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N7
SOTATIONS
i fmoo= the intedral part of 1.,
2. (m)r= n{n+l) (m+2) ... (&m=rx=1) (myY are positive
intecers)
3. {a,xr) = a(a+l) (a+2) ... {(a+r-1) (r positive integer)
(a,r) = (al {a positive intecer
. .. i 0 3 .
L. Rin = = cosixt + t7/3)dt
S0
B 3
5. Bix = 2 Isin(xt + t3/3) + exp(nt - t°,3) a-
TG0
5. u = oulx) = cihix + c,Bix {cy,c, arbitrary
constants)
ol -n
(n)y _ d
7. u ) = ulx) =z =— ¢
n ..n
G ax
- .. & -2 _ dz
C ., Loz == ' 2 =
X -
ax
J 5oz o0 -
0. 2% = inverse operator of ¢
L% A 2 . 3 R 5
11,7 = 2z %, X 3z xT, x 4 = x
* . .
12, y(n) = Y, the approximate sclution of the nth order
of the differertial ecuation
y" - (xtaxly = 0

*
Tnhe syrbols =z
in the ilast ch
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INTRODUCTION

5
B = . e . . 3, .- . -
e intevral . cas({xt + £ /S3Gt appearea Ior tie
0
first time in the researches ¢©f Lirv [1. en the intensity

of light in the neichborhond of a3 caustic. Tais integral
together with another one, discovered later, were showr
to be cdefinite intecral soluticns of the differential
eguation yv" - xv = 0, These cefinite intecrals, deroted
oy Aix, Bix are

o

, 3., .
Alx = cos(xt + t7/3)ét,

Al

=

1l

Bix = ‘sin{xt + t3/3) + exp(xt - t3/3ﬂdt

0

anc are called Rhiry's integrzls.

In 1910, the farous British mathematician Hardy -2

. J

cbtained a generalizaticn of Airy's integrals, Harcy has
shown that Zf sinn: = g, then

L CZsh n noo. n ~

P rn- =(2s > = 2= L o . - _ =

“s4nh 5 28107 30 3 2’ I-n, 2

Pl
where
- {a,r) (b,r) r

F,(a,b,c;x) = I ——tor 2w,

gF1 (RSN ASE =0 I(C,I)

(a,r) = ala+l)(a+2) ... (a+r-1),

and the cosh cr sinh is taken according as n is aven or

Now, 1f we wrize
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- 3 -
, _ 4n , n n 4,
T,(t,a) = £ x F (-5, % = 5, l-n; - :%.i ,
tnen
Tz(t,\w = t2 + 2,
Tylt,a) = £ + 3a2t, ...

Ci {(2) = [ zo3 T_(t,2)dt,
n 0
Si (=2) = [ sin T_(t,z)ct,
) n
Ei (3) = EXPE_Tn(trQ)JdtJ

0

are Xxnown as hdry-Hardy integrals. Amonce the various

obtained by Eardy, he has shown that if n (n > 2) is

integer Ci_(x) satisfies the differential

v" - 9xy = 0
wnich is also satisfiecd by L1

Ciglx) = 7 NEICTVE M),

ezuation

th
Bl
]
0l
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Tnis makes clear the sense in which Hardvy has generalized

Airy's integrals.

In 1851, vacouwb [3],.4)] generalized niry's integrals
rut in a different sense. In fact, Yacoub obtained o

4.

aafinite intecral sclutions for the differential equation
'\7 — X}T = O

When ri is even, say m = 2n, it has been shiown that amoncg
these Zn definite intecrazl solutions there exist two

cefinite integral sclutions:

% . cos{xt + t2n+l/(2n+l))dt,
0
% I sin(xt + t2n+l/(2n+l)) + expixt t2n+l/(2n+l))}dt
0

These two intecrals reduce to Aix and Bivx when n = 1. In

this sense, tie r definite intecrals menzionacd

V]

zove renrs-

sent ceneralication of iAlry's intecrals when 1t

It

2n is even.

In the eariiest fourtieth of this centuryv, a gueszion

had peen arisen by J.C.P. Miller i< the redue@d form of the

seconc order linear differential eguation namely
P 3
y'o- (x + ayx" +oanxt + ..y = 0
ray possess sore sort of solution in terms of Zirv's intecrals
iix  and Bix. an attempt tovards the answer of this guestion

as been done by Z. lursi when the coefficients a., =a
1 ra

are small. The first =three avpreoxirate sclutions, dencted b
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YqrYyeT g have been obtained by Mursi [S] in terrs of

alry's intecgrals and their derivatives.

oreover, when ail the coefficients of powers of x
creater than the second vanish, Mursi nad cbtained the
first four approximate solutions Y1rYos¥Y3r¥a for the simnle

Gifferential eguation

5
v'o- (s + axlv = 0

Ior zpproximate rolutions of nicher corder, even for tae

ancve sirmple equation, the situation see-s complicateq

n

nd laborious.

