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PREFACE

Infinite matrices have received the interest of
many mathematicians in different decades. They inter-
vene as8 tools in many mathematical subjects as well as
they are interesting in their own rights. They have
been for & leong period a useful tool in summabllity of
series as well as in the investigation of basic sets of
polynomials. Also they have been, as independent objects,
the subject of studys. Thus we have the papers of S.A.
Ibranim and R.H. Makar (and his students) on functions,
power series and infinite products of infinite matrices,
The papers of Vermes and Ayres have investigated the de-
composition of row-finite infinite matrices into simple
fTorms of matrices, in particular sirings, their results
are pure theoretic and do not indicate any applicabilitye.
Here in the present thesis, we are interested in the re=-
duction of row-finite infinite matrices to simple forms
mostly a kin to those arising in the theory of numerical
analysis for finite matrices, The results obltained are
applicable in the solution of infinite systems of linear
glgebralc equations or of linear differential equations,
By solving an infinite system we mean that we can obtaln
iy required definite number of the unknowns, wnether
numbers or functions, provided we sre given = sufficlent

nunber of equations of the systemt.
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The thesis consists of five chapiers, In chapter
I, we consider what is so-called a super Hessenberg
matrix, il.e., an infinite matrix Faijj in which aij=O
for all j >~ 1 +m where m is a fixed positive in-
teger. A very general thecrem is proved on the con-
struction of such & matrix through applying elementary
column operations on it, provided the matrix belongzs
to G(R) the commutative group of row-finite matrices
each of which has a unique row-finite reciprocal. The
case m = 3 has been considered for explanstion and
for indicating how can the reduction be applied to solve
an infinite system of linear equations of which the
matrix of coefficients is g super Hessenberg matrix in
G(R). The material of this chapbter in somewhat abbre-
viated form, forms paper ?i2] meationed in the refe-

rences at the end of the thesis,.

Chapter II deals with row-finite matrices in G(R)
which are diagonally dominsnt by rows and with row -
column - finite matrices in G(R) which are disgonally
dominant by rows and by columns. Two results are ob-—
tained, The interesting feature that the matrix remains
diegonally dominant throughout the whole process of ra-
duction is revealad, Emphasis has been made on the fact

that there are row-finite matrices (row-column-finite
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matrices) diagonally dominant by rows (by rows and by

columns) which do not belong to G(R). This fact indi-
cates the divergence of the theory of row-finite infi-
nite matrices from that of square matrices, The mate-

rial of this chapter forus paper TlB? .

Chapter III deals with the orthogonal reduction
of a row-finite infinite matrix in G(R) into s lower
normali matrix, The reducing orthogenal matriz is row-
column-finite and is obtained in two different WAYS e
One way is via using Givens?! roistion beads and the
other is via Householder's transformstion beads. The

material of this chapter forms paper {i@T .

Chapter IV involves further investigation of in-
finite matrices in G(R), PFirst the reduction to a lower
normal form 1s affected by Gauss elimination method with
interchanges, Next the reduction of an upper row-finite
matrix in G(R) to an infinite diagonal metrix with non-
zero diagonal elements is affected by Gaﬁss elimination
method witzout interchanges. Further we have shown how
a real gsyrmetric infinite matrix in G(R), with positive
leading minors can be factorized in the form LU where
L is a column-finite lower normal wmatrix and U is the
transpose of L , U being in G(R). It has been empha-

sised that in general a real row=column—finite synirmetric
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matrix with positive leading minors may nct belong to
G(R)s Alsc the transpose of a matrix in G(R) may not
belong to G(R). These facts again indicate the diver—
gence of the theory of row-finite infinite mstrices
from that of square matrices. The material of this

chapter forms paper (i5w .

