SPECIAL PROBLEMS IN
WALSH-FOURIER SERIE

., L
- L -
T
LT P
} [ -
: [ R . "{,
R I o~
-
‘ . =
THESIS X ' :
LA v " C
Coa e d e ®
% R .
! N ¥
B i

i
Submitted to Ain Shams University

"‘r 5‘[5.24’?2 By

_}\———/ T———
/5 . //\ El-Sayed Mohamed El-Sayed PSR
Department of Mathematics -
Facuity of Education
Ain Shams University

in partial fulfilment for the requirement of the degree of Master for
Teacher Preparation of Science in pure Mathematics

-
g 70)
Under supervision of A S

Dr. Raafat Riad Rizkalla
Department of Mathematics
Faculty of Education
Ain Shams University

Prof. M. I. Abou-Yousef
Department of Mathematics
Faculty of Education
Ain Shams University

T o e 1992 - e

=)
~ .
L S
- }j
ST
e

Central Library - Ain Shams University



L T A S, 0 80 0, S, T S, S0 50, D 20, 20, 20 0 B A T %
uummumuummumumuum|mmrmmmuumunmunmmm AT

%

'[l

S G e

Sy
1

e Gy A &mﬁnﬁnﬂmﬁnﬁwﬂ&mﬁmﬁ‘-ﬁ

Y I
BRI O

s
A Ay
FHIB RN ITH

\!
"...f,'."

F
e

i='|mu':u:iinguui;m;amnnmn;lm;mmmu|.-”=u;|m|“,;,,i,E;““,,mu,m”m

L5

tf:"c )
e

&'
-~

R R R R *-m*:.-“wm«“m-ﬁwmhwaww

l'u.:'nn

Ly

i:l:::El;l’n."n::Ei;:'::.:::'.:‘::lif

oy

A

?ﬁ'}mﬂ' ft‘&!f'.‘:t' rf::t (] n_':.'t " n,':} - c.{:_,

titifsn

LS LSEUEE NS
VPR SCHREp
@ -7y -2 ._,“ég&g(

P ~) W

S L L s R b AL PO e L T e
T N N R f S-S S S e s s T T W

HliIHHllliHllli‘liI!UH“U"‘”‘”H‘J“‘f-"‘fl'mm.'ffmmumup; Thn

I TR

gh-w.a-m-'ﬁqu%:»“a:..-wa:a- TR

S

Central Library - Ain Shams University



m
/‘- -
.
ST

::L% 1 :éf %
-— = [ i
,f:EE = 5::_'::

L ‘\ |

Central Library - Ain Shams University



ACKNOWLEDGEMENTS

First and formost, thanks are due to Allah, The most
Beneficent and Merciful.

I wish to express my deepest gratitude and thankfulness to
Prof. Mohamed Ibraheam Abou-Yousef, Department of Mathematics,
Faculty of Education, Ain Shams University, for his support and

helpful suggestions during the preparation of this thesis.

I would like to acknowledge my deepest gratitude to Dr. Raafat
Riad Rizkalla, Department cf Mathematics, Faculty of Education, Ain
Shams Upiversity, for his suggesting the topic of the thesis, for
his kind supervision, support and for his invaluable help during

the preparation of the thesis.

I wish to express my deepest gratitude and thankfulness to

Prof. Dr. Abou El-Magd A. Mohamed, Head of Mathematics Department,

Faculty of Education, Ain Shams Uriversity,

Many thanks are also due to the Chairman and Staff of the
Department of Mathematics, Faculty of Education, Ain Shams
University, for their kind help and facilities ¢fifered through this

investigation.

