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SUMMARY

The aim of the present thesgis is:
( I) e study of the theory of existence and uniQusnesa

of solution of e aystem of integral equations of

volterra type.

(T ) The stpdy of some special types of such equationsa.
The thesis consists of three chapters:

$he first chapter serves a® an iniroduction. It
containa some basio concepta from mathematical analysis.
These concepte are uged in chapter II and III.

Tn § 1.1 we have gtudied some analytic properties
k!
of the speaoes C(n‘(a,b) and Lén)(a,b); like completness
of C(n)(a,b) and completness of Lgn) (agk).

In § 1.2 we have afudied Laplace's iraneform and

4the related conveolution theoren,

§ 1.3 A2ales with Pubinils theorem stating that;
1i £ (x,y) is a function defined in the rectangle
P a{a_{x@ o <y La ; for which the double
integral r T (xpyy)dxdy (1)

P
exlsts and onefold integral
: d
J(x) = f T (x,y) dy (II)

C
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exisis for fixed value of x in the interval a(: b,
then the iferated integral

b q . b
{ o S 2(x,7) &y = [ Hx) ax - ¢IIn)
a c a

alss exists and we have

b a4 .
g {x,y) dxdy = ( dx { £(x,y) dy.
a e
, ) .
Amd 1 3y (y) = { £(x,y) dx axiata,
a
then
. b 4
Sg Li(x,y) dxd y= f dx S f{x,y) dy =
P a C
a b

- f dy [ £(x,y) dx
- a

The second chapter is the majin part of the thesis where

we have concentrated an the existance and wniqueneas of

solution of the problem
. |
P =)\ () ) ay = Flx) , (V)
]
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where

K (IQY) = (kij (I;y) ) 1 1’3 = 1'2’ ey n,

P(x) = (£,(x)) 3 1 = 1,2,000 5 04
and )\ is a parameter (in general a complex parameter),
Thisg, in farct, 13 a generalization of the theory of
exiatence a.nd uniqueness of a soluiion of ane volterra
integrel equation,
§ 2.1 deals with the formal theoxry of exigtence.
§ 2.2 discusses the invarience of L(n) with reaspect to

K, We have proved that if ¢ (x) C I.(n). and K (x,¥) € L(n )
then

x
(K 3) (x) = ( K (x,5) 6 (y) dy = '\P (x)
0

belongs alsy $o Lén), i.e. the operator K maps I.;n)j.nta
1tself.

In § 2.3 we have proved that the ayestem of integral
équationa IV hag a aolution in the fornm

¢ (=) = Plx) -)~ f H(x,y3 A ) P(y) 4y (VI)

where H (x,y3 )\ ) = Z >\ K, 1 (X7}

n=o
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18 convergent for all A and K, (x,y) is the iterated
matrix - kernel of the matrix - kernel X (x,y).

In § 2.4 1t 1s proved that problem (IV) has a unique
solutian (D ( & )having the form (VI),

) In the third chapter we studied some special types
of sygtema of Volterrs integral equations.

In § 3.1 we have proved that the laplace’s trans’ornm
may be emblayed in the solution of g gystem of Volierra
integral equations of the convolution typey

n X
P, (x) = ;g;:j g kij(x-y) 85 (v) ay + 2, (x),
. .

i= 1,24 aea o1
where the kernel (ku(x-.?) ) s dy 3% 142y eees'n
dependent of the difference (x~y) and kij(_x), fi(x) are
known contlnuous functions having laplacels transformg -
§ 3.2 studies the system ofAbal'e type; we have proved

X A
that the aystem { ...:g..(.:.g.z dy = P (x)
° (x~y)
'here a‘_‘ll alz Sessvadosn sm )
: . is a constant
A - o invertible
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mﬁ'tx ?

X820
Fwr= |

. »

is the unknown vector and P(x)= (Ii(x))

#, ()
L._ . — .
d= 1,2, ..sp 0, 18 a given vector, can be solved.

