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CHAPTER I

U S Y ki A R R

ANALYTIC MANIFOLDS

- —— e e e e — ain a e e e e ———-—

in this chapter we give some prelininaries which will

Le used loter one We mention briefly some properties of, and

oy Ty o4
SRR L

ructures on, complex cnalytic manifolds, tangent spaces,

Li~ -rcoups and Lie algebras.

The chapter is divided into three sections:

1. Complex analytic manifolds, tangent spaces and dis-
tributions.

2. ©Some concepts on the theory of Lie groups and Lie

olgebras.

3. Theory of fibre bundles.

Throughout this chapter we give some examples to explain

{0 iocas of the definitions and concepts which are basic in

EEE e
Plad vild

-

ive

i. CONPLEX AMALYTIC MANIFOLDS,TANGENT SPACES ond DISTRIBUTIONS

7 - ot i - 4 F o
Throughout this section we follow { 11,12 Pa |3 §andt8;.
L - - P - v

Delinition (1.1.1): A complex analytic mcnifold of dimension n

el inl

ik

A R S

sy ey T Y
OGO

uscorff space covered by neighbourhoods each of wihich home-

¢ to o cell in an n-dimensional complex space, C& ( i.e.,

thero 15 g finite open covering {*in} zind foreach o

U e Cn 3

e

%i}
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1o oueouworphism of Ué( onto an open subset of C?) and such

t, for any two neighbourhoods Uq, and Up with non-empty
ivcerscction, the map:

i © u&l o (U AT ) e i ( Tyl U )

Tooon anolytic map.

“"he above conditione are called a conplex onalytic

serucoure and the pair ( TOQ UOC) is called a locel chart.

Uefinition (1.1.2): The functions defining ug are called

oend COOTdil’l&teS in Uq . .AA.:LSO) if ( Zl, [N Zn ) G, Crls

tnen ohe system of functionc 7t

n
Ou._,,(, :3201}.,{900., Z OLL:;(
defined in'Qx;is called a local coordinate system in Uﬂ<and
cimoly written as {'Zi . .

* l:l’ﬁdifin

velinition (1.1.3): UO< is defined to be o cubic neighbour-

“cod of o point péeM, if it is possible to find a chart

(U s gx) such thet uy (p) is the origin of ¢ defined by:

Pl '
Z Jib,...,fz tdlb

{or ~ positive number Db,

Remark (1.1.1): A complex nmonifold hes on even-dimension ,

is o one-to-one correspodence between complex coors-

i
ginntes ( zt,...,2z8) ond real coordinates ( .., 7 yl,...,yn),
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R :¢ < 7 R : <
vith 25 o= xk -4 -1 yk i¢ the conjugate of zk.

The n~-dimenticnal complex vector space, Cn9

rmo o conplex analytic menifold,. Ior the ldentity map I in

Ot together with the chart ( Cn, I ) forms o complex structure

Sxonple (1.1.2): The complex projective spece Py (= space of

) . C e n+ly . -
“ylex lines through the origin in C ) forms a complex mani=-

fo1¢ chero the complex structure is introduced as follows:

Let ( tgybyyeeesty ) be complex coordinates on Py, ond

[

(i) U, = {p € P, ; ty (p) #o} , for j = 0,1,2,..441,
(i1) The analytic functions
1

U‘j : U,j e e Cl 3

(to,tl,...,tn) ----------- r(ZjO,...,ij,...,Zjn)

wiiere Zjx = ty / ty for ty # o and by " e nes

that thic term is omitted.
55 Uy ) forms o cilort for 2ll J = 0,1,...,n and
“hen the complex ctructure is introduced.



Lot M be a complex cnalytic manifold, p be any point

Y

<

"1 ond let 7 (p) denmote the algebre of «ll analytic functions
cefined in o neighbourhood of  p.

Uofirition (1.1.4): A comploxm tengent vector X3 at pel 1is

,
‘s
e
o

I

sueh thate
Xb (af + bz ) = a %y L+b X €,
X (

fg) o= 2w (X o)+ & D (g (p)

vor 211 n,b € C ond L5 € F ().

A1l teongent vecteors ot a point p € M form a vector

socce T (M) over C.