Central Library - Ain Shams University



TABLE OF CONTENTS

page
SUMMARY - i
CHAPTER 1 : INTRODUCTION 1
1.1 : walsh Functions 1
1.2 : The Dyadic Group 8
1.3 : Walsh Series 11
1.4 : Relationship Between Fourier and Walsh Series 13
1.5 : Integration of Walsh Functions and The Operational 15
Matrix
1.6 : Block-Pulse Functions (BPF) 18
CHAPTER 2 : WALSH TRANSFORM 23
2.1 : Introduction 23
2.2 : Badamard Ordered Walsh-Eadamard Transform (WHT)h 26
2.3 : Walsh Ordered Walsh-Eadamard Transform (W‘HT)w 30
2.4 : Paley Ordered Welsh-Hadamard Transiorm (WHT)P 33
CHAPTER 3 : DYADIC CALCULAS 38
2.1 : Dyadic Derivative 38
3.2 : Term By Term Dyadic Differentiation 42
3.3 : An Extension of The Dyadic Calculus with 56
Fractional Order Derivatives
CHAPTER & : APPLICATIONS 68
4.1 : Introduction 69
4.2 : Time-Varying Linear Delay Differential Eguations 70
via walsh Functions
4.3 : Tine-Varying Lipnear Delay Differential Equations 77
Via Block-pulse Functions
4.4 1 Delay Operational Matrix and Multi-delay Systems g0
with Constant Coefficients Via Block-pulse Functions
4.5 : Multi-delay Time Varying Systems VIA Block-pulse 102
Functions
REFERENCES 112

ARABIC SUMMARY

Central Library - Ain Shams University



SUMMARY

Central Library - Ain Shams University



SUMMARY

In recent years, Walsh function theory has been innovated and
applied to various fields in engineering and science. Walsh
functions were introduced in 1823 by Walsh, J.L. [42]. They <form a
complete orthonormal system on the interval [0,1) and, although
taking only the values +1 and -1, were found *o have many properties
similar to the trigonometric system.

In this thesis we have studied Walsh functions, Walsh Fourier
series, fast Walsh transform, and have established how the Walsh
functions and the block-pulse functions can be used in opumerical
solution of systems of delay and multi-delay differeptial equations,
with initial conditions. The thesis is divided into four chapter.

In chapter 1, we have presented a general introduction through
which ve have studied the different forms of the Walsh functions
ordering, the sequency or Walsh ordering;'thé‘DaTey;orderlng and the
Hadamard orderlng, the dyadlc group and its representatlon. on the
interval [0,1); Walsh Fourier series; 'thE'IEIatanshlP between. Fourier
and Walsh series; the operaticnal matrix which relates the Walsh
functions and their integrals.2f the end of_ this chapter we have defined
the block-pulise functions. The operational matrix which relates the
block-pulse functions and their integrals is introduced and the
relationship between Walsh operational matrix and block-pulse
operationzl matrix is established.

In chapter 2, we have presented the different forms of the
ordinary and fast discrete Walsh Hadamard transform, which are used
for the represertation of the data seguences. The computatién of the
discrete Walsh Hadamard transform requires K2 mathematical
operaticons where an operation is either an addition or subtraction,
and ¥ is the number of elements in data sSequence. But the fast Welsh
Hadamard transform reguires only N logzN of such operations. We may
classify the ordirary and fast finite discrete Walsh Hedamard
transform into three types

(1) Fast Hadamerd ordered Walsh-Hadamard transform ,

(2) Fast Walsh ordered Walsh-Hardamard trensform -and

(3) Fast Paley ordered Walsh-Hadama-d transform.

[ 8
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In chapter 3, after defining the dyadic derivative and integral,
we studied the problem of term by term dyadic differentiation for
Walsh series. There are two basic techniques which have been used on
this problem, the first techrnigque centers on a calculation which
estimates the remainder term and finding the conditions on Walsh
coefficients which imply that the remainder term tends to =zero at
infinity; the second technique depends on finding conditions on
Walsh coefficients wnich an Iinterchange of 1limit and infinite
summation, We illustrated these two techmigues in the simple case of
lacunary Walsh series. We have studied how Walsh series can be term by
term dyadic differentiated.’At the end of this chapter we have defined
the extension of the dyadic derivetive which is not only applicable
to piecewise constant functiomns but also to piecewise polynomial
functions of order n having a finite number of discontinnities.

