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PRENACH

Tz thesis consists of fuur chapbers, three of which
“wal witi . the so-called, Jacobl methods for treating the

eigenvalue problem, while the fourth deals with

station of functions of tve commutative meatrices.

“ncopi metvlods trensform @ real syammetric matriv (or a

-ransfors an arbitrary matrix oo triangular fora. Ia the
&

el

~rocedure, we suggest, for computing a fuaction of two

triangular forms. I seems to us Hhat she treatment of

functions of commutative matrices, by numerical mebicds, has

not been cousidered before.

The Tirst chapter coansiste mainly of a description of
Jacobi actnods for real symmetric matrices; it also contalne
= critorion for compering between (cyclic) methods corrzs-—

~onding to differeat cyclic orderings.

¢ cuspter 1I, we expound th2 extensive theory con-
cerning t.. convergence and spead of convergeunce of Jacobl
wethods for both real symmetric and Hermitian metrices;

convergence of the approximete eigenvectors is included.

Central Library - Ain Shams University



m
/‘- -
.
ST

::L% 1 :éf %
-— = [ i
,f:EE = 5::_'::

L ‘\ |

Central Library - Ain Shams University



ii.

third chapter actuaily consists of two parts.

o)
b

Une part deals with J2cobi tyre wethods for triengulerizing

#q arbitrary matrixs the secont deals with Eberlein
iageneuvus extenslcon of Jacobi msthods.

3

In chapter IV, a8 we bhave iadlcsted above, we intreducs

thie problem of computing a function F(A,B) of twe commuta-

Gdve wotrices A and B, Wwe consider the cases: (i) when
tiue two matrices 4 and B are real sad cymmetric (or Herwiti
“ii) when one of the wmatrices is real and symmebric (or

dermiti-a) but the other ie arbitrary, (iii) when the two

matrices are arbitrary.

fue thesis has been prepared under the kind sguvpervisisn

cf Pror. Dr. Ragy H. dMakar, to whom I wish Go exvnress mny

cincerest gratitude 2nd thackfulness.
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Leed to 2anihilate 2 preassigned cleuent of & gZiven

4, usiny some certein element or elements of A in Gt.e

[
f
4

sonihilating process, Ghe resulting matrix belung Uj . Asi% .

Ta fsct gucl rotations may be ussd to construct itarative pro—
cesses bto traansform & real symmesric matrix into diagonai
form. Such 2 process was prop: 24 fur the first vime by
Cacobl in 1845, however ite actusl application bochus posegible

culy with the developuent of high-speed computing devices.

@

Trh> zngle @.j can be chosen in such a way that to

15 3= - P LR P - . 1n . A -
.lomente o, . = a.. are annibiletad In fact when & = [
4 & lJ Jl < B <l . & ; a A pq

i¢ a real symmetric matrix and B = {b is the watrix

pa |

] L,

then writing @ for ¢, , we can casily verify that
dJ

G, . = &_. C . S" = .

Sy 84 cosd + aka ing blk 2 Gk £1.9)
b, . =a,_.8in + 3,_. cos@ = D. S

k3 ki 2 k] z Jk

- el , : .2
Doy = 844 cos“g + 2 aijcos¢ giad + gjj sin“¢ ,

[

: . 2 - . 2
n.. = =.. 5in“@g - 2 a,.cos@ siafd + .. cos“ @
Jd 1l 1d v dd ’

o
1
—

jav}

] - 2 o
a;;)cosd sind + aij(cos ¢ - 8in“@) = b ..

since bi4 is to be zero we have
oJ
2 2.
~ 4 1
1.2 ton 28 = — e .

