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The methematicel mode , PEEETW L Gnes oy e
theory of storsge could be of great interesgt to Bnginesrc
88 they meay use thelr results to resch dssisions zoneeriing
buflding and eontrolling of dems .

The first model 1a due to Moran (1954) , where he
conaidered & finfite dam with inflows forming a stationery
(non~seasonal) sequence of mutuslly independent and identir.
ally distributed rendom variables , releanes unity , tias
and volume are discrete » the sequence of reservoir lovels
then forms a Narkov chain » thls model 1s considered az
the besis for al) subsequent work in this fisid .

Many results for the corresponding syatems with
unboundad capscity were followed » Such &7 that given nhy
Kendall (1957} in which he sbnwel thas the sans st g
function of the time to first emptineass is given in s torw
of & functional equation , Foalbhu [iwid; spuwed nunt | oo
8 finite remervolr , the ratic af tiam orcorhiifiticy o+ £y
two comperable levels 1s independent of tne size of the
reservolir , end fs i fecb Lha sooe 20 To snppp e

vanis oy btha soml-intinite ceaoe
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this thesis tc models heving Markovien inficws.

Let us conaider & dam of ocapecity k , subjeot to
an inflow sequence {X¢}ls t=0,1,... , which 1s assumed
to form an ergodic Markov chein , the quentity X, (xtao,
l,s¢s,n) of waber enters during the time intervel (t,t+1},

The etorage level (dam content) 2, at time t will
be augmented by the inflows X, , so that there will bs
an overf{low at the time interval (t,t+l) 1f Xe*Zg DK

‘ ¥e assume that there will be an inataptaneouu relseae

RtitrOm the dam just before time t+l , the amount of
this releese will depend on the content of the dam ,
this content 1s equal to min{X.+4Zy,k) at the end of
the time interval (t,t+l) and just before the releess
ocours.

We will release M units 1f X,+Z, >M , &nd Telensne
the total content of the dam if 1t conteins less than i
units. Hence , the behaviour of the aequenceizbi of dam

contenta is controlled by the equation
Zt*lg mn(Xt+Zt ’k) b min(xt th,“) » t=0y1 Fowiow

the corresponding equation for semi-infinite reservelr.

{k—>c0)} 1a

Zyoy® Xp+Zy - min(Xg4Ze, M) two,l,...
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Preamis for the generating funotion of levels and
fhecuss the walting time to first emptiness for this
w2ae , a#ll the results presented in this chapter are

somplately new
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CHAPTER I

SEMI-INFPINITE DAM WITH INPUT FORMING & MAFR .-
AND UNIT WITHDRAWALS

INTRODUCTION

This chapter presents the main reaults anc
applicetions of the single stream storege model fu.
somi;inrinito reservolr with inputs forming e Mari
chain end unit withdrawals , which is more realiati.
than the classical Moran mode) where ths inputs ays
assumed to be independent , Lloyd (8) was the firast
to dlscues a model with serially correleted i{,figw-
then Odoom and Lloyd (14)extended this work itc ihe
case where the inputs are assumed to form & Meri. .
chain , and that was followed by the work wune « .
Khen and Ganl (1) , and later by Anis and Lioy4 : -

We will ponaidor a dam of 1nr1n1£e capBT: Ly
whioh 1ls fed dﬁring consecutive intervals (. ¢
by inputs X, =%,1,...,n<00 , such that ssch ir:
only on the input in the previcus time interve.

The storage level zt at time t will bhe uny
by the inflows xt » now suppose that there is «.
taneous release R, of water from the dam just .-
1*1 such that we relesse & quantity M of wate:

and & quantity xt+z ir xt+zt<u s In our Siew -

t
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#11l ve cocerned with the case of M=l .

Thus , the equation that governs the behaviour of

the sequence({Z, jof reservoir contents is
Zt*l' xt'.’z‘t - un(xt’zt,l), t=°.1gooo

The main results that will be discussed in this
chapter are : '
(1) The generating function of levels ,
{11) waiting time to first emptiness for semi-infinite
reservolr ,

(111) Proportionality in semi-infinite and finite reservoirs.

l.1~ Generating function of levels :
Suppose the input sequence {xt} form an ergodic Markov

chain in its limiting equilibrium condition , with

1im P(X,=r) = p
t=—r00

r * I=0,l,400¢,0

where
E(x )= p <41 .
The {pr} satisfy the linear equations

LP =P

where L=([..) 1= the input transition matrix ,
I’.- p(xt*l‘rl xt..) [} r”'o,l’hco’n

It is convenient to partition L into its columns :
L= (Io'll’le""',n) »
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"o "y R ’ T ,Tntl_ Tneg

Ly*ky Ly, 0 0 . o o o ..