Approximating a fupction as a lipear combipation of a set of
orthogonal basis functions is a standard tool in numerical analysis.
As basis Ffunctions in an approeximation ,Walsh functions and
block-pulse functions lead to the same resulis. The resulis are
piecewise constant with minimal mean sguare error.

in chapter 4,we have been concerned with someapplicationsofWalsh
and block-pulse funétiohs,wherewehaveestablishedhowthesefuhctions
can be used as basis functions in numerical solutions of systems of
delay differential eguations with initialconditions. Namely,we have
studied the following systems 7

(1) delay differential equations with variable coefficlents

(2} malti-delay differential equetions with constant
coefficients 7

(3) molti-delay differential eqguations with variable
coefficients.

Depending on the special properties of the operational matrix
for the block-pulse functions, we have established aTecursive algorithm
to reduce the calculations in sach case. The methods described in
this chepter are easy to implement on computer. We have desiged
computer programs for these methods. These programs have been
written in BASIC language and tested on IBM-computer. Outputs of
some examples are presented.

ii
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CHAPTER 1

INTRCDUCTION

1.1 Walsh Functions

Walsh functions belong to the class of piece-wise constant
basis functions that have been developed in the <twentieth century
and have played an important yole in scientific and engineering
applications. The mathematical techniques of studying functions,
signals, and systems throuch series expansions 3in orthogonal
complete sets of basis functions are now  standard tools in all
branches of science and engineering. The origin of the mathematical
study of piece-wise constant basis functions is due to Alfred Haar
[19],]20] who used a set of Ifunctions bearing his name.These
functions have not been of much use in comparison to Walsh and block
pulse functions.The Ifoundations of Walsh functions field were
developed by Rademacher [34],Walsh [42],Fine [16], [17]).Paley
[29],Raczmarz and Steinhaus [25].The engineering approach to the
study and ntilization of these functions was originated by Harmuth
[21]-[23] who introduced the concept of sequency to represent the
associated,generalized fregquency defined as one half of the average
number of zero crossings per unit time interval.The wvariety of Walsh
functions definitons is due to the existence of different orderings.
In the seguency ordering {or Walsh ordering), which is popular in
commuinication engineering, Walsh functions are ordered according to
the zero crossings{ or sign changes ). This sequency ordering
implies that the :2 Walsh function has i zero crossings in the
interval {0,1),(see fig. (1-2)a).,and obviously,is directly related
to the sequency concept.The Paley ordering [29] is charactérized by
the fact that in this form Walsh <functions are represented by
products of Rademacher functions,which lead to useful, recursive,
Walsh signal geperation algorithms. 2 third ordering is Hadamard
ordering which is merely Paley-s ordering ir reversed binary.

Hadamard-s ordering is computationlly attractive and occurs when one
computes fast Walsh transform without sorting . Harmuth [211,
introduced the Sal and Cal Functions which are analogous to the sine
and cosine functions. Walsh functions in any ordering form a
complete orthonormal system on [0,1),which contains Rademacher
system, and enjoys many preoperties analogous to the classical
trigonometric system.
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Lat P denote the set of positive integers, N denote the set of
non-negative integers, Z denote the set of integers, R denote the
set of real numbers, € denote the set of complex numbers and &
denote the set of dyadic ratiomals in the interval {0,1}. 1In
particular, any element of ® cam be writtenm in the form m/2¥  where
0<m < 2¥ and k e IN. By a dyadic imterval inm [0,1) we shall always
mean an interval of the form

_|.m m+l <
I(m, k) ET;E ’ —;E— : 0 =m< 27, k,me N

Definition (1~1) Rademacher system :[18]

Let r be the function defined on {0,1) by
1 X e [0, 1/2)

r{x) = {
-1 X e [1/2, 1)
extended to R by periodicity of periocd 1. The Rademacher system
(rk, kK « N) is defined by .
rk(x) = r(zk x) xeR, kel
Rademacher functions form &an incomplete set o©f orthonormal
functions. It is evident from the definition that
r, (%)= ri(zmx)

and k
a2

I r(x)dg=0 |, mk e M
k
m/zk
It is also clear that each rk(x) has period 1/2%, is constant on the
gyadic intervals I(m,k+l)and although it has a jump déiscontinuity at
each point of the type m/Zh”) it is always continuons from the
right. Fig.(i-1) shows the set of the first four Rademacher

functions.

