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M.85C. COURSES

STULIED BY THE AUTHOR (1$71-1972)
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Theory of Functions of Matrices 2 hours per week
(during the whole
acadenic year)

Numerical linear algebra 2 houre per week

Abstract =2lgebra 2 bours per week

Functional Analysis 2 bours per week

Partial Differential Fqustions 2 hours per week
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PREFACE

The thesis consists of three chaplers.’

Phg Lirst chapter is mainly 8 survey to the
algebraeio part of the subject of slgebraic infinite
matrices, tbough the last article is a new addition; in
thet article we ipvestigate scme properties of an
algebraic infinite matrix which are retained by the

reciprocal matrix.

In chspter II, we establish s number of new results

on functions of two commutative algebraic infinite natrices,

Chapter III involves 2n application of algebrasic
infinite natrices in "basic scts of polynonials'; a
number of new results have bzen obtained on ths order 2nd

spe oz e cdyecle of basic s.ts associated with funcuvions

of an algebrsic senmi block .3triXe.

The thesis has been prepersd under ths xiad supsrvisicn
of prof. Dr. Ragy Z. Lakar, tc "sow I wisb to oXpriss oy

sincerest gretitude asnd thapkfulness.

January 1¢74
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CHAPTER I

05 ALGERRAIG INFINITE WMATRICES

This chapter is maioly & survey to-tba subjsct of
algebraic infinite catrices, though toe last erticle is
a new addition. The given survey couasiders only problens
of algebreic nzture. §§ 1-3 deal with the simple 2lgebreic
roeults on thess matrices, Thile §§ 4-7 ccaosider thc more
deep resulte. § 8 deals wibb the definition of functlions
of an algebraic infinite matrix znd with the elgebreic
properties of suchk functions. § ¢ investigates sons pro-
perties of 2un algebrsic infinite matrix which are retained
by the r¢ciprocsl watrix, and some siople results sre

also dcduczd.

1. Algcbraic infinite masrices

in infinis: matrix & is said to be self-sgsoCistive

then the pover wawrilx & oxists Ior every poﬁﬁive intezer
r, aad has 3 unique matrix vslue independent of ths order
of multiplication of the Iacvors.

4n icfinite matrix 4 is £3id to be slgebrsic if it
is melf-sssociative ~nd satisfies 3n equebtion (idantity)

of the forun:
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(1.1) K I+ b+ keh‘? e

where the cosfficients k 4 © {x {m, are complex scalars,
sud T and O are the infinite unit natrix acd th: iofinite
zero natrix respectively. If this equation is the egquatiot
of lesst Gegree satisfied by the matrix 4, 4 is said to
be algebraic of degreeﬂ m. Such eguation, of least degree,
is evideatly unique save for g mulbiplying coastant, and
is ealled the amini-axw eguetioz of 4.

This eguation of least degree, in some sense, corresponds
tc the miaimum equation of a sjuarz matrix, but with the
clear understanding that ever; square natrix bhas a ginimum
equation, wkich is sometimes the cberacterictic eguaticn
itgelf, vuilst amonsst iefinite motricss only algebrelc
ones satisf: such slgebraic e.ustious.

%= roots of the sczler cgustion £(z) = o, wher
f(4) = o is the ziniguz ejusvion of 4, ere cdiled fu.

"n. set ¢ scalar rocts of = is c¢=llen

H,
&
-
'
U
<

5¢&1a8r r-osE

O

the spectpus o a.

4 simple exozple of arn algebraic infinit: zoetrix is

the disgonel maorix 4 in wbi.b o dlstinct aucbers 2118500003

a are distributed repeatedly oo arbitrarily along the

% Originally ¥acur =. sgagaer [15] hed used tn: t.orz Morder”
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diagounal. It is easily seen that such a matrix is algebraic

of degree m and thst its mioimum eguation is

Ir particular toe scalar matrix whose diagounal elewmeunbs
are all, the number a, has tae oinimum equation & ~ al = C.

Also, a simple example of » nop-algebraic matrix is
the diagonal matrix A witn 8a infinite number of distinct
elements 83 -

Two interesting types of algebraic infinite matrices
have been introduced by Ibrahin [6, chapter I].

(i) If the infinite series 8y +8,+85+ e is couvcgent

and its suo is i, then the matrix

r .
al al al s aa l
a a—\ af\ L I I ’
(1.3) L= | 2 2
35 3. 85 PR
.......... L I I ) . o > !

ig algebraic, snd its wioimun eguation is A% 14 = C.
Thug ascociated witb cvery coovergent series tuers is ax
alzebreic m2trix of degree .

