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List of symbols

R* - p-dimensional Euclidean space of points x = {xl,. .. ,xn).

n 2
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B 20° - z — }'n)e
x eyt ot =k 'ax .. .3

Ck(g) — the class of functions having contimious

derivatives up to order k.
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INTRODUCTION AND SUMMARY

Boundary value problems in domains with smooth
boundaries for lipnear partial differential equations are
wall studied. The existence and the uniqueness cof the
solutions of such problems in different functieonal
spaces were proved in {17], [ 2 ] and others. Uoreover,
it was shown that a better smoothness of the functions
gefining the problem (i.e. the functions which are
considered lmown, such as the coefficients, the right
hand side of the equatior, the initial and brundary
conditions} yields better differential properties of the

gsolution.

Boundary value problems for elliptic equations in

plane domains with engiles on its boundaries were studied in

LE] . [?j, and others.

Inl:aj , and | 9 7] the general elliptic problems in

n-dimensional domalns with conic points on the boundaries,
and als¢ the smoothness of the scolution of the firsy

boundary value preblem near an edge on the bounjary were
studied. Analogous results for equations of parabalic
type in domains with sectionally amooth boundaries wexre
obtained by M.I. Hassan| 10}, He also obtained the main
term of the asymptote of the zolution of the first

boundary valugeprabigm fomnanahalismeguation near an edgs.
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This thesis aims at investigating the main results
concerning the existencs, uniqueness and smoothness of
the solutions belonging to Sobolev spaces of the elliptie
and parabolic equations in domains with smooth and sectionally
smooth boundsries. It alsc aims at obtaining the singulari-
ties of the soclution of the first boundary v.1lie problem for
gllriptic equation near an edge. It will be :*.wn that sugh
a solution is smooth everyriere in the domalin, except at the
edge, near which it behavers zsapower of the distance from
this edge. This is done by using special spaces of frmebions

having derivatives, integrable with some weight,

The first chapter is devoted to a study of Scbelev
spacesa of positive integral order and their basic prop:sties,

including the very important Sobolev’s imbedding theoreus,
In chapter II we consider the eguation

Au= - Z (a, )] + cu=75°" 1
PRt e e 1)

with real coefficients such that a3 = aki_e 51(23, where R
is some domain in R, c(x) ¢ C{®) ard c(x) = 0. We assume
that (1) is an elliptic equation, i.e. that, for x ¢ © and
all real & = (&1, &y «v00 &0
2 n 2
2 i 2
c E z a. (% c
j ;%i‘kzl 1™ & 5 & le | (2)

for some constiarfFiid Liy@ng; Ain Shams University
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A gemeralized solution u(x) € W (2)of the first
boundary value problem for (1) is defined to be a function .
of W+(g) satisfying the integral identity

J’I(‘% aiku](kvx.-}cuv)dx:Kvadx {3)
. i

for all v £ Owl(.tz) [:it is assumed §hat f € I‘2<9)} S G

uhq =& (%)

where @ is a given function on the boundary ,—' of 9.

boundary condition

The main result concerning problem (1), (4) is that it
has a unigque sclation in Wl{Q} only if & can be continued
into f, i.e. it is necessary that there be a function

¥y & ‘Hl(sz), whose trace onf‘ is B : ?} =&,
T

In chapter II we consider alsoc the solution of the

mixed boundary wvalue problem for the parabolic equation

%—%+Au=f(1, t)

where A 18 an elliptic operator in the cylingder
Q = R X {OaT)'

The scheme of Fourier's method is studied for this problenm.

Irn chapter I1I we study sclutions of the first soundary
value problem for the elliptic equation of the generzl fornm
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n
L =i.1§=l 23 (x) Uxx Igl.ai{x) Uy, a(x) u = £(x) (5)

with real infimitely differentiadble ccefficients in a bounded
region @, whose boundary ris piecewise-~smooth surface
formed of (n-1)} dimensional infinitely smooth surfaces

S5 (1 =1,2, .., m). We ;ﬁlsc: assume that 5; intersects
only Si-l ard Ei +1 along amooth (n-2}-dimensional manifolds
5.0 amd e

We shall consider lm ¢2tail the case in which m = 2,
whare the obtained results are of loecal nature,

The resultg of this J¥apter are formulated in werms of
the apgle {3(p) which is defined as follows:

let R, and 3.2 be the plans tangent to B; and S,
respatively at the point P e 5 N 8,. We reduce the

equation

o
1,£;1 P Sy =0
to canonical form, The reduction transforms the planes
Rl and Fl2 inte other planes R.J.: and, Ré. The angle between
these latter planes is demoted by {D{P). The solution of
(5) is assumed Yo ke vanighing on["‘a.nd Yeianging to wl(sz}.

Certain functidp spaces will be used in chasﬂ;er 111,
ﬁ(a) in the sPacwalibbamoeriin Shams University



H“"iﬁm - g [f’a f% '2 +ju [2}u< ®

whers p(x) is everywhere Jnfinithely differentiable function
and positive sxcept pi [; = 5y N 82. and coincide in some
neighbourhood of rc: with the distance »({x, r; )} from x to {;.