Cii

..
Ci
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asgigned v

“Te LenNgon

.
(e

T1d1
of elgenve

rethod Jhcobi uses the fact thot toe sum of the squores of
2 0 ~
s.¢ clemenise of A andeny Aris:aconstﬂut equal to Zwk i s
i=1

rhe sum of the squeres of the cigouvelues: thus - raduction

57 the off-diagonal elcumente cnuscs the gud of the scuares

07 tLe disgonal elements 2pproach thet of the siguuvolucs.
T-is mebthod though hee the advaatage thoat 2 complete

crror foolysis mYlStcl_ W yot it has the disadveatage thnt

seonning tho matrix after eaclh rotation for the l=rgest

pff-diogonsl clement takes considersble time of = computing

aneninc.  TFor bhie reeson varisnte of the Jacobl metliod

¢ been inbroduced.

;‘vT- 3 . 0o n U. . j-

The anglc ¢ which annibilates tho eleuwent 313 = 2., is
R
doternined from equation (2); Ghen the clements of %the
T - . 8] el - -
matrix Uij Awij are computed by the 2DOVE formulac. dJacobli
arnihiloted the maximunm off-dirzonal clement with the fivet
rlanc rotation Us . . He then cnpihil-oted the roxlaum
£ ii.3
1°¢1 m A
Sif-diagousl element of A5 = SEE aU 5 i with a rovaticn
vl 11
matrix Ui 9. Contipuing this process. 1e was abls o
22

prove that a stoge H would fin=lly be reechcd such Bhnt all
ot ¢-dicgonnl elements would be loss than sny fixed pre-

luc. At thie poiat tho diagonal elements of A,
L
ably close to the eigoavalues and the matrix

j=
=

approximately the aotrix
t2d2

ctors.

t-195-1
In the proof of the convergence of ©

L
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2. Cyclic Jacobi wethodz.

Gregory, 1952, rlzj proposed a mocification o bhe

1

slagsicel J-cobi metbod in selectlug the pairg(ik,gy}.

Tastead ¢f scaoning the matrix afver each transformetion
0

Tor =zebtiag the largest oft diasonal element, he sclected

[
e

aire in some fixed cyclic order. lizinly two crelic

o]
0

orderings were considered:

(1) Cyclic hy rows indicated by the scheme

<io’jo> = (1,2)

| <ik’jk+l> if 1, { o1, U(< no.
(g1 rdie1)= | (it lsdp+?) i3, Cnmly gy =0
(1,2) if i, = n-1, j. =10 :
(ii) Cyclic by columns, indiceted by the scheuwe
(143g) = (1,2)
. N r /. . P . s . .
2al) ii Klk"’lsJ\:) 1z lk AN Jk'ls Jt\< n o,
. . ] . ce s . .
(lk+1’3k+l>:ﬁ (15 3y+1) if iy, = gl 3 <2
(1,2) if 4 =m0l =0 .

Ia the cyclic Jacobi methed we thus anninilete all off
disgonal slements in the first row, th'n the second, and so
on, or in the first column, thien the second, etC,ye.s

irrespective of the magnitude of the elements. An eleument
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whieh is reduced to zero may be created again during

e

robations, hence the process hele 1s #lso

subsequent
iterative. 7This metbod is simpler toan Toc clagsical Jacobl
methed Sor an electronilc compubter but requires more rans—
formaticne for convergence.

ow we can apply hhe convergeace test after e~cl trans-

formation (i.e., 2ll cff-diagonal elcuwenss have become Jess

¢t .an some preassigned small number) or after eacl group of

{nd—n)/E transformations, wiere n is the order of tl¢ mabrix.

Tre first enables onc to terminate the process ag scon ag tho
process converges, but requires many applications of the test.
The second applies the test only after gning Ghroug. the
off-dingonnl elements once. This means hlat over iternting
LTy

%11l result and in the exbtreme cngo (07 0=2)/2 wnieClons

< z

n

transformobions will be performed.

