( [
5.5, P.lz) =1
. TC 1
) hY _ ﬂ:‘." ___‘.1 - -
Cppl2l =-n + 27, T2l
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