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INTRODUCTION

Banach space theory, as most abstract mathematical theories,
started with the study of particular examples. The Hilbert spaces
and the spaces C(K) of continuous functions were the first
examples of function spaces which were investigated from the point
of view which is now called Banach space theory. The next examples

to be studied were the Lp—spaces, lep s,

The appearance of Banach's book [36] signified the beginning
of the widespread research and interest in the general theory of
normed linear spaces. Banach's book is devoted mainly to the study

of what is now called the geometry of Banach spaces.

Since the appearance of Banach's book a huge amount of
research was done on the structure of general Banach spaces,
as well as the structure of special spaces and in particular of

those related to the C(K) and Lp*spaces.

The aim of this thesis is to study fp-spaces for 1 sp s x

and scme operator ideals on them.

As main reference about Zp—theory we mention "Classical
Banach spaces" o¢f Lindensstrauss and Tzafriri. For the operator
ideals reference book we mention "Operator ideals” of A. Pietsch.

The thesis consists of four chapters.

Chapter O contains the preliminaries, this chapter is devoted

to summarize well known definitions and explain terminclogy used
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throughout this thesis. Furthermore variocus results which are

employed without proofs are given.

Chapter I is devoted to studying fp-spaces. It cannot be
considered as Banach functions or sequence spaces, They are spaces
whose global structure is quittcomplicated. It has found that the
local point of wview is very useful in studying many properties of
Banach spaces. The zp—spaces seem to form a suitable framework in
which the study of the isomorphic properties of the classical
Banach spaces can be carried out. In this chapter, the proof of
some propesitions concerning projections and the basis in a separ-

able infinite dimensional fp—spaces, 1 £ p <1 are given.

”Chapter I1 is devoted to studying the theory of operator

ideals [36; and some operator ideals are menticned such as
absclutely (p, q; summing operators between Banach spaces, 1 < T
3§ © *T . pTnuc.ear operators. 1 < p s 1 and cperataors of type S

1 s p sz Schatten operators, whose appreximation numbers are
p-summable. In (&) we obtain a new estimation of atsciutely (§ 1.
sumping ncrm of the littlewood sperators between Zu-spaces. At the
end of this chapter +the Banach space X faor which NX X: = slgx,x;
i3 studied. It is Rncwn [33] that N(K H: = St;H,H) for any Hilbert
space B and a characterization of fp-spaces using P-nuclear opera-

tors and approximation numbers are given.

Chapter 111 1is dJevoted to studyving “he concept of limit or-
ders which has been introduced by A. Pietsch az a mean to compare
and estimate the ncrms of different cperators ideais. The first

three sections of this chapter are devoted to studying the famous
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work of H. Konig [1B]. In section (D) another method of estimating
the norm of absclutely summing operators has been studied using
the local finite dimensional subspace of tp-spaces. In [8) we
estimate the absclutely 2-summing norm of the littlewood operators
hK between zpmspaces using the limit order notations. 1In (9] we
give an estimation of the approximation numbers and Gelfand numb-

ers of 3 matrix operator:

T= ()0 "ot

T. .
%=1, 421

as a special case of our result we obtain the result of [33], 1in

case of finite dimensional spaces, where T is considered as

a diagenal operator, we apply our result to littlewood operator.
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PRELIMINARIES
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4

PRELIMINARIES

In this introductory chapter we summarize well known definit-
ions and explain terminology used throughout this thesis. Further-

more, we list various results which are employed without proofs.

A. Operators on finite dimensional linear spaces.

In this section we summarize some basic results from linear
algebra which are the back-ground and model for all of the
following considerations. Proofs may be found, for example, in the

textbook of P. R. Halmos [14].

All linear spaces are considered over the complex field.

Finite dimensional linear spaces:

t(n)

We denote by the n-dimensional linear space of all

complex -valued vectors x = {E_, ..., En).

)

The spaces LE and {T are the space Akt equipped with the

norms
2 1/u
. NS
bl = | e |t
N A 4
1 =1
and
thdl = max £ |
respectively.
In case of finite dimensicnal normed space (X, [l ) we can

make an isomorphism between tﬁ and X as follows:
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P =
L

NCE  We Isrmulate the folliwWing lemma consulited by 28]
Lemma {1):
et {x ‘1) be finize Jimensizral ncrmed space With  tasis
. z Lence avery ¥IX Tan L€ Writtern as:
4]
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Y = - z
and we et
- %, deflnes 3z onirr 0L oon X
L Thers swist CgnEmants R I .os 2 Z -
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Let M={,; « be any 'n.n:-matrix. Then ar ~perator Mo fO . pD

cTan e deiined by:

Mo = T
; - i
‘ n
shere » = {- } © 77,
in This way we Jet a crne Tl ore JIrrTesponcence  Letween 4. 0

MALrlices and Iperators on

]

Zn the other hand, let T e an cpeérator -on a finite dimensicn-

al linear space X. Then, for everv fixed basis z. ... = there
S

o

exisis a sc-called representing matrix M = . , determined by

-
~
+
(]
~
(9]
1l
-
3 ]

with <he cperatcr M irnduced by thzs marrix, we have tne glagram

- - R g _— - - W - - - a - P
_LE _Axu"f.".'-_v_‘; -az.t Z. - -I0N TR TR TelYSSeTTITL MAaTIrlY
Fy ' - -
wWlon resfnect I anIther Lacsls ~ 8L There =2XisSt3 an
- -

- e - N - - - - - Y - ‘b- - k = .~ - = .
IT.eTTICLe TMaTrix A fuch That N = 4 MR The matrix R = F L g
Ismerminel Lv:
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E.ery quasi-nerm i1l given on a iinear space X inducez &

ab.e LI onere s a metric 3 or X WwhiCoh oLE compatifLe Witno ot

©L& CILVErgence Ln TRIS MELrilc 1S eguivaient *o Lhe Convergence -no
“LIS TIDL.oQY
) = .

A juasi-Banach space is a linear space X equipped wizrn a
7iasi-norm - 0 which becomes compiete with respect To the asscooat-
ed metrizabie topeiogy. This means that al. Zauchy seguences azre

CChVergent.

-

in the most important case when '|.i! is a ncry

Banach space.

Let X De 3 Banach sgace and Y be 3 rnirves space i Tl Y
18 & .lnear Iontinucus cperator ane T 2wzzws toen T 13 oa
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