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ABSTRACT

LTS

The theory of gencralized hypergeometric fupetion
is fundamental in the field of mathematical physies, simce
2ll the commonly used funetions of analysis "Bessel Func-
tions, Iegendre Punctions, ete." are special cases of the
generalrfunctions. The unified Theory provides a means for
the analysis of Uhe simpler functions and can be used o

solve the more complicated equabions in physics.

The subject of this thesis is the higher transcen-~
dental function known as the confluent hypsrgeometric funtw
tion, In Ghe last two decades this funetion has taken an
ever increasing significance because of its use in the
aprlication of mabthematies to physical and %echnical problsms.
The designation of the function under discussion as the con-
fluent hypergeongfric furnction is unigue ixn sc¢ far as it

is derived from The hypergeometrle function of Gauss

This thesis is divided inGo eigh¥ crapters. Tke
first is devoled Yo some basic formulas such as the Gefini-
ticns ¢f the generalized hypergeomstric serics and Kummer's

funetion, the differuintial formula to Kumner's function also
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- the integral formula to i, the integral representation
for Kummer's funciion, some functlons which are related
to 7y {(a3ciz) and finally we devoted to the form of

Kunmer's different’al eguabtion.

The second ehapter consists of four secbions which
denote linear relations between some special eases of

171 (ajeiz).

Sone new relations will be introduced such as :
(1) (e-1) 151 (a—1; e-ltz)~a Cal (a+l3ciz) +(3+a—c+2)
1?1 (azeiz) = O.

(31) z(a-1) 7y (c+l;e—-a+332)+(awc-1) (a~c—~2) 1F; (e+lie-as2;2)

= {a~c=1l) (a~c=2) 171 {(cic—a+l;z).

Chapter three deals with XKee ~ Robert BE-funetion and
its recurrence relations. Section one of this chapter will
be concerned with the fefinition of the B=function while
ir section two, we prove That the E—function satisfies the

differcntial equ=zvtion,

za. w4 (l=a=b=z) z. W' + 21, 7 = O.

We shall be concerned iz chapter four with porduets
of Kummer's functions. In sectica one of thischapter, we

shall gobtain the following new theorem,
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2%
c{l~c)

1.'z*‘l(za.;c ;z)lFl(—-a;l-c $=2)— 1Fl(a+l;c+l ;z)lFl(l-—a;E—c 3=zy=1

Our proof is based on vhe expansion of each 1%, by its power
series, then rearranging the repcated series, Alsg we

shall give an alternating proof for a particular case of

the last theorem which is based on the aoplicavion of the
differential equatlon satisfied vy lFl' AV the exd of this
chapter, an infinite seriss of product of two J.Fl is given

in tergs- of one 23-5.

Chapter five deals with nuwltiplicatior and addition

thecrems, Some new theorems sugh as,

ors
T g
Zm A p Amin . - Ce3 ,
(i) e (=== lFl:fcna;m ‘>= _;_ ;_:‘:‘ e Fy Jaengzegin,
/ ' n=C )
s o=C |
© / 2z _ \c
{ —
. 2 A
-
~= (a). ’ o A+1) .
(i I, lagz N = o = ¥, ) a+n : V(==
i1 - N 171 ’ ! v 7
‘ ] n=c nife).  oam X , A
o/ = . /

will be introduczd,

Chepter =ix irvolves invegrals for shc corfliuent byper-
geomevric functicon. In seeticn one, we evazluzte sonme integrals

invelving Bessel's functions wnile in s¢otions Twe znd three
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two infegrals will be concsrned invelving 1F1 and 1F2
respectively. Sections four and seven are devoted to some
intagrals involving the exponential function, trigonometric
funetions, and lFl with Bessel's function mespectively.
Integrals of products of two ;¥ are esbablished in the
rest of this chapber,

In chapter seven, we evaluate an integral involving
1Fy in terms o the generallzed hypergeometric function.
We also evaluate inbtegrals involving the product of lFl and
the exponential f¥nction. Finally integrals of products of
two 131 are evaluated in verms of the generzlized hypergeometric