LB Ll Lo ¢ “a 0 o ses

Ly B L Ly, ... o o
ees  o50(1.2,3)

Ly Lpay Lpog Loy 3.5 L 0 o ...

Ln  Dney Lyg eee Ly L, o ...

o o Ly  Lpay «er Lg L L, ...

It follows from (1,1,3) that
Mo= (Ly+ L) T, + L,
r+l
N, = Eo Lit1-g My o r=1,2,,.,

If we nov introduce the bivariate generating function
of the stationary distribution of Z, snd X, as a veotor

generating function for the T, , defining

- T af
sz’x(O) g re ’
we find that

egz x(e)- (6 - 1)L, 7 + H(G)gz,x(e)

=(0 - L, T, +* H’(e)g;z x(0)
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whence

{a(e) - 10}g, (0)= Myota - 0y, - (ae

where I , as ususl , denotes the unit matrix .
Premultiply this equatinn by 1%=(1,1,...,1) and
utilise the fact that 1‘[0- }'1::, xro =1 , to obtain

Tao(1 = ) = 1°{H(8) ~ 10} 8, (9 .
Now ’
1°'H(e)= (1,0,02...,0") anda 1'Io= (0,0,,,,,0)

whence

1°{B(8)-10} = (1 - 8) {1,0,~ 0,- 0(0+1),- o(e%+0+1),... }
and ao
Woo = {1'0’- 0,- 9(04'1)..-. }sz X(e)
Put @=1 and note that g, x(l)- P.

Then
n
‘)too: po - E (r-l)pr
=1 =-u,
whence
N, = 1lim P(Z =0 X, =0) = 1 - {(1.1.5)
oo = Lim FiEgRo s Xy Pz
The marginal distribution of the levels Z, is gilven
vy
1im P(ztsr) = z’rrs - l‘nr »
t—+oo )

and the generating function of this distribution 1is
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- -
g, (0) = 2;. (1°%.)0" = 1* g, (@

-1
= (1 -0 - e {n(e) - 10} Ly  (La.8)

by (1.1.4) snd (1.1.8), A possibly more convenient form

for this way be obtained from the determinantal oxXpression
for a bilinesr form ; '

o, "1
x A ! L A Y
b 4 A / , ’
Thls gives
° 1t
F 4 H(e)~Io
€,(0) = = (1 = n )(1 - 0)2 (1.1,7)

| #(0)-10]

EXANMPLE

As an illntration we consider the case of a 3=valued

Markov input with matrix
r -
Loo Xo1 Loa

00 ol

Lo Ugkyof) = | Ly, £y, Loy
L, £

In ﬁhin cage we find -
| (o) - 18} =0%(1 - 0)(a0 - b)

where -
’11-’-’1 ’12 [oo 101

a = ’ b=

!zl 122 110 lll-l
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L

lo 1 |
| = - 0%(A8 ~ B)
L, H(8)-I6|
WhEre
1 1
. 1 g g
a - » B =
fio Fa™ A (£ -1
1 11
foo fa1 Fae ° |
Thus
gz(e) = (1 - px)(Ae - B)/(e® - b)
whence

po“(l'}‘x)'%:
and the probability that the content 1s r :
)r

= - B o Aya =
P, (1 px)(b a)( =), rel2,..

The nature of the stetlonery distribution :

Now (1.1.7) could be written in the form
g (8) = - (1 - 201 - 0) |ace)|/ |B(o)]
«nere {B(8)| 18 the determinant of order not exceeding
n+l, with B(@) = H(8) - I8 = % Lie1 ~ 16 , end ‘al@}!
is the determinant of order n+2 obtained from this by
pordering thus
| 0 1 f

£, B(G)g

|ate)| =
i

The first point to be noted 1s that gz€6) ita & refToNA.

3

\
runction of @ . We may write |B(8)| as Ebljie}; .

where
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