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PREFACE

The thesis consists of four chapters:
Chapter (I] is concerned with the fundamental thed-
rems and definitions for the action of a group on a set,

transitive, intransitive, primitive, and imprimitive

groups.

Chapter (II} is devoted to studying the Mathieu groups,

their maximal, and Sylow subgroups.

Chapter ({(III} deals with the Higman-Sims group. its

combinaterial configuration, and the maximal subgroups.

Lastly, in Chapter (IV) we search among all the above
subgroups wether they are superimprimitive or not. The
final conclusion is that none cof the maximal or Sylow sub-
groups of the Mathieu groups, and the maximal subgroups of
the Higman-Sims group are superimprimitive. Yet, there is
an example of a superimprimitive subgroup. o f Ml which is

Z
neither a maximal or Sylow subgroup.

N
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CHAPTER (I}

fododokdk \

GROUP ACTIONS ON SETS

In this chapter, we are concerned with the group which
acts transitivity or intransitivity on a finite set. Alsc
for the transitive group, we define the primitive and the

imprimitive.

§{1.1) The action of a group G on a set X : f[21]

{(1.1.1) Definition:

We say that G acts on X {or that G permutes X} if each
g

g e G and x £ X there corresponds a unigue element x* £ X
such that, for all x e X and g, 95 € G,
lg,g.) g, g
x T2 = (x )2
and
e
x = X.
As an example, if G is a subgroup of the symmetric group
on X, G £ $x, then we say G acts on X.

{l.1.2) Theorem:

Let G acton X . Then to each g e G there corresponds

a2 map pg: X+ X defined by p _: x -+ %2 , and this is a per-

g

mutation of ¥X. Moreover, the map p:G + $xdefined by p:g-+pg
is a homomorphism; it is called the permutation representation

of G corresponding to the group action.

{1.1.3} Theorems:
Let ¢ be a homomorphism of G into $x. Then G acts on

X when we define, for each g € G and x £ X,
Central Library - Ain Shams University



and the permutation representation of G corresponding to

this action is 0.

Proof: .

For gy gEEZG and x £ X, by definitien of composition
of maps ,
(og,} (( Og,ix ) = ({ 0g,){ 9g,)Ix

(o {gzgl}]x .

and (ge) x= x since ¢ must map ¢ € G to e' € $X_
Hence, by setting

xg=(oglx.

we do define an action of G on X . Let the corresponding

permutation representation of G be p. Then

)
p x=x= {0g)x ,
g g
hence pg = og for all g e G ,
and so 4] = 0o,
Thus in considering group action on a set X , we now

look not merely at subgroups of $x but at a hemomorphism of

groups into $X_

(1.1.4) Lemma:
Let G act on X . We define a relation ~» on X by

setting Xy v X if and only if x , x. £ X and there is

2 1 2

an element g € G such that x? = x2. Then " is an eqguiv-

alence relation on X.
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The following definition is of fundamental importance.

{1.1.5} Definition:
Let G act on X . Then X 1is partitioned into dis-
joint equivalence classes with respect tco the eguivalence

relation ~ of the above Lemma. These eguivalence classes

are called the orbits of X. For each x £€ X, the orbit cont-

aining x is called the orbit of x : it is the subset
g,

{x°: g e G} of X

Neumann [18] introduced an algorithm to compute the
orbits. Let G act on X. We begin with any element x ,
gf X and apply to it the members e,gl,gz, .. 0of G,
each in turn untill one has reason to know that no new elem-
ents of X result. Then Xy = {xl,xil,xgz, . is an orbit

of G. If X.= X the process is finished ; other wise we

1
gl 92
choose x from XX and we list the set fx_,x.,x.% ...} .,
2 1 2'72" 72
which will be our second orbit X_.. When X 1is exhausted

2
the process i1s complete. 1In practice, the details of such a

calculation must depend on the description of G and of X.

