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Abplriact

Thig themir ia cruncerned with computatioual methods for
solvity both optimur distrituted control ard state estimutiun
problems for Stochastic Distributed-tarameter Cyrtema., The
systeme considvred are represented by linear partial differ-
ertial chuations with a distributed stochastic disturbance.

Por the control problem & direct method is used, in which
the control functions are represented by 8 double convergent
peries of orthonormal functinna tn both spuce and tipe, to
derive a scheme for obtaining the optimum feedbnek distribu-
ted control when knowing the state of the eystem. No magnit-
ude constrainis are conaidered on the control and & quadratic
performance index i8 considered.

For the problem of state eatimation a mean square error
eriterion is considered and the number of measurement trans-
ducers ie finite. The elements of the syatem Green's funct-
jon, gain function, and error covariance matrices are expan-
ded by means of a set of orthonormal functions. Recursive
formulas, are derived, to odtain the optimum gain and error
covariance matricea.

Two examples are solved: one for the optimum distributed
control of a one-dimensional system described by the heat
diffusion equation, and the second for the state estimation
of the neutron flux distribution in a slab-type nuclear
reactor with aspatial disturbance.
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Chapter !
INTRODUCTION

The optimal design and control of systems and industrial
processes has been of concern to the applied soientest and
engineer during recent years. High acouracy of operation of
& system or & unit and also high speed of operation are often
required with the least expenditure of available means.

1t is necessary, to develop and create methods of ocontrol
and design that will enable us to utilice to the fullest all
the potentialities of the systems and to create systems that
are optimal in some definite sence.

Many of the problems of control and deeign in airframe,
shipbuildings, electronics, nucleonios, and other engineering
fields are, in essence, problems of control for systems with
distributed parameters. The dynamic behsviour of such systems
1s descrided by partial differential equatioms, integral
squations, integro-differential equations, and ocoasionally
by more general and more complex functional relations.

in engineering and scientific applications it is oftea
pecessary to device optimal comtrol for a complex systems
whose state is charecterized by one or several parameters
distriduted in space. To this class of systems belong many
industrial processes such as :
1. Heating of metal for rolling or heat treataent in
continuous or rapid-heating furnaces.
2. Drying and firing of friable materials in rotary
furnaces.
3. The diffusion of neutrons in atomic piles.
4. Diffusion of concentrations of liquid or gaseous.
substances in chemical processes.
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In such processes the smaterial moves in space through
processing zones whers various iypes of fields acting on the
saterial,{thermal, electrical, chemical, eto.), are distrid-
uted in both time and space.

Nowever, under certein conditions, high-order, luaped-
parameter systems can be approximated by a systes with
ditributed parameters. For example, the equation for a
system consisting of a large number of cascaded bdlookes
whose impulsive response is nonocecillatory can be approxi-
mated by the heat conduction squation,

In spite of the well-developed theory of optimal
systems with lumped parameters and the availability of
powerful means of realising such systems, there are few
examples of their practical implementation. this i
partially because real phyeical objects requiring optimal
control devices are complex units that eimply cannot be
described in terme of ordinary differential equations.

Therefore, it becomes necessary to develop the theory
of optimal syetems further and to generalize it to ayatema
with distribvuted parameters. Thie direction is of great
importance in many engineering applications.

Now we will discuss breifly three examples to show
the necessity of treating some physical systeme as distrib-
uted parameter systeme, and how to formulate the conmtrol
problen.

§ Nuclear Reactor Systems {1

Recent technical advances in research reactors and
the suecessful long-time operation of the relatively small
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experimental power reactors, have succeesfully laid the
foundmtion for the future of nuclear power generation from
large power reactors, and consequently the study of the
dynamical behavior of large reactors becomea essential
(e.g., stability analysis and optimal control of reactors).

Moet resctors built in the past often used the oclasei-
cal point-model-reactor-kinetice equation, which approxima-
tes the spatiaslly dependent reactor system as a space inde~
pendent system by employing certain spatial averages of the
systex variables. When the reactor in question is amall,
the point model is usually adequate for the control and
stability analysis eince the assumption that the eystem
responses are space-time sperable is valid.