%i{a} is the space with the norm

ENSEE R Ecad E-TICES

We shall discusg the resul®s about the smoothness of the
solution in 2. It will we shown that the solution of Im = f,

where T € W};(ﬂ). belongs to W§+2(sz) if the angle (J is
sufficiently small, namely,¢) must satisfy the mequalitj

& > 2x+2-a

To study the singularities of this solution near the
edge {;, several properties of the spaces Wlé(n) and %t(g'l
are proved. 7Tbd proofs are done in similar wayx to those
used in { 207°.
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CHAPTER I
QB0 SPACES.

I.1 Introductiomt

Tn this chapter, we shall introduce and develop all
the basic properties of Sobolev spaces of positive integral
order. In section 2, we concentrate on the Iebesg:e
spaces wanj, of which Sobkolev spaces are special s bspaces.
Section 3, is devoted te a =tidy of generalized funetions
and wedk derivatives. Ia s.ccion 4, we shall restrict our
attendion to the main purpose of this chapter, whictk is the
gtudy of properties of Sobolev spaces.

I.2. T™e space Isp(sz)

gt & be a domain in the Euclidean apace R® of poinks
X = (::l, ceny xﬁ) and p be a positive real number. We
denofe by LP{Q}, the Banach space of all functions on @
that are measurable, and that are p-summable with respect

to R with 1< p< . The rorm in this space is defined

g = §1el e

The elements of this space are classes of equivalgnt

or

funetions on @, 8ince two funetions are identified if they
differ only on a @entrafl ibrdiimetis Dinmhs Measuety zero,



A function u, measurzble on 9, is said %o be
essentially bounded on R, if there exists a constant X > O
for which wu(x) < K almost everywhere on 2. The
greatest lower bound of such constants K is called the
esgential sypremum of iu | on 2, and is dencted by
£53 Sup Iu [. We denote by Lco {2), the Banach space of

XAL
essentlzlly bounded functions u on @ with norm

[u ”co = €885 Xs:;g: |u4.

We shall frequently use the following well-known
algebraic and functional inequalities:
{1) Cauchby's inequality

ab4 §a? et p?

which is valid for arbitrary ¢ » 0 and arbitrary a arnd b.

(2) Minkowski's inequality

Hu-r?ﬂ ”u; II + ”vfp

which is valid when 1< p < .
(3) Hélder's inequality

If l<p<g @ anduE.L(sz},vap,(sz).where )
B! = —21 is the exponent conjugate to p, then uve Ll(sa}

jlu v ICentral Llurarjj rt :!I
PAIN'Sh rps University



— ;e

] J . . .

It is clear that ; + %7 = 1., This latter inequality
extends to cover the two cases p =1, pf = oo and p = oo,
p' = ln.

(4} Schwartz inequality

2 2
L{uv'gdxsg ¢ Siui oany® ( fivl" ek
2 L3 2

is cobtained from Hélder*s inequality when p - u'-= 2.

Imbedding theorem for L?-spaces:

Iet X, ¥ be normed spaces, We say that X is imbedded
in Y, and write X —> Y to designate this imbedding,
provided

(i) X is a subspace of Y

{ii ) there exists a constant M such that

Wixp < o pn) Vxex
! Y J‘;:

where I is the identity omerabtor defined on X into ¥

by Ix = x for a2l x £ X,

Sometimes the reguiremsnt that X =Y and I be the
identity map, is weakenad to allow imbecddings of Sobolev
spaces into saraces of continuous functions, and trace

imbeddings of these spaces.

Now we formulate amd prove a very useful imbedding

result, for L _{(R) spaces and some of its conseguencea,
entral Library - Ain Shams University



Theorem (L.2.1) If‘rq1¢:jdx<mandléplfi.?2$w,
Q
then Lp{ =-—-‘z»L ek
If ue¢ 150(9}, than
Lnogu i =il (I.2.1)
SR

If u< L (@) for L L P ® and if there .s a :onatant

K such tnat for all such ™M

u i < ¥, (I.2.2)
i I

H Pl

then u £ Lm(se} and

Jull AKX (I.2.3)

O O R RN St SO o
Jall "= du T we §a ] axg ‘Hﬁx%
S P g e ts
1-(py/p,) = P
= (vol &) 12 ihu L
[ P2
Hance 1 .1
iu & (lay?a P2 iy (1.2.4)
| .P]_ I 'pa

and the first part of the theorem is proved.

If u¢ L (R), we obtain from {I.2.4)

p?.%aﬁ—l}grgry-g’ﬁfi@h%}%si%iversity (I.2.5)



On the other hand, for amy € » O there exists a set A= R

having positive measuve u{i) such that

| . ! - 5
u(x) oy .'! o - B if =x € A
| IRt o
HEIIGE, p o~ P P
. . i =~ L] . 1
5 {ulx) 1 4% = }{m’:)l 1ax p ALY (!!u ifm — )
2 a4

It foliows that
. - < 1/F
ffu > lut) ] T (yu  — e), whente
! = : .
P - - : l4a]

Lim  ieffful] >ju | 1.2.6)
Py>o0 Top ¢t o

Eciuation (I.2.2) new £a7°2owa f2on (I.2.5) and (I.2.57

Now suppose u-€ L,,lisa) for 1K p; < @, and the nems
ﬂu ﬁP are uniformly bounded with respect to p; by some
1 .
conatant K. If”u 1100 > K, or u ’;1 L, (2), then we can
find a constant K; >> K, and a set A" g with p{a) >0
such that |[u(x)] > K; Y/x< A, As before, it can be shown

that

Lin inffluf, 2K 7K
py->00 . |

which contradicts (I.2.2)
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