There are general purpose programmes for doing it on comput-

ers. Most of these assume that G is a group of permutations

cf X and that generators of it are given. That is, the

data consist of certain permutations gl',"" gy which gen-

erate G 1in the sence that every element can be obtained as
1 +1 +1

some product gi gi SR of them and their inverses.
1 2 m
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(1.1.6) Definition:

Let G act on X, and let =x e X. The stabilizer of x

in G is the set {g e G : x% = x }.

It is a subgroup of G and is usually abbreviated to Gx'

(1.1.7) Lemma :

Let & act on X , and let x e X. Then
| {the orbit of x }| = |G: le .
Proof:
g9 _ 92 -1 .
We have x = x if and only if g, 9, ¢ Gx' i.e.,

g, £ gl Gx . Therefore there are precisely as many points

g
x 1 as there are distinct left cosets qux. However ,

this number is |G : le .

$(1.2) Transitivity:

(1.2.1) Definition: [21]
Let G act on X. This action is said to be transitive
on X if it has just one corbit. An action which is not transi-

tive is called intransitive.

A transitive group G acting on X= {xl,..., xn] . has
elements Qe ee=r 9y which replace xl by Ky Mpseee o X
respectively. Then gj gIl replaces x5 by xj. so that any

symbol in X can be replaced by another by a suitable element

in G ., [4] .

G is a doubly transitive group if there exists an elem-

ent in G which replaces any ordered pair of symbols in X

by any other ordered pair of symbols in X , [4] .
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In general G is szid to be k-fold transitive, where k

is an integer 2z 1 . if , given any two ordered k-tuples
(xl,...,xk) , {yl,...,yk] of distinct symbols of X there is
some g g G such that

g _
i

] =y, .i=1Ll....k

11.2.2) Definition: [2]
The rank of the transitive group G on ¥ 1is the number

of orbits of Gx on X.

{1.2.3) Theorem: [4]
The totality of elements of a given k-fold transitive
group G each of which leaves fixed a given ordered set of

k symbols of X forms a subgroup.

If Gfﬁ] dencte the elements of the group G that leave
each point of the subset & of X,8C_X , fixed then G{ﬁ] is

a subgroup.

{1.2.4) Theorem: [24]

Let G be transitive on X and x & ¥X. Then G is
fk+1)-fold transitive on ¥ if and only if Gx is k-fold
transitive on X ~_{x} . If G is k-fold transitive on
X and A{C X with [|&{= d < k., then Gry] is (k-d)-fold

transitive on X >~ 08 .

Biggs [2] suggested that to determine if a group is
highly transitive we examine the successive stabilizers,

G . )Y ...., etc.
X X ¥
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{1.2.5) Theorem : [2]

If G is k-fold transitive, then |G| is divisible by

nin-1} ... {n-k+1) where n = |X[ .
Proof:
lal- = n le_|
= n(n-1) I{sxllle =
= nin-1)...{n-k+1} llex2 o xk[ .
If |G[ =n = |X| we say that & is regular on X.

Also we have the following theorem:

{1.2.6) Theorem: [5]

Let G be a k-fold transitive on X, and let A(_X ,
|&[= k . Let the subgroup U < G[ﬂ] be conjugate in G[ﬂ]
to every group V which lies in G[ﬂ] and which is conjugate
te U in G. Then the normalizer of U in G , NGIII}, is

k-fold transitive on the set of symbols, left fixed by U

(1.2.7) Theorem: [8]

Let G be a k-fold transitive permutation group of
degree n. Let @ be a subgroup of G which fixes the symbols,
1.2,....k. Let L be a subgroup of ¢ with the following

property:

If a subgroup M of { 1is conjugate to¢ L in G, then

it is conjugate to L in Q. {i.e. if there is an x € G

such that x 'L x < 0 then there is an element g £ Q@ such

that q_qu = x—leJ.
Then the normalizer of L, N(L) is k-fold transitive on the
Central Library - Ain Shams University



set of m symbols that are fixed by the subgroup L.