.

In 1867, Yacoub (6 obtainedé a process which simpli-

fies the determination of approxirate solutisns of nicher

orcers for the cifferentizl eguation

n

v" - (x4 axTly = 0

In 1968, Yaccub [7] generalized these results when r
i1s any integer greater than or eqgual to 2. 1In fact, a re-
lation between the nth anproximate scliuticn ¥ and the
(n+l) th approximwate sclution y

nas peen cptainec.
n+l

it is the cbject cf the present work tc applv these
results in the case » = 4, ‘loreover, three procrasmes nzve

Deen used o obtain the aonreoximate soivtions:
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- F -
Yir¥or ~ees Yoq wien m = 2,
Yl ;3’2 s sy yls when I = 3,
andé ) . ) e I
}lf'_\zy « .oy }12 wIlcn o= o4

for the differentia’ eguaticn

The thesis contains five chapters.

Chapter I deals with Airy's intecrals. It oresen=s
some miscellanecus results on Airv's integra’s. Aronc
“nese results the relation between Liry's integrals Zix,
1.0 wir thelir first derivativesg) and Bessel functions have
been introducec.

Chapter II is devoted to the expression of the higher

(=)

derivatives 1 of
- = X) = o hix + i
T u{x} l.l C2B_L}\
in the forr
(1t} il
ul = P(x)u + Ciéxyut )

wiere ?(x) ang Q(x) are polvnorials in x.

Forrulae for the leading coefficients of these pcly-

norials are given together with tables for such coefficients.

is

Chapter III deals with the sscond order linear Sifferen-—

tiel equation in the reduced form incrral form)

4
i
t

01

CEresoL wno L parcicular with chie Zifferential eguaticn
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witere a is small enougnh and m = 2
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whnere r. is any intecer cgreazter than or eruzi t2 2 and a

is small encugh. In this chapter, the resclis of =he

crevious chapter have been cereralizei. These »e30l

ot

-
=

¢ive, in fac:t, a relation ‘between =—he r=h approxirate

7o
M “nT

solution v, and the {n+l}th apprcximae solution v

[

In Chepter V, we give thiree computer nrosranmes

9]

r the approximate soluticns cf the differential ecuat:

a
1
w
i
n
b
)
I
(&)

in tne three cases: mw = 2, = = 3 ard = = 4.
These procrammes enagle us ezsilv tc cbhbtain the successi-we

eprreximate solutions in the thrae cases under considevaz:ion.

fa
[\S]
3
U

frj
e
8
l:-:
=
3]
rt
0]
wn

clutizns, Thils is due to *he fact that

th
O
-
1
il

98]
Q
a}
In]
il

4+ the rurber of cosfficients appearinc

in yin; =y iacreases ranidly with n. Tor sxaTple when

.= 3, ¥v{1B8) contalrns 40 coefficiercs (Table 2! znd when
m ==, v(i2) cortains 33 ccefficients [Table 3.

Bur it should fe noted that the aboe orocrarres s2Doiv

25 Well to abifain awnmrovin:
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SHRPTET T

In tniz chavier, some well xnown miscellaneous ragilits
o Sirv's integrals will be Tois
taavter consists mainly of three secticons., 1o <ne Tirss
S2ITion, wWe express Lirv's intecrale fisx znd 3im oas nower

expr2ss the connection discoversd by Stokes (9. hetwesn

Lirv's integrals and 3essel funciicns.
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cig to Mursi (B Jses zlsc Yacooun sna Clursi L0 .
Sz=CIZCZi T
AIRY'S TUTEGRNLLS LS DOWEDR SZRIZS

Central Library - Ain Shams University




1
}
]
0
o
(
cl
2
Q
£

th

Now, to aktzin tihe series solution o

t
b

=
-7 —m - - \-:‘n -
== . = = =
LoZ M ' =4 = U
- M1 =z
o

I
0
{8}
o

i

LS

Ezaetince Zo zerc thie coefficient of s

LR ~ ey
; We otz
c.c-rja_ = °L
2
wonlcn implies directly o= 0 cr o= 1 lsince a_ =
-~ . ) . . ~=1 B -
zZgeating 0 zaerc the cosfficients of =7 ana ®”
V3, c t+ . c a.= L,
. -
=y s - 2, 4T+ slas= .
I7f we cbserve zThazt o = ( or 1, zhern &0 will ziwve
Lo - = L.
£~
Tirallwy, 1iZ we scuste zc zer: zhe
R
N , We Tt
et - T T
Cr ecalwvalently
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