Gregory displayed some results of programs usiog eitber
t.e clagsical Jzcobi method or the cyclic Jacohi metiiod, and
on toe other hand convergence is tusted according to one of
the previous umethods. Indeed Gregory discussed the following:

(i) T-¢ time required for diagonalization,
(i3) The number of orthogonal transformations required,
anc

(1ii) Au indication of accuracy.
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Cirby five watrices werce used. The tiwe ziven in Gregory's

“onles ie werely the computaobtion time and does not include

Sime required for input or oubtput of caga. 11 accuracy

-7 toc process is determiced by forming the sum of Hho

o€

gnares of the components of the o regiducl vectors,

r. = AX. — AsX. 5 1 = 1,2y c..yn
R 1

where X, :qd‘%i are bthe eigenvectors nad cigenvalnes res-—

vectively of A.
Iuspoction of the results has revealed severnl ctn-

clugions. The simplest program using the cyclic Jrcobpi

acthod (cvelic by rows), and applying the convergence ivest

after gacl group of (nz—n)/2 tronsformations was tiac fastest

despite the fact that it over iterated. However, th: prograu

test after cach transformation was in genersl the most accur:te

Lo

in the sensc that the sum of tic squares of regiduals was

snallest. Obviously, testing convergence after coch group

=
n
4]

uperior to testing after eech treusformation. The simplest
pregran acver required (with tli¢ wstrices tested) more thaon
seven sweeps through the off-dirgonal elements, il.e. 00 WOre
tinn 7(n2~m)/2 transformstions was required for ccuvergence.

75 appeared that the cyclic Jacobi method requires about onc

~¢ one-holf times as many tronsiormaticons as the clasesilcnl

Jacobl wmebtiod.
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gnder eitrer ordering (2.1) or (2.2) convergencs 7a, ant

However, Forsythe and Henrici [ 7] have showa Lust

be guaranteed witbout restricticuns on the sugles off rotation

lie shall consider this matbter in coapter TIL.

Uyclic methods with threstiolds (barriers).

An inadequacy in the cyclic method is the fact that
2 5.o process it is necessary to annihilate small non-

snel clements, although large ones are still present in

matriv, This inadequacy is removed by Pope and Toupkins,

'19] by introducing a “barrier", That is we introduce

e sequance of numbers Qs Aoy oo whicl 1s mounotonically

deored

diago

PRe

inz to zero and in annibilating successively the non-

nal elements we omit those steps for which we would have

anninilabe elements less thao iy After all tThe nop-—

“isgonal elements become no lerger than aq in medulus, the

"rarrier" is moved. The number u; is replaced by the nuumber

[

and so on, If we denote the angle of rotatica ‘in the

vransfermstion producing the wmatrix A K+l from A, ¥ = 04l,2,

o
3

A, being the original masrix A) by @, end tlLc angle

aunibilating by @1 we may cxpress the process by

wi | (l(/
, for idla |47 a

O,

[

2

g }
!

i

Y

O

)
@]
[

n. is a given barrier.
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Sinc > the sum of the squares of tie elements of

L2 MCA) = UT AU

im soual b2 the sum of the squares of the elewente of A for

y

overy robeotion U. Pope and Touwpkins

-t

reagtied the problen

Prom the polut of view of mexiwiziung the sum of the squares of

tie diagce.al terms of w(A). Thoy examined four attacks on
nroblems .f maximiziog a furcticvu of rotation, tho scliemes
in the methed of chivice of Hhe aagle, hut having
1o common the serisl choice of the off-diagonal elemenvs
sh st to uhreshold restricticns. These four methods can
be divided into two clesses of two methods eechic In the
virst class an atbtempt 1s made to choose an angle which will
~yimize he function subject to the restoictiouns of the
Sleaentary robtotion. In one metzod the angle is cowmputied
seecurstely, and in the other an approximate caiculstion is

us2d.  The two methods are described as follows @

wetiod 1: Original Jacobi angle. Here the angle 7 iz celouln

1 foramula

{2.3) tan 2 @ = .