In chapter V we first consider the reduction of
a row=finite matrix in ¢ [F(>\2] and with its lead-
ing minors of all orders being non-zero constants into
a lower normal mstrix with elements in V%[)] but with
non-zero constant diagonal elements. 43 EA;] is the
polynomizl domain in A and & FR(% i} is the com-
mutative group of row-finite matrices with elements in
3 [%] each matrix having a unique row-finite recip-
rocal with elemeats in ?YEA] + We also consider the
reduction of & row-colum-finite matrix in G R (A)
and with its leading minors all belng non-zero constants,
into a diagonal matrizx with non-zero constant diagonal
elements. We further consider the application of thase
reductions to the solution of infinite systems of linear
differential equations., We consider next $ne reduction

I
0f 2 semi~tlock wuirix with i%s elements in —4j,qj but

with 1ts di=agonal blocks all having non-zero constant

determinants to a lower normal matrix with elements in
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?3 [>{]and again consider the application of this re-
ducticn to the sclution of infinite gsystens of linear

differeniicl equations,

I wish to express my thanks %o Prof. Emeritus
Dre RoH. Maksr for hig constant engouragene:t and
kind help. I also express my deepest gratitude to
Dre. S.A. Shehata for rer generous help during the pre-

Paration of the thesis,
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GHAPTER I

ON INFINITE SUPER HESSENBERG MATRICES IN G(R)
AND THE SOLUT.ON OF INFINITE SYSTEMS
OF LINEAR EQUATIONS

Abstract s

A theorsm is proved on the structure of the BO=
called an infinite super Hessenberg matrix through per-
forning elamentary column operations on it, and the gp-
plication of this structure to the solution of an infinite

syster of linear equations is considered,

Consider the system of linear equations

(1) Ax = b

where A = faijf is an infinite matrix such that

aij = O fOI‘ all’ j e, i + III, i = l, 2, 3’ R - SuCh
2 matrix iz called E]{ f an infinite super Hessenberg

matrix; when m = 1, it is an infinite Hessenberg matrix

generalizing ths finite lower Hessenberg matrix 5\3 e I

has been proved in Lﬁ% J that an infinite Hessenberg mat-
rix belonging to 3(R), the (multiplicative) group of row-
finite infinite matrices each of which has g (unigue) row-
finite reciprocal, must coatsin an infinite number of zero
elaments on the (first) superdiagonal, i.e., A is neceassa-
rily = lowsr semi-block =atrix. In such a case tne system

of equations (1) can ve simply treated by the well known
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nunerisal methods r\% , Tor the solution of finite systems,

H
i
|

By such methods we can obtain the values of X1y Xpsenay Xy

for any certain number N of unknowns, and that is what is

meant by "solving" the infinite system in (1),

The case m = 2 hasg been considered in iWFJ ard as
1t is mentioned there it gives a clue to the gé;eral case
of any m, Indeed it has been proved that winen A belongs
to G(R)y it must contein an infinite number of zero alements
on the m th superdiagonal, and this result generalizes
that menticned above for the case m= l, Yet , the case
m = 2 does not give the general theory which should he
aimed ate In this chapter we investigate the casem = 3

which leads us to formulate the general theory aimed at,

Consiiar the matrix

21 %oz Bp3 Ay, 825
33 %34 %35 &y

l'!I.l'.'..l.....-."i'...ll.t.l.!.l.-.l

. |

Agsuming that 314 # Oy  we perforn the 2lamzitary colunn

operations
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1. + k..
CcO J 4J

S e AV
J= 1y 24 3 & These operations are equivalent to pogt-
multiplying the matrix A by the infinite unit matrix
after ingserting the eleents k41 ’ k42 ’ k43 in the
positions (4,1), (4,2), (4,3) respectively, Calling
this matrix C1 and writing A, for A, the resulting

matrix Al = AOCl 1s such that itg elements in the PO~

sitions (1,1), (Ly2)y (1,3) are zeros., We write

= (. (1) . (L) _
A = L?ij_ . Evidently aij = aij for all
J > 4, but in genersl agi) #£ aij for j = 1,2,3 ,

