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SUMMARY

Injective and quasi-injective modules play an important role
in module theory, and (quasi-} continuous modules are a generaliza-
tion of these concepts. One of the interesting results, on the stu-
dy of {quasi-) continuity, is that many of the important properties
that hold for ({quasi-) injective modules, still hold for (quasi-)
continucus modules. It is often more convenient to work with

{quasi-) continuity rather than the notion of (quasi-} injectivity.

The crigin of the concept of continuous modules lies in Yon
¥eumann's continuous geometries [39], where the continuous regular

rings are the goordinate rings of these geomestries,

¥, Utumi (1960) studied continuous regular rings extensively,
and provided many of their characterizations in lattice theoreti-
cal terms [37]. A general definition of continuity for arbitrary

rings was given, again by Utumi in 1965 ([38]:

A ring R is called a right continuous if (i} every right ideal
of R is essential in a direct summand of R, (ii} if a right ideal
[ is isomorphic to a summand of R, then I is a summand of R. Note
that every reqular ring automatically satisfies condition (ii} (see
Lemma (2.2.5)). He alsc utilized the condition (iii}: for any twe
right ideals I1‘ Iz, with Iin I2 = 0, the projection If‘&l2 — Ij,

j=t.2, i3 given by left multiplication by a ring element.
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Th+ concept of continuity and quasi-continuity were generali-
zedl to modules by L. Jeremy [17)], and 5. Mohamed and T. Bouhy [25].
They, independently, applied Utumi's conditions (i), (ii) to modu-

les, and obtained what they called the conditions {cl} and (cz}.

Th~ endomerphism ring of a quasi-continucus module was studied

by L. Jeremy [17].

5. Mohamed and T. Bouhy [25], studied continuous modules and
showed that every (quasi-) injective module is continuous. The

converse i3 not true (example {2.1.5}).

The condition (iil) was extended to modules by V. Goel and S.
Jain [11], and was called n-injectivity. It is equivalent to quasi-
continuity, and alse +to the finite extending proverty defined by

M. Harada [15].

B, Miiller and T. Rizvi ({28}, [29], [30], (31]) dealt with
several important aspects of the theory of (quasi-) continuous
rmodules, analogously to the concept of injective hulls defined by
Eckmann [5]. They introduced the concept of continuous hull, and
explicitly described the continuous hulls for the class of uniform
cyclic modules, and of non-singular cyclic modules over commutative

rings.

The characterization of direct sums of guasi-continuous modu-
les, in full generality, due to B. Miller and T. Rizvi [31], was
demonstrated independently by C. Muck [27]. The {easy) special

case was observed in [17] and in [11].
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h. W. Chatters and C. R, Hajaranavis ([3] investigated rings
with chain conditions in which svery complement right ideal is a

direct summand.

The condition (C1} was studied by M. Xamal [19], and by ™N.

Kamal and B. Mialler ([20]. [21}, [22]).

Several wvarlations of that condition were investigated, in
numercus papers by M. Harada [15] and his collaborators, under the

heading of "extending properties”.

The present thesis, which consists of three chapters, focuses
on some Inportant aspects of the theory of continuous and quasi

continuous modules,

The first chapter provides the preliminaries and some back-

ground results to be used in subsequent chaplers.

In the second chapter we state the defining conditions, and
provide the basic results, of continuous modules. Such defining
conditions hold for quasi-injective modules. In section 2, we stu-
dy the structure of the endomorphism rings of continuons modules.
As a result, the endomorphism rings of continuous modules possesses
the most crucial properties of the endomorphism rings of quasi-
injective modules. The endomorphism rings of injective modules were
first studied by Y. Utumi [37], and latter generalized to gquasi-
injective modules by €. Faith and Y. Utumi [8]. 5. Mohamed and T.
Bouhy [25] generalized these results +o continuous modules. In

section 3, we give the decomposition thecrem of continucus modules
Central Library - Ain Shams University
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into direct sums of square free and quasi-injective submodules. As
a result, in conjunction with some other theorems, in section 4,
we show that continuous modules have the exchange property. The
finite sxchange property for continucus modules was obtain from
Warfield [41]. Theorem (2.4.7} is due to Mohamed and Miller [26].
Beyond these facts, we discuss in sections 5 and 6, continuous
modules over commutabive Noetherian rings and provide zome classes

of rings for which every continuous medule is guasi-injective,

The third chapter deals with guasi-continuocus modules. In the
first section we study the injective hulls of gquasi-continuous
modules. As a result, we determine all gquasi-continuous modules
which are essential in injective modules. In section 2, we inve-
stigate the relation between the concepts of relative injectivity
and of quasi-continuity. We provide the concept of m-injectivity,
which ia a generalization of that of relative injectivity, and show
that the concept of m-injectivity is equivalent to that of quasi-
continuity. In section 3, we investigate the direct sums of
decompasition of gquasi-continuous medules, and give the necessary
and sufficient conditions for such direct sums to be quasi-
continuous. We study in section 4, the decomposition theorem of
quasi - continuous modules inte direct sums of indecomposable
{aniform) submodules. In section 5, we characterize directly finite
and purely infinite gquasi-continuous modules, and show that every
guasi-continuous module is a direct sum of directly finite and

purely infinite submodules. Section &, deals with the endcmorphism
Central Library - Ain Shams University



rings of quasi-continuous wmodules. We study quasi-continuous
modules with some conditions on their endomerphism rings. We end
this chapter by giving the structure of quasi-continuous modules
over Ore domains, then we give the full characterization of

quasi-continuous abelian groups.

Mast of the materials of the last chapter are due +o B,
Misller and T. Rizvi [28], [30), [31], V. Goel and 3. Jain [11], L.
Jeremy {17]., and B. Miiller and M. Kamal [20], ([21], {22]. Some of
the proofs we have given are slightly different, and some others
are easier and completely different from the ones criginmaly given

by the above mentioned aumthers.

The results of Section 7 of the last chapter seem to us to be

criginal.
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CHAPTER I

BASIC
DEFINITIONS AND RESULTS
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CHAPTER 1

BASIC DEFINITIONS AND RESULTS

In this chapter, we introduce the definitions ard the conven-
tions which are required for our study in this thesis. The first
section provides the preliminaries and some background results to
be used in subsequent chapters. In the second section we provide
some well known facts for latter use, concerning the concept of
injectivity and some of its generallzations, The third section
deals with the exchange and cancellation propertiea. Finally we

concern with the directly finite and purely infinite modules.

Throughout this chapter all rings (denoted by R) are associati-~
ve with units, and all modules are unitary right R-modules. ® need
not be commutative except in some special cases and it will be

mentioned explicitly.

%.1.1. Preliminaries:

Definition (1.1.1):
A submodule ¥ of an R-module B is said to be essential in M

(dencted by K='M), if K | 1#0, for every non-gero submodule L of M.

in this case we may say that M is an essential extension of K,
It is clear that K = ¥ iff for any 0 # mel, there exists reR such

that 0 # mre<K,

in

A monomorphism f: K — M is said to be essential if Im f
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