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SUMMARY

This thesis deals with the ordinary convergence of series and Cesaco's
method of summing divergent series. [t also deals with the summability of
the product of 1wo series (infinite in one or both directions) by different
tules of multiplication .

A new approach 10 this subject is introduced, i.e. the product of two
series by squares, circtes, rhombus and generely by curves . QOne of the
series is numerical while the elements of the other belongs o a Banach
space.

The thesis consists of three chapters. The first chapter conlains some
definitions on the series, Cesaro's method of summability and the definition
of metric, linear normed spaces and Banach spaces.

In the second chapler we discuss Cauchy product of 1wo series infinite

in one direction and the classical theorems for multipliction by Cauchy's

rule (Cauchy's theorem, Marten's theorem and Able's theorem).A version of
these theorems,when one of the series has elements of a Banach space 1s
given in a form of lemmas.

In the second part of this chapter, the method of multiplication of
series by squares is concerned. the summability {by Cesa'ro) of the product

by squares are discussed.
{ii)
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Chapter three deals with series infinite in both directions. We discuss
diferent definitions of the sum of the series and study some methods of
multiplication of the series. [n §1, we discuss Laurant and Fourier methods
of multiplication of series. The classical convergence theorems on the
muitiplication by these rules have been studied.

in §2, a new method of multiplication of series is defined, that is the
method of multiplication of two series by curves. In particular, the curve
may be a square or a circle or a rhombus.

Here, we prove that the product of two restrictedly convergent series
by squares converges. Using this theorem, wW¢ prove that the product of
absolutely convergent and restrictedly convergent series by squares,
circles, curves and rhomus are equivalent. In all Lthis cases. the resultant
series converges. In the later case, we prove that the product of w0
absolutely convergent series is absolutely convergent and give an example
showing that, this resull is "exact” in some sense, viz. the product of two
restrictedly convergent series may actually diverge.

in §3. we prove that, if one series is restricledly convergent while the
cther is (¢, 1) and ils sequance of partial sums is bounded, then iheir

product by squares is (¢, 1) convergent.

(iii)
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In all the above mentioned cases one series is in € while the other 13

in a Banach space.

Finally, we prove that the product of two unrestricledly convergent

numerical series by rhombus is (c,!) convergent. Also, the summability of

the product of two summable (by Cesa'ro) numerical series by squares

investigated.

(iv)
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CHLAPTER (1)
INTRODICTION
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Introduyction;

As early as when studving the elementary courses of mathematical
sums col we came across sums consisting of an infinite number of sumn
mands (say, the sum of an infinite number of terms of a peometric prog-

ression}. Sums of this kind are

series of real and comples numbers: [4]

The sum of the infinite series apa,r .. rdpt . ie defined as

Lim {as .. +ag)
n---»> J n

provided that the limit exists. This, however, is the definition of the sum of

an infinite series and is not the definition of " infinite series = (tself

Definition 1.1 :

The infinite series £ a, is an ordered pair € (ag)n-g{Snin-o» Where
o n={) :

(ap)n-gis @ sequence of real numbers and
The number a, is called the nth term of the series.and Sn is called the
ntb partial sum of the series.
=3
The definition of convergence or divergence of the series 2 a, dependson

) n=0

the convergence or divergence of the sequence {sy}y-gof partial sums.
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Definition 1.2 :
Let 2 a, be aseries of real numbers with partial sums sg=~apy .. *dg
n-0

L e ]
(ney) . If the sequence (sy)y- converges o A ¢ R, we say that the series

z a, converges o A If (sp)p.p diverges we say that the 2 ag diverges .

n= oo oo n={)
If the series L a, converges lo A, vie often write Z ag-A . We sometimes
n=0 n=0
call the series & a, series infinite 7a one direction.
n=0

summability of series: [4],[5]

Ope important branch of the field of infinite series is the study of
summabitity of divergent series. The theory of summability has many uses
throughout analysis and applied mathematics. This study is an attempt to
attach a value to series that may not CONVerge- that is, an attempt {o gene-
ralize the concept of the sum of a convergent series. Many (but not all) of
the well-known methods of summability deal exclusively with the sequ-

ence of partial sums of an infinite series.
An adopted method for summability is the following :
We apply the transfcrmation ( T ) to the sequence of partial sums Ay

n >0
(Ag- 3 ag)of the series 2 a5, Let 1n=T( A, ) The transformation {T)
k=0 n-0
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may be a function of a continuous variable (Wx)-TAL) ).

Then we study the ordinary convergence of the newly obtained
sequence or function. We say that the given series is summable by the

method T if the transformed sequence or function tends to a limit.

Definition 1.3 :

We say that lim A,-L(T) if and only if

n--- e u}

ty—-L as n-—-e (or tx) =L as x—1)

Cesa'ro’s method of summabllty

The idea of Cesaro method is to take the arithmetic mean of the terms
comprising the sequence and study the convergence of these means.

First we define the (c,1) method and then define the (ck) method of

summatlon.

t. The (¢,1) method [4]

Just as the convergence of the series 2 ap is defined to mean the con-

oo n=0

vergence of the sequence {s,)y_gof its partial sums.the (c.]}summability of

b=l oD

3 a, will now be defined to mean the (c,1) summability of {sy)p-=0-
n=0
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Deflnition 1.4:

e

We say that the sequence {sy)q -0 is {c.1) summable to s if

Lim 6, =5
n--->00

where
Sp*t§1*S2t . 5

6y -

n+l

Befinition 1.5

(=)

Let 2 ag be a series of real numbers with partial sums sy=ag+ay* .. +ag
n=0

We shall say that Z a, is (c,1) summable to s if
n=0

Lim sy -s (c1)
----ca

In this case we write

2 a,-s (cl)
n=0

Definition 1.6 :

A method T of summability for series is called regular if every conv-

ergent series is T summable toits sum.
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