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ne vear 1885 was an impertant vear for approximation theory.
In that vear, keierstrass and Aunge annhounced well-known
appreoxXimation thecorems bearing their nameS{‘Since then, several

impertant extensicns of the theorems have bdeen cbtained by De la

laliée FPoussin ill, Bernstein [Z1. Stone 131, and others [4].

The wei.-known theorem of Srtone, referred 0 In Ihe
iiieratures as the Sione-welerstrass theorem, characterizes dense
supglgenras, A, =i Tne sigepra A, ol fonuinuous real vALUed
functicns ¢on a compact set X in the uniform iopology 1o terms of

Separalich properties of points :n X oy functions 1o A,

Zrapter zero contatns &ll basic £ef:nitions which nave been

used through the thesis.

“hapter g¢ne s an TDIroduciory chapler on the approxXimation
Theory.  _n1s  cnapter  is devorea T 1hE Treatment of  standerd
_Ingar pron.ems, DON-:.Iinear proh:ems and oo opartigurar ine case cof

T&llChal ADproXimalions.

Aithougn the Lebesgue spaces L (L<p<x; play a Dbrimary role in

many  areas -f Mathematical analysis. _hese _ spaces are
insufficient o cescr:be the mapping properties of coperators such

as Tne conjugats- function operaior J1-30.

There are c.asses of IBanach spaces of measurable [unctions

that are alisc ¢f ‘nterest. "he 'arger class ¢f ihese spaces s
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snown as Orlicz spaces, which are direct generalization of the

spaces L, and of inirinsic importance. The Urlicz spaces imvoive

functionals of the form [¢{{f!}) for increasing functions p. These

spaces are investigaied in some detail in [3-81.

In chapter two, we bpegin by studyving uniform :ntegrabiity
principle and then a study on convex functions and Young functions

are given. Also the Jriipcz spaces and 1ts properties are

presented. _hen our exiensicn of pericdic Tuncticns eXpans:on 1n

1TET Spaces 18 glven. -

I- is known that, o every cont:nuous periodic 7unci-on Tix)

and every positive integer n, there corresponds a completely

defined i-igonometric sum denpted by T 1(X,f) wiich devizates the
Nw=1

least “rom 7ix.. The measures of the deviat:on:

= max Six/-T JEeD !

" -

—_

[N

IS8 a Tanctiona. o0 I aspendent on .

Jne can gencsraellize 1nNEe above siatment o ORErators on Sanach

[7/]

paces :n the Zoilowing mammer. i1et Z and - be 1wo 3anach spaces.
Tor eacn mapping _€L{E,F), <{where _!E,F! :s the space of ail
oounaed 1inear operators from X o T, there  =xist “he
appreximalion numbers, a_t ) owith n=C,1,2,..., provide a neastre

ol how well T can be approximated by finite mappings whose range

18 at mosSt n-dlDensicha: .

Chapter three, :-s devoiled .o ihe structure and anaivsis of

ciasses 0F _inear operalors opetween Orlicz spaces and  some

Central Library - Ain Shams University



i,

(93]

applications. we first consider factorization properties as well

as character:izations of linear integral operators on Origgé
spaces. Then we follow some famous works of Kénig and cthers to
g1ve generalizaticn of their works to Orlicz spaces. Specially we
glve estimales of approximation numbers of integra: operators
petween [riicz spaces.. Also we approximate some classes of
absolutely summing coperators by Tinite cperators. rinmallv, we

study the case of approximations of K {X,c 7 in Z{X,c_ . Then an

al
C
C

app..caton oF t

4]

i work 1m maral:2! computatlion is g£iven.

(:] Vallés Poussin de Ta; Sur iipproximatu:s des Tunctions, d'une

E

variabie raele et de leurs Cérivées par des poivnomes et des

oe rourier’. Zull. dead. Scl. Beligigue G088}
21 3. 4 Derrstitern, _aCCns SUr Les o8 axlermales 1 la

Me1:i.8UTe  BDPTOXIMATION 428 JONCLions anasviigues a'une
variable meele , Zautnier-vii.iars faris 1928.

(3] M. H. Stone. Appliications of the theory of Booiean rings o
genera! tODClOSY Irans. amer. Math. Soc. i1 (1837) 373-381.

4] W. Triicz, Uber eine gewisse x.asse von melmen vom Tipus B,

li. Intern. de ['Acad. Zoil. serie 4, Cracavis, 3 .1832)

‘lél

(3]

07-z20.

,_
[#]]
o

serle A, Cracavie (1i838), 33-1G7.
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A. J. Lugemburg and A. C. Zaanen, Conjugate spaces of

Orlicz spaces’ , Nederi. Akad. wWetensch. Prac. ser. AS9-Indag.