However, for the much larger reactors, the neutron
flux in the various regions of an inhomogeneous reactor
core can trrcome loosely coupled and any nonuniferm changes
in the properties of the reactor cause local distortions
of the power distribution. In this case, the space-~time
gperable assumption 18 no longer valid, and the use of the
point model in the study of spatially-dependent reactor
systems i= open to question, as the error involved by
using the point-mod 1 approximation increases with the
size of the core.

Similary, if an optimal control system was designed
to have uniform burnup using the point-model, the system
may indeed be optimal w.r.t, its model, but it may not
be optimal in the true sense because no matter how good
the design is, it 1s only as good as the mathematical
model.

Phe above indicates that, it is not only desirable
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but necessary to study the control and stability of the
large reactor systems by taking into account the spatial
distribution of the system responses.

A linear reactor model, for example, is assumed 1to be
an infinite slab reactor (one spatial dimension) with 8
width h, Two infinitesimally thin control rods are loocated
at X, and X0 respectively. The gonfiguration of the system
is shown in Fig. 1.1

Control Rods

bow e ne
e o - -

o X, 12 h x

Pig. 1-1 Infinlre Slab Reactor and
Control Rods Configuration.
The system 13 described by,
%% =a %%% + cu + £,(%) alx - x,)
+ fz(t) B(x - 12) (1"1)

or generaly 1t can be put in the hypothetical form :

% - a2 4+ ous Mx) Ftx) (1-2)

where a is diffusion coefficient.
¢ is neutrom fission rate.
£(t) is effective absorption cross sectiom,

Central Library - Ain Shams University



1-%

The allawabdle boundary conditions for the system are :
1. The neutron flux vanishes at the extrapolated boundaries,

u{(t,0) » u(t,h) =« 0 (1-3)
2. A certain linear coambination of the current (gradient

of the flux)and the flux vanishee at the boundary.

¥We have two main problems, the optimum regulator problem
where the performwance index has the form,

ty h t1 h
J = j[ |u-udl dx dt + S} P2 ax at {1-4)
00 0

vhere u, is the desired atate of the system.
The second problem is the time optimal control, where
the performance index has the form,

%
d = L de (1"5)

Sometimes & control constraint is imposed so that,

fr(t,x}] < K (1-6)

§ Continuous Heating Furnaces 2]

In these furnaces the material is heated while being
moved through the processing szones.

FPig. 1-2 showa & schematic digram of a three-zones
continuous kiln. In the continuous and welding zones two-
sided heating of the slabs takes place and in the soaking
zone one-sided heating takes place. The kiln serves for
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heatirg slabas before rolling i w hot strip mill., The temprern-
ture in the workxing apace of 't kiln is pmeusured with the aid
of temperature sensors.

Texp. = - - C
Lrans- .. .

- T A Burner
ducers '
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Pig. 1-2 Three-zone Contimuous EFilm
with Bottom Reating.

The temperature of the slabs at the furnace outlet depends
on the character of the change in the temperature ditribution
in the furnace zones during the time a given slab of the
paterial remains in the furnace, as well as on the character
of the change of the velocity of the materigl v(t) during the
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same time, the thickness of the alab, its thermal conducti-
vity, heat capacity, density., eto. In other words, the
temperaturs of the slabds at the outlet depends on the entire
history of heating from the moment of entry to the moment
of exit from the furnace.

The kiln is provided with temperature regulators for
the soaking, upper and lower welding gzonea. Varistion of
aspignuents using thess regulators represents the control
ection and is resliged by the welding operator in order to
obtain the specified heating of the slabe at the output
from the kiln.

The optimal control system can be devided funotionally
into two parts, modsl of the object which caloulates the
distridbution of temperature of the metal along the length of
the Xiln, and the controlling device properly acting on the
setting of the temperature regulators in the different zones.