Punebtions and in GTerms of preduct of two gFl’

Chapter eight invclves some integrel transfeorms. In
partieular we shall be conesrned with fourier, Iaplace,
liellin, Eenkel, the ¥J, the J, Y,, and finslly the [‘f -JEJ

transforrns.
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BASIC FORMULAS
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BASIC FORMULAS

1. Definition of the Generalized Hypergeomefris Beries:
The generalized hypergeometric function is defined by

the folliowing:

- {al:ag r'°-’3-Piz)= ~ (al}n(a2)ﬁ'°‘(a‘p)n n (1!1)

o K Z .
bl ,ba gooe ,bq n=0 nl! (bl)n(ba)ﬁ. .s (bq)n

where,
arn)
(a)n = ala+1) (a+2).., {(a+n=l)= 'i'_--(-;-)——— ’ (1.2)
(a)o =1

The vplues of the q paramcters byabsy -ve, bq are always
different from O, =1l,=2, ««. «» In $his novaticon we get,

F (a,bjc;z)= 2Fl (ayp3c33) -

oFq converges for all finite z if » £ g, converges for {z!{l
if p = ¢ +1, and diverges for all z¢ 0 if p >q+l. This
excludes certaln integer values ¢f the paramefers for thich

the series Pormirabes cor falls To noke sense.s TIE one or mors
of The paranclers By s8,jeeey &y, is a negavive integer, the
series Gverminatesy the cases in whick one of Vthe parameters

Dyy Doy seey b, is a negative integer are excluded,

q
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2, Xummepr's Functions

Kummer!s func¥ion ¥y {z;c32) is defined by,

o7

Fy (ajciz) = :g:; (a)n 2 . (2.1)

= &t

c # D, -1,—2' AR ]

This series converges for all z provided that ¢ £ -nm,

where

1‘:1:-"0,1, 2, evss =

The following are The cases of the convergence of The series:

¢ 1

(11

C %)

If c;f—m, ﬂ:o' 1’2'...,
then The series coxverges for g1l z.
If ¢ £ =&, &==n, 2, o non-negative rHegers,

ther the series reduces tc a pelyncmiel of degree n in z.

If a ¢ =0, ¢= =0 0T 4 = =n, ¢==r azd o<z
wherg 2, O are nen-ncgative inlegers,

ther Yhe scries deoes nct converse.

Ltrough th

[}

functic lFl (a3c4z) is unfefinced if ee=-r,

=

i
(o}

-2y ssey wne 1i-it of
} 4 L 4

88 ¢ —>» -0 exists znd is given by,

1 m+l ) 7
1i- 1Fy (aiciz) = A (al o1 1Fy(etmelim2ia).
¢ -y ¢ (1)
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3+ Privedpal Formulas 3

Some useful resulis are,

,gi:,__ 1F1 {agesz) -::% 1F1 (a*l3c+l3z). (3.1}
az

! {a), '

= .F, (ajoizi= —— F; (atnjoenin). (3.2)
dzn 1 1 f(c)n 1 l :
z .
O E (agermydme o B (alje-lizy . (3.3)

$c A= a=l3zc—-133) - -
c/} 1%¥1 agelz 1) 11
(2 # 1)

(o) T T ()
T(a) § (emc?)

{ Bee El])

o
S ge =1 lFl(a;o;—ﬁ)dts- (3.4}
o

(Re a >Re ¢’y 0 ).

4, Integral Qegresentation for Kummerls Funsiiion

(see (2] P. 39-63 and P. 127-172 )

The formulaza,

1 g a-1 c—a-1 -
B (a,c-2) Cal (a;c;z)doﬂ, & % (-t dt. (4.1)
holds if Ee a > O, Be (c=a) » O . It can be verificd
by expanding bthe exponenbial function in powers of (z§)
and then integrating terr by term. If (I-%) is writéen

for % Ghe integral besones,
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