Phe thesis is ended by an appendix showing the connection
between systems of ordinary differential equations with
initial values and systema of Volterra integral equations.
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CHAPTER I

Preliminaries and introduction

§ 1.1. Sone trix funckionsl spaces

In this paragraph we introduce some normed spaces,
the elements ofihich_a:re vectors of functions or mairices
of functiona, Phese spaces are useful in the atudy of the
theory of systems of integral equations of Folterrs type
which 18 the prineipal aim of the present thesis.

_ | 2.
Fhe spacea'c(‘n) (a,b) and oln )(a,b}x (a,b) :

The elements of the space G(n)(a,b) are all vector -
funetions eongisting of n componenta, each of them ig a

continuoug function defined on the interval (a,b} :

P () € P (ap) £=—>
P(x) = {_fl(_x),f2(x), eees T (x)} such that
£;(x) £ C (a,b) \f2= 132000y 2 .

whexre C (a,b) is the gpaces of all continuoua functions
defined on the interval (a,b) [4] .

The agpce C(n)(a,b) can be made & linear space [7,8,9]
by introdueting the following linear operations, Ifa
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» (x) L {1’1(1), !2(1)3 sevyp fn (I) }O
G (Z) x{gl (I)' 82(1)’ YXY; &n (x)} ]

NE T( is the field of complex numbers).

Then - :
(Pea)x)= {2y (X)egy (), £ (x)4800), oony Tyl (O}
(AR)(0) -{'}\fl(x). PNEFE $ NP (x)} .

It 1 quite easy to verify that all the axioms of the linear

apace[ 'l_T are gatisfied,

To make C(n) (_a,'b) a normed space, we introduce one

of the following normsa;

(1) 1

”F“ ‘ = max { asup £, (x) } I)
C(n) i a{x(’b l 1 ‘

Wi =124

or a
()
N sp |2, ] . (@D (1.1.7)
“P“(n) :{_-—T adx<{b l 1 i J

Phe fact that they satisfy the properties of the norm 1=
an easy task.
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Dafinition [ 5]

R 1)
In a linear space E we aay that the two norma

(1} 2)
| ]| ana Il || are equivalent (or define the same topology)
if, and only if, there extst two nonnegative constants
{1. fz guch that

el P Ll L 12 vren

Zropositian 1: )
The two norms defined in (1.l.1) are equivalent,

Zxoof

We shall prove that there exigts (:_1, 52 s Such that

& Nz ol P21 ¢ & el @

$Hnoe '
- {1)
“ F“ n = max ) sup ]fi(x)|}, V 1=1,2,...,n.
c(a,b) 4 a<x<b

Then (1)
s | £y (x)] LRy
adx{d
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Bwﬁmmingfromialmtoitn,mgat

”(1)

n ' -
S lri )| L | V1
jal adx(b _
, 7 (2) (1)
e HEl® Il
Hence, takingfan-i- s W& have
n )
& 2112 Ml (1.2
Secandly; gince
(2 n _ |
”FH : () - > sup |1’i (x)'.
c (a,b) 41 =l 8Lx<b
Hences
s |,ef(lll® oy, (1.2.3)
adx<{b

By taking the maximum on both sidesd{1.1.3), we get

m{ sup |f1(x) |E 4”1’”(2) '
adx{b

.0

”F " (1)< "P ”(2) {here Elgl)‘ (1.1.4)

T
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Prom (1,1.2) and (1.1.4), we get

. (2) (1) (2)
el < el el

fhis proves that || 2|} :1: and|l# || (2) are equivalent.
n
%(asb) “lam
z.gononiti?n g.s

c(n) (a,b) 18 a complete normed space {or, in other
words, a Banch space).

Proaf

We ghall prove that each fundemental stiuence m_c"‘}(a,p}
has a 1imtt in 0'®)(a,b), Tet 2 (x) = {_rl(m)(x),r;“fx),--ufffi)}

be fundamental sequence in C(n) (a,b); i.e, for allf > o there

exigts ¥ € 1¥ such that for all m> %, ¥ 3 ¥,

“Fg (x) - 2_ )| - mex ]lri{g)-' r;m’ ] < &

C(‘u)(a,b)
i.sl

Vt>o there exists XN € 1N auch that for all m > X, ?'; N,
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