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SUMNMMARY

The aim of the present thesis is @

( I ) The study of the theory of existencs and uniqueness of
solution of a system of integral squations of Fredholm
type.

(11 ) The study of the spectral properties of a system of
integral equations in the ocase of a symmetric matyrix-

kernsl.

The thesis conaiats of three chapters @

The firgt chapter serves as an introduction, it contains
some basic concepts from functional anslysis, these concepts
are uged in chapter II and III,

In §1.1 we have forymulated the problem of the thesgis.
In §1.2 we have studied some analytioc properties of C nza.b).
like completness of C " a,b), and compactness of its sudsetis.

(n
$1.3 deals with the same problems for the space I-2 }a,b).

In the second chapter attention 1s focused on studing
the existence and uniqueness of solution of the problem

b
dw-a ( xxy Pmay = #) 68
a .
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¥e have used the last theorea to find a golution of the protlem

ghen the kernsl K(x,y) is s symmetric matrix-kernel, this
solution is Tepressnted by the absolutely and umiformly oon-

vexrgent gpories.

(l)(z)-’(x)-t’az -——-‘-!—- B ?hi'x
‘h - 1.2.0'0 )
= P e Pun
Algo we bave proved that the ur:l.u[ —
b=l A
b

is convergent in the mean to the iterated mstrix-kernel

[‘( X y) where
‘ b

I.(x.:) - f x(’:l,) ‘-_].(Jul)d].
a
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CHAPTER I

BASIC CONCEPTS FROM ANALYSIS
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CHAPTER 1

BASIC CONCEPTS PROM AMALYSIS

§1.1. Introduotion and notations

Our aim is the study of & system of FPredholm's integral
equations fram the point of view of the existence and uniqueness
of gelutien and its spectral properties; i.e. We generalise the
known results concerning one Fredholm's integral equstion te the
case when the problsm deals with a aystem of Fredholm's integral

equatiens.

The study of one Predholm's integrel squation is deeply
congidered in many references [1],[{2] . [9].

Our aystem will be written in the form

a.n_lPl(x) + alzkpz(:)  oeee + ulnlpn(x) -
b
_1f [kn(x,:)‘Pl(y) +oees + Ky (X Y) ‘Pn(yidy-t]_(:)
a
azltpl(z) * oy, Polx) + e v nanlpn(x) -

b
e N f [kﬂ(x,y) t{3]_(:1') + ese + kan(x.y) Lpn(y)](p:zh)
a

’n].‘? 1_(x) + a.nz'Pa(x) + oo + anntpn(x) -

h -~
..‘Af [knl(x.y)@l(y) 4+ eae ¥ km(x.y) @i(#}]ij&t‘(ﬂ
a
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Using the matrix notation, this aystem can be simply

written in the form

b
A (b {x) - [ K(x,y) (b (y)dy = F(x) (1.1.1)
where;
81%12 *** %1n [19)(x9) <20 Iy (xey)
A= . E » K(x,y) » E :.
.nlﬁz PRP &m knl(x,y) e knn(x")
2, (x)] P () ]
Mx) = |[£,(x) , &)(x) = [Py(x)
| 202 | P (x)

(K(x,y) is called the matrix-kernel of the system).

In the above notations ki;] (1,3 = 1,2,+..n) are given
functions of (x,y),\ is a paremeter, f,(x) (1 = 1,2,...n) are
glven funoctians and \P,(x) are the unknown fumctisns,

The above system of integral equatiens are knswn ag a
aysteam of Fredholm's integral equationas, they are se called in
heneur of Fredholm who deeply studied ‘ens integral oquatien. ef
aush type [1], [2] . [9].
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If the vectur—function r{x) 4 o; the system of linear
rrodholm's integral equations of the second kind is called
non-homogeneous, in other cases (1.e. when P(x) = o) the

system of Fredholm's integral equations is oalled homogeneous.

If A = o then-the gystem becomes
b

‘( Kz, © () dy = B

which is called a system of linear Fredholm!s integrel equations
of the first kind.

1t 1s roasonable to aagume that esach component of the

vector
fltx)

¥{x) = |- belongs to some functienal space, for example
£,(x)

u(a,b) (which consiats of all oontinuous functions f{(x) defined
in the ologed interval [_a,h] ) conmequently, the vector P will
beleng to the cartesian product C{a,b) x c{a,b) X +..x C(a,d)which

¥

n-timesa

1111 be denoted by C(s,b), if each component in K(x,y) belongs
te the apace (:(a,b.)1 hence, the matrix K(x,y) will beleng to the
cartesian product

¢(a,b)? x cla,? x -"xc‘f:b)a

u

n.z—tiﬂﬂa

2 2
wnich will be denoted ¢2 V(a,m)
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Un the other Lund, we may aposwio that each oomponent of
fllx)
the vector r(x) = |. belongs to the space Lz(u.b) (i.0.
£ (x) b 2
. (Ve ax<m
the spece of all measurable funotious such that ’
a

so we introduce t..6 spaoe

{(n)
L2 (a'b) = Lz(n.b) X --qxllzcu'b)
b v 5
n-~-times

il
cunsequentel;, P(x) € L.‘ (a,b). If euach component in X(x,y)
belonys to tiwe spuce Lz(a.b)z. then K(x,y) belongs to tiie space
Z
Lé’q )(a.b)z wnich 1s defined us the cnrtesian product :-

Lz(a.h)"! x Lz(a.‘u)z X eve X Ioa‘(a.b)2

[ 4 »
v

s

nd-timea

“l of the matrix A exists then by

-1 4% takes the fom

If the inverae A
multiplying system {(1.1.1) by A

b
<b(x) - f A"]'K(x,y) @(y)dy = A"]'F(x) or
a

b
- A = P (1&1-2
P -2 [ (e Pw oy = K= )

with Kl(x.y) = A"]'K(x.y) and Fl(x) = A-]T(x)
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We shall concentrate our study on systeme of the fom
(1.1.2), our study will take into acoount three types of the
mmtrix-kernel X(x,y).