"2 1]
i L | |

1

snOnononn .
0000 OTF

Fig.(1-1) : A set of Rademacher functions
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The incomplete set of Rademacher functions was completed by Walsh
[42] in 1823,

Definition (1-2): Walsh functions in Walsh orxrdering (¢5,n e N} [30]

This is the ordering which was originally employed by Walsh [42].
His definition is recursive and takes the following form :

Set ¢° =1 and ¢E =zI_.
For each integer n =z 2 choose m,k € IP such that 1 = k = 2™°
and 1n=2"" 4+ k - 1. Set

Ltk
P =@

b2l
where the functions ¢;bare periodic of period 1 and generated

recursively by the following process. Define

v _
¢ =@,
and

(12

#, (%) ; X e [0, 1/2)

(k>
e (%) = ‘
* { (-1)%V(2x), x & [1/2, 1)

for k =1,2. Ifm=2,3, ... and 1 £k = 2™* then define
#e %7 (2x) ;X <10, 1/2)
{2k-4:
¢ (x) =
e { (-5 Py, x e 11/2, 1)
and
8. (2%) x e [0, 1/2)
{2k
B (%) =
i { (1% ¥ (2x) x e [1/2, 1)

The Cal and Sal functions corresponding to ¢ ,0 N, may be
defined by

Cali/z(t} = ¢i(t) y 1 even
} (1-1)
Sa1‘171>/2(t) = ¢i(t) s L odd

The first eight of Walsh functions ¢At) are shown in Fig.{(1-2)a
Discrete case [1] : Sampling of Walsh functions in Fig.(i-2)a

at eight eguidistant points results in the (8x8) matrix shown in

Fig.(1-2)b. In general an (NxN) matrix would be cbtained. We dencte

L

such matrices by Hw(n), n = 1og2N, the subscript "w" denoctes Walsh

ordering. Let u and v, be the i bit in the binery representations
of the integers U, V, respectively, that is ,
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(u u ave WU ),.
r—4 ™z 4 o inery

(v v cee v, v}

—i N2 1 o’ oinary

(T)

decimal

and ()

1]

decimal

Then the elements bif%f Hw(n) can be geperated using the relation

=1

T oI (u) A
W i=a )
niv = (-1) s, v=20,1,2,..., N-1 {1-2)
where ro(u) = and ri(u) e te b= 1,2;-.+4,; n=1 .

Each Walsh function is piecewise constant witk <finitely many
jump discontinuities on [0,1), and takes only the values +1 or -1

Ppor -
f 1, 111 1 1 1 1 1
ol
P, -
; — 11 1 1-1-1-1-1
b o
2T —
' 1, 1 1-1-1-1-1 1 1
¢I I
| - [ i — 1 1-1-1 1 1-1-1
st L i H,(3)=
.4+ . :
[ N -1 -1 1 -1 -1 1
s 1 -1 -1 1
Py —
l ‘ — 1-1-1 1-1 1 1-1
L i ( —-—lJ
D -
(= .
’ ‘ L, 1-1 1-1-1 1-1 1
4 l |
P_ i
rd
1 | L L, 1-1 1-1 1-1 1~1
IS ] R |
(a) Walsh ordering-continuous (b) Walsh ordering discrete
Walsh functions , N=8 Walsh functions ,N=8
Fig.(1-2}

