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4B ST RAC T

The first part of this thesis contains a gencral
account o the Tauberian conditions which have been dofined
by sSchmidé, Pitt, Agnew and bSoraya Sherif. 1t contains
also, the simplifica forms of Pitt's classes and the
smailerr ciasscs than some of Agnew's which have been

introaduccd Dby Soraya Sherif,

J4¢ dlscuss results of inclusion which hold for cer-

tail palrs ol Tauberian c¢lasses.

also, we prove that therc is no relation at all
betwesn oe ol Pitt's and cne of agnew's classes. This
has bccn proved by constructing an example. tHowever,

this ¢uample has been introduced by B. futtner in 196e.

#ut in this thesis we introducc a method of proof
oy

differs somcwhat béfKuttner“s proof. Goue further rensarks
on Taubcerian conditions have been given to show whether a
certain saubcrian ¢ondition holds for more than one Taubor-
ian sheorcs or whoether it holds for certain theorems and
fails Lo ochers.
i7 che second part of thc work, we show that one of
Agnow L orozases Tells te establish two of Sorayz Sherif's
Tauberiar Lbeorems. We showed this by constructing an
exzaple.  we also alscuss Tauberian theorems introduced

by .Jorays wilerif, 2. huttner, and Das.

Jhe thirce pert of this work, 1s councerned wich the
relation baetwveen the sequence—to-sequonce and the serias-

to—serios (5, (!‘»‘“H ) transformasion.
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ilso, we introduce a new theorcn fer a transformat-
ion, of a more general kind. The theorcm ma s be Lllustr-

ated as Iollows @

Lot
ot
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¥l Lo 47 4 [( 2 LD
and that
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£ = L. X . Sﬁippose that: 2 5 30 35 K 35
Tvje sk g S

The.n (1) 1s equivalent to the series-to-series transform-

ation
(3) boer . & f7)} where,
4 /(-Eu K "
> — 2
y SRS . A 23
".,’,‘r 0[_ ) “}f'\ ”-l‘lﬂ ; 13»!)f(
In the scnse that if (1) converges for all ., then 50

does (5), and conversely, and that the sums are then

related by (2).

slso, we will show in section Two of chap. LV that,
the ~ssulb of K. sn0pp and G.G. Lorcntsz (_25] involving
the eyunivalence of the segucnce-to-sequence and the gerico-
to-scrice Hausdorff transformation withoait any condition,

is = 3, cvcial case of our new result menticned abovea
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INTRODUCTION

1. Tauberian Conditions.

The suw of a series

\

(1.1) /. a = @, t 8 F ..

is said to be convergent to the sum § 1f its partial
Sun

Sp=ag + 8+ oeee + 3y tends to a finite limit 5

0
when 1-——-> o , and a series which is not convergent

is said to be divergent.

Thus the series
l-2+4-8+00- ,l+l+l+nau-
are divergent.

Gewton and Leiboiz, the first mathematicians to use
infinite series had little tempbation to uss divergent
series.

ifoerwards, &uler has shown that the sum of the
seonatric series
1+ 2+ 5 +X 4 vas is I%E if  xi < 1
Putting: x = =1 and X = =2 ,

James Bernouili has also shown that :

l=1+1—- 1+ ese = 2
and L -2+ 2% 274 uas = % respectively.
1 \° 2
Similarly from : (=) = 1~ 2K + AKX 4+ eee

he ceduces the relatiocn



1 =2+ 5=—44 ¢ = Y% 3
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But the mathematicians of the 1729 and lBEE centuries had

no clear insight into the reasons, why one type of result

should be adumitted, snd not the other.

f7pom this point of view, a general problem has been

preseated as follows :

A particular sequence ( 5,) 1s defined in some Way,
either by direct indication of tThe terms, or by a serles

or product, or othsrwise.

Is it possibie to assoclale a “yalue™ ¢ with it,

in a reasonable way ?

let us illustrate this general statement by an

example. The seriss

<
S (-)® = 1-1+1-1+1 ...
i.e. the geometric series 2_}!? for x = -1, or the
sequence
(5,1 = o sl,0 « bioyly----

has so far been rejected as divergent, because its terms
S“ do not approach a single definite number. On the
contrary, they oscillate between 1 and o .

nig very fact, however, suggests the ildea of forming

+he arithmetic means

(l ) 5 = _Sf‘ +Sl+5’}_"“ m (f'J-'-' 0',;\2*-"‘ \
<= o n o+
slnce
! - " -
Spow g oL Lt il 1 , we find that
b i T e
- (ﬂ-}-l'] + /‘i [l ‘*’4\“") ] i y+(—1)
Sh ) S B e