Wethod 2:  In this method the anzle used is computed fronm

5 e fTormula s
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f (1 ) N
- K) /. h(k/__ (k-
‘ lj /é(cj_ f‘aa J
(5e4) tan % = or
k ') N o
S')'Y_lx Pa§‘>/(8£\:*/ a\k)>i tan /ﬁ
. 1 i I | —g"

whichever has smaller absolute velue; the function sgn (x)

~

-1 , it ¥ {
£3,5) sgu(x) = 0 , if = = ©
1 if N C -
< ’ -

]

If 5'e second case is chosen we simply teke ¢ = x
woicu is clearly the largest uscful rotation. This schenme

as the advenbsge that the fuuncticas

sin @ = 2 ten HB/(L + tan @

cos ¢ = (1 - tza? o @)/(1 + ten® % @)

be couputed without extracting a sqaure root, thus

o

sliwineting an inconvenlence 0L S0 computers.

J

T ..o second class we use & predetermined saiusnce

¢

Lf fixed cugles of decreasing size, ususlly the angles are
“alved cr the sines of the augles are halved to get the

next angle in the sequence. The two methods are ns follows:
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Method 3 Here o fixed sequence of succeseively smnller
‘niles is used (as sngles of rogotion); fur each angle in

% . sequence, every off-diagounsl cleneat larger in obsolul s
ue Shen Ghe current threshold is exsmined to sce whether
rosasicon througs this fixed angle will be perforwed. Tho

cviterion used for tuis is thot the value

. - To(x) (k) (07,
Ao - .. = 1. = as. 2 as.’ ton 2 @
500! | (o j370/2 a3y v 2 ¢

¢ .ould lie between zero and cne, where @ is the (fixed) angle

)

5f votabicns cud so the sum of squares of disgonal eleucats

2

i

incrunsed at esch sto=ge, but not necessarily the larges

n

wount possibple., After no elements of che matrix require
furthar rotetion through this =ngle, or after a predeteruined
gquwher of sweeps through the matrix, the next (smaller) angle

~f the sequence is chbosen, the Uoreshold lowered, =z=nc the

process repeated.

>

lietbod 4: The same method 1s used es in method 5 cxcept flel
the criterion is tbatﬁ;ij lies between zero and tw. . IThis
=1llows the angle to be chosen tio large in scwme cases; btho
sun of squares of diagoral elemenbs is still iancreased afver
gach rotetiovne.

Pope and Tompkins have proved thet given any real
symmetric matrix 4 and any ¢ Y 0, there exists an I such thst

after N robtations chosen according to meblod 1,2,5 or 4, the
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f

<ur of the squares of the ol f-diagonal elewe

[49]

ntg ol 5he
resulting similar gatrix will be les= fiuszn e.
Tley have also reported uiuat Gue cecond class of

sttacks seens applicable when t e computatican of UL: bes’;

sazle for the chosen elementar; rotation Lo teo dil

fficult.
eltier becauss of the complexity or the problenm attaclked or
Lecause ¢l the modest versatility of the nachine beia

;e Tirnt class of attacks, in Gtueir gzperience, conver

g
®
w

fagter.

4, General cyclic Jacobl methods. Bquivelent and preferable

orderingse.

By & (general) cyclic Jecobi mebhod 18 meant (15] 2
sethod where in every segment of I = kn{nul) congecuLive
|

clements of tlhe seguence of rotations%ﬁ}; = X(i&,jy)g ,

B

svery pair (p,4). (1.g;;><:c1§;‘n) occurs exactly onces
Jacobi metlhods cyclic by rows or cyclic by columng ave the
fare (ommed) special cyclic Jacobpi metihode. Hanscn, 1955

oneidered some practical cspechs of Ghe order in which

¢

528
c .. rot-otad zlemeats of @ natrix are cf
Caeobi metuod. Indeed be has icompared’ between different
srderinges; for the purpose of comparison he Las introduced

cnme interesting ideas.
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