Definition {1-3) :
Walsh functions in dyadic or Paley ordering (W : n e N ) [18]
The cdyadic type of ordering was introduced by Paley [29].If ne N,

it is possible to write n uniguely as
ja o]
n=% o 2k (1-3)
k=0
where n = 0 or 1 for k € N. This expression will be called the

binzry expansion of n aad the numbers o will be called binary
coefficients of n. Walsh function W#x) may therefore be defipned as

products of Rademacher functions iz the following way
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m n
W(x) =1 rkk , D el (1-4)

k=
It is noted that this product is zlways finite because nk=0 for k

sufficiently large.Alsoc by definition ,W =1 and W =r forn e N
kel

2
Moreover, it is clear that Welsh system 1is closed under finite

products.
For each 0 € n < zb“, Walsh function W&x) is constant on  the
intervals [m/2%, (m+#1)/2¥"), 0= m < 2% and W (x) =1 for all

x e [0, 1/2). 1f 2¥ = n = 2", for some k = 0, then

k
LM+ 2

I W (x) & = 0 , for eachm = 0,1,2...,2%1
m/Zk
and . 1 forn=20
f W_(x) dx = (1-5)
o 0 forn =1

It is immediate from (1-5) that Walsh system satisfies the

orthogonality condition,
1 forn=m

4
_[W(x)W(x)dx={
o n ™ 0 for n = m

i.e., Walsh system forms an orthonormal system oz [0,1). By using
periedic extension of Walsh functions to the whole real lime, it is
easy to see that

Wo(x) =W (2" x)

n

and extend the index set W to [0, w), then

W(2") =W, (r) ,te [0, (1-6)
z
The first eight of Walsh functioms W, are shown in Fig.(1-3)a.
Discrete case [1] : By sampling Walsh functions in PFig.(1-3)=a
we obtain the (8x8) matrix shown in Fig.(1-3)b, and in general one
would obtain an (MxXN) orthogomal and symmetric matrix HP(n),

(p?2
uv

ol =1og£§ ,the subscript "p" denotes Paley ordering.The elements h
of H?(n) can be generated using the relation

banar 8
;___0 Mamiet i
a® = (-1 LWV = 0,1,2,.., N1 (157)
and we can see tha?
] X ,
Wk(?) = Wj(_z_n) , j,x=0,1,2,..., N-1 (1-8)
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[ —L- i 3 21 1 1 1 1 1
W o
1
— i1 1 1-1-1 -1 -1
W - _l
24-
l -~ i 1-1-1 1 1-1 -1
W I I
3™ —
A'H i 1 -1-1-1-1 1 1
¥ (3)=
Wd' - P
T i -1 1-1 1-1% 1-1
w_,
® ]
1-1 1-1-1 1-1 1
Wsdh
L 1 -1-2 1 1-3-1 1
W1
7
o — 1-1-1 1-1 1 11
_1 - L __,._]1
(a) dyadic or Paley ordering, (b} dyadlc or Paley ordering,
continnons Walsh functions, N=8 discrete Walsh functions, N=8
Fa.g-(l-3)

This set of functions (Wi, { €« N ) is relatd to Walsh ordering
functions (¢_L, i €« N ) by means of the Gray code

Wi_(t) =¢ . ()

[=Te®)

where b(.) is the Gray code of : [4], and if

(i}deci.mc.l = (b bn—-z T b b bo)hiﬁ:':y !
(PEY) gocimar = 9., 9z "=+ 929, go)b:.nm-y !

then
g, b +b, s 0=¢=n-2
g =Db ; the symbol + denotes module 2 addition.

Definition (1-4): Walsh functions in Hadamward ordering (¥_, neN}{1]

Thiec set of functions are related to Walsh ordering
functions CI N) by the relstion :
"”i.(t) = ¢bt<‘.>:(t)
where <i> is obtained by the bit-reversal of i amd b(<i>) 1is the
Gray code of <i>. They are also related to the Paley ordering Walsh
functions (W, 1 e N) by the relatiom
w (t) = W, (%)

The first eight of Walsh functions v are shown in Fig.(1-4)a.
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