'(nT:} ‘h"‘“}"')



so that 2. (in the forume: sense) approaches the value

-
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A

nis leads the mathewraticians to introduce methods

of summstion or methods of limitations. Some of these

processeg are as IoLiow

o
.

zuler's process, Or i:be.__l:T —-process

i sequence (S, ) is said to be limitable B, with

the value S, 1if the sequence (S, } tends to S where
{ .’h‘ 4 IR (4]
. (1S ( 'S o4 +k )
(1.3) o, = = o i3, + N Ty nts, ﬁl
Cesaro's process, or the C; ~process
fo]

ie first write '?'»n: S,. , and also, for eact K >p

-ty (K=t fr-rh (K

SoS L I T I

and we now examine the segueice of nunbsrls

(1.4 c - 2 |
” n-kK.

e (k)
5

for cach Tixed K . If, for some value of K
y ' v,
) is limitable ) with the

we su7 Shat the sequence {3a )
caluc o .

Borel's process, or the B-process.

Considering the two series

e g )
’\T’ o 4 « i .
L cp T oanc/ Z L=t
iy Ay r e G "',"-‘
that is to say, the produzt.
_ - X -{'5 < <
1.5y Flei o=t - 2 P

1:=0
introduced by

[o)
4]
[ 7]

]
i

for X e 4 vie ohtain the vre



B. Borel. In accordance with it we ma%e th: following

definition :
. — ,
4 sequence {54 } such that the power series \ S

LS

converges everywhere and the function F( x) just defined

tends to g undgQue limit S as « > +w, will be called

limitable B with the value § .

Abel's process, or the A-Crocess.

4

Given a series / %, with the partial sums S 5 b WE
consider the power series

n N %
N _ — { X
a n = { i 'Y ) 7. 24

N

(1 o6) F(X\) o
[see Knopp page 15! chapter ("J)_“]

If its radius is > 1, and if (for real values

of X ) the limit

5 T s 7 ’ - .
(l-? . Lo > f—‘h X = Ly V- X) > Sf? X - S
X3 -y T X =3 |~y =

exists, we say that the serics 5 &, 1s suwnable A , and
that tone seguence (5, ) is limitable A |, with the volue

-

»y Lla gywmbols @

(1.8) A L e = &4 . [ R jf‘ - 5




General transformation

A linear transformation

F DY 5
(1.9) b T & Krﬂ,n n

of tii¢ scquenge Sn into the seguence ?nﬁ is called

abelian if, whenever S, converges, t converges to the

l—)w

same linit.

In general, the convergence of t,-.,will not imply
“he convergence of 5, , but it is frequently possible to
state a supplementary conditlon on Sﬂ , which, together
with the convergence of {ﬁw, implies the convergence of 5, .
Such a supplementary condition is uzually calleda a
Tauberian condition on Sn s, 2t least if 1t takes The fom

of socme restricbion on the rapidity of oscillesion of % .

el

Sinilar considerations apply to transformations
. ’ N +
.y Cixy o / KL x,u) S Gy d y

of 5 sunction S(X) into a functicn [ (x),

ine conditions gain their namne from a theorem of 4.

e

Taub.r i“ , to the eff-c% that It (1.7) holds, and if
(1.15) o= O (-1
when
(T?
O ) Lot = 5
\J”l—) y ¥i

This is a conditioned converse of Adel's thecorem,

e

+ dere, and throughcut the thesis, invegrals withous
limigs are over (- « ,m ) .



which states that (1.7) follows from (l.12), without the

mediation of any hypothesis as (1.11).

Later, Littlewood [ 28] proved that in the above
theorem of Tauber the coandition (1.11) can be replacc” by

“ha broadeg condition
1 = QU=

f:
It was af terwards shown by Hardy and Littlewood | 12| that
it iz sufficient to suppose that

e > — K
The hypothesis of the thecrem was generalized in a some-

what different direction by Landau [27! , who proved that

the conditions

lim mesrimum P o~ 5 1=

.20 i) Smg A+
are sufiicient.
o B - B T > - -

Jaber, K. Scomidt L&%j proved 2 theorem which includes
all tcese generalizations, in which it is supposed onll
that

tom LS, =S 20

when = >pn , and m and M tend to infinity so that
5 /‘ﬁ —> !\:

But in (19%8) H.k. Pitt [34] introduced Tauberian
~iasses of a more general kind than that of Scamidt.

In (1941) R.pP. AgneW'[ll introduced aisc Tauberian
classes.