The model of the object obtaine information from the
sensors mounted on the xiln, as shown in Pig. 1=3

Desired
Settings

Sensors
. Controlling|
C— Model Noptintserf— “pevice [

Pig. 1-3 Optimal Controller for
a Continuous Kiln.

In the process of heating the slab in the kiln we will
neglect the heat transfer along the direction of motion of

-
74

Fe
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slebs due to loose connections of adjacent slabs and the small
temperaturs gradient along the direction of their motion., We
shall slso negleot the heat exchange which takes place from
the end faces of the slabe because their area is small in
oomparison with the area of the remaining heating surfeoe of
a slad. Under these conditions we obtain the problem of heat
oonductivity for en infinitely wide plate of thickness 8 mov-
ing with velocity v which depends on time t in the positive
direction of the y axis.

Let x and y be the spatial coordinate which are rigidly
associated with kiln and 04x {8, 0{yY&L, where 8 is plate
thickness and L is kiln length.

Using these coordinates, the heat equations have the
form,

where the function u = u(t,x,y) characteriges temperature
distribution in the metal 0L X {S, 04(y &L éduring time ¢,
04t {T,. (Here a is the temperature conductivity coefficient)

The .ain equation is supplemented by boundary conditions
which characterize the heat exchange between the petal surface
and the working space of the kiln by radiation and convection:

-> %g‘ Xu; 6.1 { [q2(t|,)]" [“(toot,)]‘}
. 8 [as(t.y) - u(t,0,y)] » 06741, 0KELT,
(1~-8)

2 ge - { [a,(4.3)]*- [a(+,8.3)] ‘}
+ agfa,(t.y) - u(t,8,5)]  , OKyLL, 0 LELT,
(1-9)
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where 1 1o totnl length of the continuous and welaing eones,

‘. d‘ and u‘, a, are respeotively the radiation snd conveo-
tion coefficlients,q, and q, are temperatures of heating mnedias,
2 is the coefficlent of thermal conductivity.

For the soaking zone wvhere the metal ie heated one-
sidedly orly from above the condition,

du

| =0 , 1{y <L, 0KtKT, (1-10)

x=0

is satisfied and thies corresponde to the case of no heat flow
through the lower surface of the alab.

The boundary condition which takee place at the input
into the kilm for y=0 assumes the form,

u(t,x,0) = Po = constant , O0Lx $8, 0Lt (T, (1=-11)
where Pg is the aadbient temperature.
The initial condition is specified in the form,
u(0,x,y) = u (x,y) , 0€x ¢S, 0y LKL (1-12)
where u (x,y) is a known function.

After the slab emerges from the kiln ready for rolling
we can assume that from this moment, there takes place cool—
ing of the infinitely wide plate of certain thickness S.
fhe equation for internal heat change has the foram,

dur - a 3B , 04x &8, 0 <E<T, (1-13)
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The boundary conditions can be written in the form,
IR TY RO PUR ‘] v )
3;1‘:-0 2 PG [ll1(t.0)] +a, [po u.l(t,og (1-14)

R TR AU L AR T

with initisl condition,
u,(0,x) = uy(?y,x,L) (1-16)

where T, 18 the moment when the cooled slab emerges from the
kiln.

The problem of optimal heating is to find a law of change
with time in the temprature of the heating medium (furnace)
to ensure in a fixed time & minisus deviation, in any definite
sense, of the temprature distribution in the billet from a
given distribution.

§ Chemical Reaction with Radial Diffusion [3]

In sny realistic consideration of a pocked tabular reaotor
1t will generally be necessary to take radial variations of
temprature and concentration into account, requiring even for
the steady state a describtion in terms of independent varia-
bles. The study of optimal heat-removal rates in such a
reactor illustrates as well how an cptimiszation atudy can be
geed in arriving at & practical engineering design.

In describing the two-dimensional reactor it is conven-
4ent to define x(t,2) as the degree of conversion and y(t,s)
as the true temprature devided by the feed temprature.
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