Firstly 1~ the kernel ig sufficiently small in nom
(acoording to the gpace te whioh it belongs), in this case
»o shall prove the existence and unigueness of solution of
the aystem, the method of proof is based en the principle af
seatrection mappings which is sometimes called the method of
fuoaesaive appreximations.

Secondly :- each compenent in K(x,y) is degenerate; ive«

) (uz
ku(x.y) = = al (x)} vy (y) where
(13) (13) (13) (13) (13) (13)

Ll (x). Q? (!). on s An“(x). b]_ (’)O hz (’)s--o bnj.d(Y)

are two families of linearly independent functions, in this
;age we shall prove the existence and unigueness of solution
of the system (1.l.2) for all values of the parameter N\ except
for a finite number ef values.

fhirdly :- each cemponent kys(x,y) ef the matrix-kemel
E(x,y) defines s complete camtinuous integral epereter, in
thig cage the matrix K(x,y) is decompoged inte two parts cne
is of ul.:ll norm and the other is dzgmmta. & combination
of the first and gesend cades helps us.in the gtudy ef this
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.ow we pive n brief analytio nccount of the two spaces

c®(a,b), and Lgt..b).

§1.2. Analytio properties ef C'(a,b):1-

The space ¢%(a,d) consisting of all vaector-functions
P(x) = (rltx), fz(x)..... rn(x)) is o linear space under usual
operstions of addition and multiplication by a scalar :

If Pix) = (fl(x)i fz(x)n oo fn(X)) 3

G(x) = (ul(z). gz(x). ees Bu{x))  then

P(x) + 6(x) = (£;(x) + g (x), f(x) + Bo(x)y ey £, (x)4g,(x))
and for any « €
o« P(x) = (e(fl(t). dfa(x). ceay dfn(x))o
By introducing the following mom
N2} =mex{ sup f,(x), sup £,(x) 5 coes BUP £, (x)
o

x ¢(a,b) xé (a,b) x&(a,b)
n
¢ (a,b) becomes & normed space.

n
Completenegs of C (a,b):-

In general meitrio spaces, the metric space X 1s called
complete if, and enly if, esch fundamental sequence of X hes
e limit in X (4] , (5]

Theorem _102-1.‘

The mpace c™(a,b) is cemplete; i.e. emch fundsmental
sequence in ¢%(a,b) has a Llimit in c*(a,b).
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Proof 13

A ——————

(-l (m) (ul
Let P.(x) - fl I). ta (x)' ssey fn :)}. ns= 1.2...0

be a fundamental sequence in 02(a,b) 1.e.

for all ¢ > o there sxiets X > & such that for all LD N & w> ¥
o I7p(2) = B € € 4nig, 1n tum, means tuat

0" (a,b)
fer all ¢ > 0 there exists N€ N euoh that for al1 > ¥ & m> ¥

1
oup |t](_ b - r:'la)l <t
x€(a,b)

4 (
ap lt; l:) - t;z:” < & (1.2.1)
x&(a,b)

sy Itg{x) - t:-{x) |< ¢
x¢&(a,b)

the 132 relation of (1.2.1) shows that the ssquance of the ifE
cempensnts {t}_‘) (x)} forms a fundamental sequemce in C(a,b),
frem ¥ha completeness of the space C(a,b) [4] 1¢ Lollown that
t:{‘)(x) cmerées as m —» s to an element ti(x)e C{a,b).

New censider the element F(x) u"{ri(x). 2(x)yenen
tn(x)}e ®(a,b). We shall prové that it is the 1imit of the
2HQUABSS {!‘,(:)} , in fact, let £ >0 be a givea arhikeary
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number, then for the ssquence { ri’“)(x)} s 1 «1,2y..44n
there exists lié N such that

for all m> N, ut:m)(x) - fi(x)l = sup lfim)(x)- 1’1(:)|¢;_
G(Gob) xe (‘ob)

Taking N = max (Hl, N2,... Nn). we then have for all m > ¥
(m)
ap 'ti (x) - fi(x)l < € for all { € {1'2.000 n}
x ¢ (a,b)
this 1s equivalent to say that,
(m)
ux{ sup Iti (x) -~ fi(x) I} Cgs 1 = {1,2,... n} "

X € (&.b)
i.0.

15 - X)) <« ¢
®(a,b)

(n)
Thig proves that {Pu(x)} converges to F(x) in C (a,d)

Compactneas in ¢"(a,b)

A set M of a metric space X is called relatively compact
if, and only if, for all €2 0 there exists a Ffinite t -net
for M. If, moreover, M is closed, then it is called compact.
Here we give the necessaxy and sufficlent conditiong for
cempactness of a set M of ¢®)(a,b).

Zhearen 1.2.2,

A set M< C%(e,b) is compact if, and only if,
1~ M is waifomly bounded; i.e. Jeo constant K €  such that

+ren, el < K
cn(&lb)
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