(1.2.8). Lemma: [2]

{i) The symmetric group of degree n ., $n' is n-transitive.

{ii} The alternating group of degree n , An, is (n-2}-tran-

sitive.

The first part is obvicus. In the alternating case,when
n =3, A, = fe, (123}, (132)} , which is l-transitive, so we can
formulate a procf by recursion, using the remark of Biggs
after Theorem {1.2.4) and the fact that the stabilizer {An)n
is An-l'
§{1.3) Primitivity: [24]
{1.3.1) Definition:

Let G act transively on X . We call a subset B of X
a block of G if for each g € G the image set BY= {(p%:bem }

either coincides with B or has no point in common with B.

Obviously, the whole set X , the empty set ¢, and the
sets {x} consisting of only cne symbol, are blocks. We

call these triwvial blocks.

We say that B(_X is a fixed block of G if 8C=g.

(We denote by 15!-G the set of all b9 with b ¢ B and g E G).

If U < G, then every block of G 1is also a block of U |,

(1.3.2}) Lemma:
If B1 and 32 are blocks of G , then their intersection

Bl{WBz is also a block of G.

For if A= Blfj B2 has a nonempty intersection with

W



0¥ for some g £ G, then so B] with B? and B2 with Bg .
Therefore the fact that Bl anda B2 are blocks implies that
g _ 9 g _ _ &
A = Bl ﬂ B2 Blﬂ B2 L.

Hence & - is alsoc a block.

{1.3.3) Theorem:
1f g €G, U £ G, and B is a block of U , thenr BY is

a block of g"l U g .

Proof:

-1
Let ue U. 1f BIMY 'g'r]Bg #Z ¢ , it follows by

application of g_1 that B[] B # ¢ ., hence since B is a

block of U , Bu = B. Application of g now shows that
-1

g% -9 - g,

From this it follows that if B is a block of G then
for each g £ G , BY is also 2 block of G. Two such blocks
are conjugate. Any two conjugate blocks are egual or disjoint.
The totality of all blocks conjugate to a block B of G form
a complete kblock system. 211 blocks of a complete block
system have the same length. If G is transitive or X
the union of members of a complete block system of G is X.

Hence:

{1.3.4) Lemma:

The length of a block of a transitive group G divides
the degree of G {order of X}.
{(1.3.5} Definition:

A transitive group is called imprimitive if there is

at least one nontriwvial block B. f(i.e. B # ¢ , {x} , X}.

S —



The following thecrem enables us to construct blocks of

trasitive groups.

(1.3.6} Theorem:

i
D

If Af{_Xand x e X, then B +9 is a block

g
&
of the transitive group G.
The following theorem gives a necessary and sufficient

condition that a group be imprimitive.

{1.3.7) Theorem:
Let x e X . The transitive group G on X 1is imprim-
itive if and only if there is a group 2 which lies properly

between Gx and G , i.e., for which Gx< Z < G holds.

Proof:
{i} Let G be imprimitive and B nontrivial block of
G. Let Z be the set of those z € & for which B=B?

Z is clearly a proper subgroup of G because B{_ X and

3 1is transitive. Let x e B. Because B 1is a block it
follows from xg = x that Bg=B. Therefore Gx < Z. Because
I8l > 1 there is an x, # X ir B and because of the tran-

1

sitivity of G an h € G with xh X. . We conclude that

1

he?2 ., but h #3 , hence G < Z,
X b g

2
{ii) Let 2 be given with Gx( Z < G, We put B =x
First we show that E is a block. Let b £ B r]Bg with
_.Z _ .2'g .
g ¢ G. then b= x" = x {(with =z,z'cs Z}. Therefore
z'gz € G < Z, i.e., g £ Z. Thus B = Band B is a block.

Because Gx < Z, B docs not consist of x alone. We have
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