(ii) It P bi, 1 = 1,24 5ees 8rc twe icfinite sequences

0

such tost th: series I fibi is coovergzent to L, tonen the
i=1l

natrix

(1.4) L = [aij] . 8,5 = %;by

is alge.raic, and its cinioum cguation is Aa— wd = {.
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L further interesting exarple of aa algebraic irfinite

catrix is the following [10].

(iii) & row (columz) pernutater is the maprix obtsinad
from the unit matrix by performing @ csrtaie peroutetiov
on its ross (eolunns). 4 permut~tor correspondin. &G
s pernoubsticn Iesctorizable iato cycles suckh that the lencgths
of thess cycles nave a finite liest common multiple =, is
an algebraic cmatrix of degree =.* Zor narforming suct 3
percutstion = tizes, wo ultioes.ly 2rrive at oo idunticeal
porputatics, apd Ghe COXr<€ 01Jing —~atyrix is tho onic
~strix., Thus a percutater correstonding to sach ¢ periuloe
tior nas tn. .dnimuc ecuetics: AT s L. I particuler a
pwrnutator corresroncicyg to 7 nzroucctiscn Isctorizatle
t2 siagrv ¢ cles oh.,, Jer x? Dls, tho paroateticn inter-
chzaging ever. prisne nusber wito its sgusre or :vary Oode
quabar wit: its subs . ucat oven nuTthoer satislies oo

cauaticn L5 = I.

# .agar =508 Saxr cecnsider U0 bherc 16 no ¢ornior lobter
between £, GA0 CyCieB, tHUUZD toe: Love pob wonpioned

*

tris.
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catrix 4 in wodeh the lst superdiagonal coasiste o
glenents

1, 9 l! Cy o0

and all obtner elements 2rc ZSI0, rag the ninimurn zguetioc

L5 = O, 2lso toe patrix 2 in whicn the 1st superdiagonal

consists of bhte clenants

1 oghner clemecrBE 2L S T2I0, =35 too ndnimum equatlon

not an aisebraic wasriy.

[ 81
-]

I

Te rsct & 2né L may botl Do curaiec, but the powers

1

of the sun cotrix $ nay et oxizt. Trig Tect is iliustrered

oy the two ma2trices

¢
-
b
]
.
.

1
8l g o} c e
\i.l) n = i
-~ - I
|- > > N s
cnd = = & (%n. transpos. of =t = "0 e=cief’ res;-.ctiv 1w
P . . =2 - o .
W€ - L o=y ¢ 85~ 1 = ( put tr. egutre ol tis Sul ntriz
J dCus aly eXist.
:\)Br o BY . -:ﬂ\"i'l:b Jo X e G - i~ & . ( ’ t
~lzehoaic zetrices iE curt:inle 5. . Or-iQ Ioerin. v

tl'«s‘ \'\-‘ - “Y-w:
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(1) If 4 is a diagopal xe2trix involving o distinct

nunbers 21 351 ese am_only, end = is another diagonsal
natrix luvolving n distiot rpuubsrs o,, b2, «+ey 9, ouly,
then L and B are algebraic of degress w sod o rgepectively.
1ne sum patrix C = A+ is a diagonal nagrix iavolving at

nost mn distinct nucbers

ql‘f’bl s al+b2 yeeey al+b0 » 82+b1 g ewvey 6m+bn

and sc is algebraic of degree ot most ma,{15]. But tois
fact is o particular cese of 2 Zeuncral theoren to bc
neotioned later.

(ii) If & and B are algebrsie netrices with zimiumuc
equations (t~aT)® = 0 =228 (E—bIjaz Q respectively, ~=i if
A =nd = ecmrube, then th: sur matrix T = A+D is sl i.or-ic

of degree w+b~l =t 0BG, Indeed it is easily seen Lot

2",;-;--:-—l
)

8180 tne £2¢T tlat toe upper tivzl men~l 1 3ttointole 1e

it
.

% >~ (8 + DT

{1lustrateé by the followins czeuple[10].

Let P 2ud & be the sguare metriecs

1 © o o 1 1T ¢ o o
l 1 ¢ o ! i c 1 ¢ =<
PZ 1 "q‘:‘ -
1 Te] 1l o} ; -1 o) 1 G
{1 1 -1 1! -1 1 o 1

L.
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Let & be the infinite metrix consisting of diagonal blocks
eseh of whieh is tne wetrix P 2nd zero elements everywhers
else, end let B be the infinite metrix cousisting of
diagonsl blocks each of whict is the metrix Q and zero
clements everywhere else. Then A and B satisfy respectively
(A - I)2 =0 and (B - 1)2 = 0., Also it is casily varified
that AR = BA. The sum matrix C = A44+B is an iofinite maftrix
cousisting of diagonzl blocks cach ©f which is the m~trix
2 ¢ ¢ o |
1 2 C 0
o 0 2 0

o) 2 =1 e

. .

and zero clemants everywnsre olsc., The winimurn ejuation

of G is essily veriried to be (C - 2I)° = O.