In (1964) S. Sherdif [45] has esstablished the relat-

ion vobween hgnew, scd Pisc's elasses. A.so, sae introduced



Tauberian classes relaced to those of Pitt 544 and

Agnew ' 1 .

Jc will be concerned in section one of chap. 1I,

-
]
]

with vhe Tauverian classes of Sctmiav [42] , Pitt{ [34]

35 , (56}, agaew |1} and Sberif (45 .

i ball also discuss bhe simple forms which Sherif
43" zave to the definitlons of the classes T T and
T‘f of Pitt ;-565 , which will be defined by (1.10), (1.13)
and (1.14) respeetively in -chap. I1.

4lso, we shall give %he definitions of the classes
Aier A (A) of agnew which has been introduced by
Sheril 143’ and whick will be defined by (1.15) and (1.22)

of chap. LI of this thesis »espectively.

These definitions of Sherif's are less gensral than
=

the classes 1 , | of Agnew (1] . 4 definition to the

class A/D( © << ) of Agnew will be given by (1e2%)
Je

Asgnew proved that A < A}, but Sherii L_H] has
shown that, A @ = ‘A\*(%—@l’, so that sgnew's result will
be as corollary of her's. vie introduce also the Tauberian
classcs G ,Cl, Ci Cl , (_,lf and C; of Sherif {45 . e may
note that until now no Tauberian classes wider than those
of Stherif's have been introduced by any one in the field
of Tauberian conditions.

In secsion o of cheps 1I, we consider the relation
betwesr Pitt's, Schomidht's, Agnew's and Soerif’s classes.
Therrim 2.1 involves the relation between ritt's and

Sehrids's classes walch has been showa in Pitt i3] . But

3

Theorem 2.2 involves tbe relsfilon Debizes the TS_E( /4:.03 of

Pitt [ 36 and A { 1,1‘\ of Agnew.

b
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Then
{

‘j_

o

e 5{y) =
"

oD

The main theorems of |34 are generalizations of
Theorem "a'. For example, he showed that all the familiar
Tauberian eonditions, inciuding the ""high-indices" cond-
itions, can be regarded as special cases of the more
gencral condition defining his class T, and that theorem

na" nencoing true with this condition instead of (v).

In (1948) Pitt [}5} has given three elementary

Tauberian theorems for the transformation.

(2.1) Siuwr = J oKy iy dy

where, oxcept in the third theorem, the kernel Koiugy)

gatisfics the conditions

(2.3) oK iU,H) &j = for all real u ,
(2.4) LLT; Jl k(u,ﬁ)dﬂ =0 for every fixed 7 .
V—3 v}

The first theorem chowg that if 5{r) is bounded and

belongs to ' , and if e s L where
R +:
. . I 5 ., . it . m
'f‘(ﬁ,’: Com Loy UL J K \U-,‘j)d_’.’
Y o— O X—> 00 Ny 5)-5
Then if ) X f"'
; j B, : -
5 - {v_,m / Sixido- G o L ‘ ‘3\ x) fi >
- ) b X > o=
X = e
we e
o sy N L r
.oy S 2ile) - ] £ G-k«
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and, if /' (-v)} > =

(2.0} S = e

ARGERES

e second trhoorem shows that if the same hypotheses
hold, 5%} velongs to "; aad that A(€)-1 for gvery
positive & , then the core™ of z(x) (the least closed
convex set containing the set of limit points of S(X) )

coincides with the core of 9(x} .

The third and final theorem replaces the hypothesis

that k{u,u) 33 ¢ Dby the hypothesls that
Vlrf K (u:) ld\j S /\7? - e U T o

(2.3), (2.4) hold, S{x) is bounded end belongs to Ts o,

and that
f-§ =

@.7) L A L. k. i ] b k(o) ey = ¢
x® :+6 o e

- 1
Vv _3 oo —> UV - )

Then e¢very limit point of S (x) is & 1imit point of 9(x).

. vemark in the introduction of Pitt §j5r{ must be
ameided. It is sald that if K(T'f-) is integrable over

— e < x<o, if S(Xx) i bounded and differentisble and

such that $(4) > w as Y — o , and if
(2.8) bm K {4 —y) S (W) d Yy
i ——= oo

exists, then lim S{Y) exists "woabever the Tomm of Kix)
N
Tt must be assumed that f?‘(x) dx #0 because if the

L Y

integral is O then the limit in (2.8) is zero for all

£ (Cooke K.G. [5) Chap. 6

Cca A SATT NTTMAatRadas mav nean nn L9 an <4 A z ar an