: (1) _ .
Assuming that g 25 ( = 855 ) # 0, we per-

form the operations

(1)
oolj + ij 0015 ’ kSJ = < agy / 805
J =1, 2, 3y 4e These crerations are eguivalent to post-

multiplying the matrix Al by the infinite unit matrix
alter inserting the =l anents k51, k52, k53 and k54 in
the positions (5,1), (5,2), (5,3) and (554) respectively.
We call this matrix 02. The resulting mstrix A2 = Al 02
is such that trhe elementg in the positions (1,1), (1,2),

(193)5 (2,]—)’ (2,2)’ (2,3), (2:4) are zll zZeros

Writing A2 = gaggéJ we have that a£§)=a§%)=e 1=132,3544,

for all j = 5 ., wow A, = AO Cl 02, where the prolust
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matrix Cl 02 is simply obtained from the infinite unit
matrix by inserting the elaments k4l’ k42, k43; kSl’ k52,
kg, kg, in the positions (4,1), (4,2), (4,3); (5,1),
(5520, (5,3), (5,4) respectively, i.e., C; C, i3 simply
obtained from Cl by inserting the elements k51, k52,

k in tae peositions (55 1), (5, 2), (5, 3),

K530 K5y
(5, 4) resp=ctively. Roth C, eand S1 C5 are simple

lower triangular infinite matrices wita unit diagonal

elements ,

Assuming that &y

nuation of the above treatment shows that there is an in-

i+3 # O for any i, a conti-
3

finite lower triangular matriz with unit diagonal elenernts,

C = Cl 02 03 . - [
l__ l h‘i
6] 1 j
|0 0 1 |
= Ko By k1 f
CoFsr X5y kg kg, ;
CFer Koo gy gy ke 1

.ll--..ca-l--no.l-...-.o.-.i-o.lt-cl!..
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such thst the first three columns of the matrix

A = AC

are zero columns. Thus A4 does not belong to G(R), though
botir A and C and hence so zlsc AQ belong to a(R).

This contradiction implies that a cznnot bhe non-

1ai+3

zeroc fOI‘ all i = 1’ 2, 3’ e s [}

We now assume that nq 1s the first value of i,

for which Os  According to the above treatment

Pi,i43 =
we have that

A :ACCIOOC
nl-l 1 2 nl—l

L8 & matrix in which the elemnents in rowi before the

elaement a are all zeros for 1 = 1, 2y asey n,-l.

1edi+3
We may take Cn to be the infinite unit matrix ltself
1

and write

where Anl 13 the same watrix Anlql’. Taking n, = 4,
for example, A4 is of the fom
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and

Q o} o] bd

O e} 0] Q x

O G o] o] o] X ;
|
|

% x x X X b'd o |

X X b:e X X X X z ;

* x x X X X X X %

o 03 Cy ia of the form

L

a 1

o o1
iXXxxl
}xxxXXl

o o s o o o
%OOQOOOOI

.-o.co-ccuo.o.-on.ot-.lo-o---a--o--.clc.-ocnlloﬁn
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Assuming that an1+l’n1+4 # 0, we perform

the operations

(n,)
L’O:L,j * knl+4,j COlnl+4 ’ knl+4,j - anl+1,j/anl+l,nl+4 '

I o= 1, 2, 3y een o+ 3e

These operations are equivalent to Post-multiplying Anl
by the infinite unit matrix after inserting the elemonts

k « 3 k in the positions

nq+4,1 °? knl+4,2 1w Ny+4y nq+3

(l’ll + 4,1)9 (111 + 492)5 “sey (nl + 4, n‘_]_ + 3). Calling

this matrix Cn +1 » then in the resulting matrix
1

A

n+1 A 0102 s+ o G

nl+1
the elements in the i th row before the elementg. | .
=== 1a143

1=1, 2, u.., ny=1l , n,+l  are all zeros. The matrix

Cl Ch v o« s C

o 1g obtained from ClC2 “ o o Cnl by

n1+l
. - _tA _'l > -
ingerting the clements kn1+4,i ) knl+4,2 ""’kn1+4,n1+3

in the posisions (n,+4,1), (nl+4,2), cre (nl+4,nl+3) .

If we assume that ai,i+3 # 0 for all i=nl+l,nl+2,...,

& contlinuation of the above brocedure leads to the result
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