When & snd - 2re two 2lssbrazic natriees, tos product
metrix C = AT is .ot zzceseerily 2lgedbreic [13] . 1In
fact the product matrix C=Ai>Z 3 not exist. For if we Lake
the mobrix 4 ic (2.1) rad wzke F = AY, then 42 dc3s aob
sxist.

If 4% exists ibs powers »177 nos zxist. For il we
takc 2 5o b. the matrix 4 in (2.1) °nd t-oke 4 = 3%, then

the product matrix is
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1 1 1 ces
...............J
and evidently G° does not exist.

Even if G = AB exists end is self-associative, it
may 2ot be an algebraic matrix. For considering the
patrices A and B at the begianing of § 2, we find that
C = AR is the infinite matrix in which the second super—

diagonal consists of the elceucnts
1’ D, l, o, - e

_gAd 21l otber clements arc zero; such 2 matrix is casily
seen to bs noo—algebraic.

.re are, bowever, siaple cases in which we cin

1

I
agsers thet the product matriz ¢ = A%, of two algebreic
patrices 4 =2d =, is =2z 2lgcoraic metrix. Of these we
Loves

(1) .he e2se in whieh 4 2ud B 2re disgonal metrices.
For if the distiact elements of 4 are 31985500043, and the
distinct cloments of B are by 4Doyeessb iy then ic the

product aatrix there are At most mn distiact clsmente

Elbl, 81b2' CRCRC alt‘n, aabl, LIC RN ] men -
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Thus ¢ = AR is algebraic of degree at most mn. But this
fact is a particular case of a general theorem %o be

mentionad in due time.

(ii) The case in which 4 =:d 5 are two algebraic permutse-
tors 28 defined in § 1. Whea the corresponding permutations
have no letter ic common, C = AB is an algebraic permmbator
whose degree is the lesast coomon multiple of the degrees
of 4 and B [10].

4 an & ic matxi
Polynomials in a self--ssociative matrix A bhave the
following interesting property [15].
(1) Matriees in Py, of degree > 1 in 4, are either all
algebraic or else 81l non-alzcbreic.
Indeced when A is 51 algebraic watrix of degrae o,
and P = P(4), of degree r ir A, is or degree n, then a/r

{&r £ =. The upper :ad lover bounds cof the degree ¢ of
P(L4) are both attainable. This fect is illustrotad by the
fellowing intoerestiog example. If A is the (infiaite)
diagonal matrix whose (disgoval) elements =re the npb
roots of unity rspeated ~ud distributed arbitrarily, Shen
A sstisfies the winimum equatioz A I = O, while the
matrix P = A', where r is a Givieor of = apd m = ar,
scti:fies the minioum equetion P°~ I = 0. A4lso the watrix
P = A% where © is price to m, satisfies the minimum

equetion PP a1 = Q.
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An imuediate corollary of the =bove property is that
the matrix B = boI + blA, where bO and b1 are complex
scalers aand b1 £ o, is of thc sroe nature as A, and is

of the same degree as 4, when A& is algebraic.

gakar [15] has also proved the following result.
(II) If A 2nd B are two algebraic patrices having the

same mipimum eguation £(z) = o ®  and P(z) is 2 polynomial
in 2z, ther tte 2lgebraic mztrices P(4A) 3:d P(B) navs the
same mininun equation.

A generaligation of this result will be mentioned
later.

Ap;lying the above result hoouf iakor (15] bas
investigoted the cinimuc equesion of = polyrociel P(4)
of 2n algcbréic ~otrix 4 whose Berlar roots are all
disticct, ~nd Ragy .akar 2od SKr [10] heve icvestigrted
this eazz problem but in the ror. difficult cese ic which
% has multiple scalar roots. Lrokar's result is thot if
4 is 2n algebraic zatrix of dcgrec n having the distinct
scolar rocts ayy Ny eeen? and if the polynomi-l P(z)
is such theb P(al), P(aa), cens P(am) take only r distinct

% foce fla) =0 224 £(8) = . 2re the wipizum squations

of A 2nd 5 respectiv:ily.
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