Math. 1B{1838}.

ra
-4
I

A. C. Zaaner, 'Linear snaiysis’ , ~ew York and Amsterdam, (18331).
-8] . Lindenstresuss, L. Tzafriri.

‘Classica. Banach Spaces I,II"

-

Springer-veriag, ri:r Beideliberg New York, (1877), {1879)
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CHAPTER O

BASIC DEFINITIONS AND SOME RESULTS
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a

belong to B also belongs to B. Then B = C(X), iff B separates the
points of X, i.e iff for every pair (51, sz} of distinct

points of ¥, there exists a function ¥ in B which satisfies

s ) 2 x(s_j.
2 <

0.3~ Definition [181:
A real valued function Mi{x) of & real variable % is cailed

convex 17 the lnequalily;
X +%
i

<+ My o+ Mix o

3% I

aoids for all valuss of %, =

0.4- Jensen's Inequality .8]:

—et (X, 8, 4j be a measure space with u:X)=1, 17 ¢ is convex

oL e, D, where -x«<adzdx ang 7 1s an tategretle Tunction such that

2 & (X, <z for a:i x. then:
ol I dn, € 27 2l
_-'\'O T =2
IDx=x . =, s X 1y 5= R, X L) S o290

Then Jensen's 1nequaiily 1s:
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G.5~Lemma :

let f be a iwice conitinuousivy differentiable real-ialued
Tunction on an open interval {(a, b). Then, f, is convex 17f its

second derivative, I, is non-negative throughout {a, b).

Here are some functions on, H, whose convexity is a
consequence of above iemma.

v fixy = %%, where —wiada.

2) Sy o= xP 0 47 x20, iz = x :f %<0, where lsps<s.

30 Tix) o=-xF 17 k20, flx=x if %<0, where O=p<l.

1 Tixl =%t - i %<0, where ~—=<ps=0Q.

2Ty =lgt-xy flx)=x i !%l2a. where «>0.

B8) fix) =~ log x if x>0, fix)=¢ 1T %<0.

T fiE) =y log X s comvex on 0, 1.

g; Tix, = Xla, x> 1

e 4
) fim: o= o0+ omr) o Indl o= lwr) o~ix.
9y fixr=e ' - gy - 1

0.8- Definition [:2]:
let X,Y be vector spaces. in operator 1:X——Y 15 linear i°f
Tlax+by) = alx - biv,

for all scaars a,b and &.:@: ¥,veEx.

0.7-Definition T.2]:
et %, Y be normed spaces. An operator T ¢ X —— Y ig

sounded 1T there 18 & number o such that:

FTxl=mii x|
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(k)

0.8-Definition:

N

TP X apd Y are Two normed linear spaces, then LIY, Y denotes

(K3

0.8~ Theprex (Banach spaces OFf Operatoss) (120

T - Ty T —~F . < 3 T e e [ N N, =
JNEe 8spaces ik, 0 Ol ZoUngeq | ITSATr ooErators X oa— YV iz o2
banacn specs 1D T 1= c=.
: |
H
St D P R, f - - - - I
LeouT ITCDOSITIoT (AdSoint JDETATOT G Lzl 3
x
L
L
i ‘ - iy e F-Yal ——o - = -3 - ]
LI AT e o ERaloi hhete E- s BENNNRST- - 0y I8 Zi.kert -
. ¥ i*: - -
NEY, TNSrs 1§ 2 UTILOUE CDSTALSr A T =——— 7 SuCh LhAT:
= iy e - -
Ay =L S-S
k - T = — . roF =
o oL Lnieal BT O DTUTCEZD = = = o~ = = - L5 TEligel
e anitLnt oIz
= CDEergtor o T B DOTRSa SDAre L8 oompact LIt
OOUNCED 28T IS10 2 Te.alle.y CDMDARCL 35T
.
Ue o L5
LB CAT) DI o2 _Inear ooeratol s 1is range.

LAl LWD IISTmel [t =sel B
e BET I L. COmMDECT Cperators n Y., and XK, Y ronsisie

g ol all sperators o7 rank 0.
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0.14- Definition i:12]:

in gperator .

positive-~definite i1

negative-~definite i

DoS1tive

negative

0.153- Definition [.3]:

TOT EVeryY ODEerator

are celfinec by

The basic properties ¢f appreox:mation numbers are set cut

‘oiiowing pronosiiion.

[
[RREYES

U.186- Prcposition

let X, ¥, C be Zenacr spaces and let Zii{X,Y’ and gel!Y.7).
iz g€<I. £a .Z;a .7 Iocral: menmox
meT ! o
R BT 22 gire T Forall mooox O
men m ™
Gla AT = Lade Tor il n2l. whsre i is
b hat
A I = oa (7, a 7] = >a 7)) zxa -
2 4 , 41
50 that 7eLiX,1, 177 {a [(T)lef”
n
S I va (filec. . then feXiX, ¥, where ¢, s the
bl ~ =
space ol a.. saquences ihat converge tq zerg.
1€) & f) =3 7 feT X,Yr, where T 'X, Y) :is the
o T hed
of LiX, ¥) of &l. operators with r-ank at most n.
7)Y a «f'; <a (f) for aii n.
el 0

O an

o

Inner

AX)
AX)
AX]

Ax)

:T € X,Y! and rank T

product

space

>0 for a:l

< 0 for ail

aill

ail

<n ).
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called:
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v

tNe n-th approXimalion mumbers

in the

scaelar.

jinear

supspace