_efinition (1.,1.5): Tho toagent space T (M) is defined to be

Tiey T, () .

i

he a local coordinate

scmark (1.1.2): Let {2?;} 14

< 14
S "t -~ AT 4. o7 b ~\§ 5 . - e
Lysten at  pe M, then g e form = basis for T, ().
37+ J 1<ign :

P
I
. g N . ~
Tt 7 3 3 __? considered as a basis,
— -"

Let 17 and M be two -nalytic manifolds.
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Uefipition (1.1.06): The map ¢ I ——M 1o sald to be enoly-

=

each T€F ((p) )y L 0P ic un

.t o soint peli, 1f fo

~i.tic function ot pg li

seliplition (1.1.47): Let &b sl ———» M be an anolytic uop ot a

cint p €N, then the differential of & is the (tangent) map

b

d &

T, () e T, ()
d ()

crovided that:
idCP(XO}} fz}g‘)(fof@.),
Lo AD’ I, (1) ond £€7f, (0,

pronosition (1.1.1): Lot My, M, ond M3 be three onclytic moni-

2

- 4
o L.
L0 l (s »

onsidering any tuo cnalytic maps:

& Ml S O
Vo I".L2 I 113 )
we hove 4 (. © d) = d G 0 dj; .
Lot pe My, €W (4 (p)yand he T (r),
Then 1t is clear that

(v o) = (h o¥W) o P in any neighbourhood of p.

j
@]

Loins cefinition (1.1.7) we have

-
]
I

- &

Lo (o) X0 0 = X
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O (¢ og)

dy o

Dolinivion (141,80

Yo oregulor ot p € 1

i

1,.C

Ccion (1.1.9):

lvtic diifeomorphisn

soiinition (1.1,10)¢:

oobronitold it

-

(1) 1T ig itself an
(2) The injective nop

-
O

[y

Gs

L

oo inition(l.L.11)s

[

P

(1)
(2)

ordin

1f p€ i,

ates

Z0

in M ot which Z&7—

1ition(1.1.22)¢

n be the dimens

A closed

cabnmenifold sucn that

;4.'[

2

-

(how) oq-j

= d d, (

xg> (hoy)

A \1{4’_)) ‘; h'

- M 1s call

analytic map.

coalled

anglytic monifold,

() is closed in M wvhere
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The vector field X can be exd

> S
X=%, a

vith respect to a local coordinate system {.Zl}
1

. i

7 o-

ressed by

& z*

Liw-n

wirere the components a- ore functions delined in a nelgh-

1414n

=13 are analytic funct

sournood of {Zi} .

2oLy ulcs.

Y

befinition(1.1.13): Let XY

[anl

o . The commutator, [X;Yj

XYD G = X(YE) - Yy (XE)

The bracket [X,Yj !

For, let
£ =7:aj - b_-
bzﬂ
Then
(XY £ = X (YD)
=2 2
A 7

ions, then the vector field is

be two analviic vector fields
s of X cnd Y 1is defined by
, £ F(p).

olso an analytic vector {ield.




Tonce |AY | is a vector field with components

Since  aY, bd  are analytic functions, then cdk ig analytic

iz an analytic veetor ficld.

The commutator has the following properties:

-

b [ %,Y for a,b€C

il

(1) lax,by]
(2) XYl = - Ty,x

{". b r“r" - ",' HES o -
(3) 1 1%,Y] ,Z]-&— L Y.20 , X+ 2K, Y = o

hich 15 called Jaocobisidentity.

Dolinition (L.1.14): A distribution £ of dimension r on a cou-

Tew onolytic manifold M ic a law which assigne to every point

“ 1 o subspoce & (p) of dimencion "r' of TQ(M).‘Q Lo called

clvire, if every point p< M hus o neignbourhood U rnd r-onc-
tytic vector fields. Xy,...;%. on U, such that Xip,...ﬁXfp form

s for A(p) at poe T

The set %_Xl,...,z%:} is called a local basis for the
dictribution A in a neighbourhood of p.

B

Deidnition (1.2.15): A is called involutive, if whenever X

- he]
ad Y belong to &y tien so does thelr Boisson’s broket § X,Y,
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Doiinition (1.1.1.6): An integral manifold of A is o connecied

Plold Hoof Mosuch thot A (p)  coineids with T, (if), for

-

oy e H. When 211 integrel meonifolds of A coincide with
ioointegral manifold 1s colled o mazimal integral monifold.
We refer to Chevally [izj for the proof of thie follow~
LT bnooremn,

sngoren (1.1.1): Let & be an involutive anslytic distribution

on e Yoroush every point p €M, there osses o unique moximol

menifold TD(N) of A .

. 2. SOME CONCEPTS Oli THE THZORY OF LIZ CROUPS snd LIE ALCIERAS

Torough this secticon ve make use of fZ‘Y, 24% s -5

Ther

oy o comnected complex cnolytic manifold we meaorn o cone-
cler caczlytic menifold such theot its topological spuce is conne-

cted, or in other words, 1f 1t i1s on arc-wise connected,

Dei nition (1.2.1 A (connected) complex analytic Lie —roun
& ) 19

group G which 1s a (connected) couplex anelytic manifold

2 G = G (a,b) e ab™L

/
oo nplex analytic map.
dow let G be o conplex anclytic Lie grou then we
I & ’
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