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It turced out thet this oasse of the two atreams is
mathematically equivalent (when the inputs are discrotae
and for a subset of the set of values of the lavuls of
water stored) to the single-stream model with a modified
input. Thbus the well known rcsults of the singlv stresm
model can contribute in solviog the problem of 2 two-
stream model without bhaving to start from firet principles
as Anis and El-Naggar have done. It sbould be, bowever,
etressed that this bafflipg aud unexpected phenomena,
applies oaly to the case of disorete inputs and evan in
this casa does not apply to the extreme values 0f the
jam*s levels, which need separate bandling.

Reviewing and commenting on Anis and El-Naggar work,
Gani in 1969[4] gave a shrewad explsnation to this phenomena
by iantroducing an artificial random variable Vt which is
equal to Yt when Yt is less than tbe relesse m, sod is
equal to m when Yt is greater or equal to m. Altbough
Anis and El-Nsggar'se work on two—-streams model assumes each
of the inputs ixt} and irt} to be mutually independent and
to be independant of each other, the essential point in
Gani's argument remainse valid whether the inputs are
Markovian or independent.
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1t wos thus netursl t. iov.ostisate the cneu of A
s8ingle strvrm model when th. ioput is composed of two
indupendint componcots, oov 16 surially iodepondont 2nd
the othur is serially Markovio=n, beceouse of the raelevenc:
of this c18¢ to the two-gtroenms mod.l whan {xt} is serinlly
karkovirn and &th is soriplly independent sad {Iti, {th
are¢ iandcpcndent of ¢ach othur. The investigation for thise
mixed ioputs csse was c-rried by Anis snd Lloyd [5].

Latur Lioyd [6] extended this work to the c-ae of =
siogle stream model with ean ioput composed of two indepen~
deat Markovian compounent§. Iu a sense Anis and Ll oyd
paper [5:]and Lloyd's more recasat one[ 6] are generslisations
of Lloyds, 1965.[ 5] work on the single stream model with
a single Markovian component.

Let us now give a brief esccount of how the two-stresm
model is scen from the point of view of the single~-stream
one. As before we asBume that the inflows in both streams
are discrete. B8nppose that the reservoirtog finite cegacfty*
K is fed by Markovisn inflow {xt} s0d that/flove {Y.} of
B, whicb are independent of those in A, consist of a
sequence of mutually independent variasbles. The object is
to maintein the level below the confluence from £=11ing

below a fixed velue m, by releasing water, when available,
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to maky up sny duficit in C. Wu anke also thy fellowing

aasumptions:
8) At tiow t, the water storud in the daa is Zt. but

X snd { Y are tho flows in A 2nd B rospeotively
{Xe} =00 {1}

during the time interv~l (t, t+l)
b) Juat before the time t+l, an instsntancous rolease

Rt is allowed where R, beiog coatrolled by the input

Y of B and such thnt:
t

0 if ¥ m
R, = g & 2
Iili(ztibxt .1) it Ytzm-i » 1:1,2....,&1
Thus tb: working equation for zt +1 is givean by :
1)

S = ®a (Zy + X 4 K) - Ry
We now introduce a random varisbile vt independent of It.

and Buch that:
for It\< m-1

Vtzyt
= I, 2m

The introduction of this new variasble allows &8 to put R,

in the form :
Rl; = min(zt * It, m—?t_)

Hence _

By, = min(ZeK, K) - min(Z.4X,, -V, ) (‘2)77
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Adding Vc to vaech vlemuwaot of (o ri bt hsnd gidu breockets
lemvee the velue of Zt+1 uo2ltured in the uquation (2).
Thus:

it

A min(zt-n-xt' . K+Vt) - mia(ztv»X' y @) (3)

t+1 t

where
xé = xt + Vt
Now th. working equatiom of tho Bingle stream modcl of =
dam witth cepacity K and relc-sv m units is well knowa ae:
Zt+l = min(Zt-rXc, K) - miu(Zt-i-xt. m) (4)

On comparing (3), (4) we sot< thst the two-stresms model is
equivaleat to a single stre=m one with s modified iaoput
Xé = Xt +V_ .
It is true tbat the capseity ia (3) ie K+V,, where V. is
random, but it ie not difficult to notice that for:
O\<Zt+1gK-m (n ¢ K)
min(Zt+Xé, K+ V)= wio(Z, + I, K)

Thus_ for 211: © \<Zz+1-$1"m » (3) becomes 3

Zy .1 = min(Z, +X{, K} ~ win(Z, + X{  m) (5)
which is aquivalent to (4).

We thus conclude thzt for 0L 5y K E-m,y the two-
streams model with a Markovian iaput component {It} end an
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fadup.ndont ok th} is wjuiv-lunt to » edingle strennm

modw]l with no inflow mede up of two compdoents, indupundunt,
of unan uther, ofa of whioh ie ~ Markoviaa sequence and

the other is sn independent sequence.

The argumsat may be repeated along the ssme lines
whea botb inputs lxc} and {Yt} are Markovian,

This brief sccouat shows clearly the importsuce of
dealing first witbh single-stream model where the inputs
sare aixed Markovian-independent or where inputs are
composed of two Markovian components.

The main part of this thesis deals with these probleus
in chepters two aod three. However, it was tbhought wise
to give in chapter one an account of the well known results
(due to Lloyd and Odoom[‘?] sy Gani [4] and later to Anis
and Lloyd [8]) of the single stresm model with a single
Markovian inflow componeut because of tbe similarities in
the approach, and the insight given by the results of
chapter one.

Chapter (2) deals with the case of mixed Markovisa-
independecat model. The main theoretical approach is due
to Anis gand XIloyd [5}, but some of the resnlts of this

chapter are new, in particular the formulse for the mean
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1.1

aod

hav

Etors o ¢ atent lu tide Zodll, wileh wvas not puv.isnlé
beforv.

Chopter (3) expounds ti. latest wore douc oy Lloxyd [c]
iu tho casc of two independenc karkovian cowmpon.onts far the
input of ©h. storage wmodel, o:¢ in g sense is a .onerali-

gatior of the previous work dcaoe im this,

Shezpter (4) Geals with & totally different problem
namely the wet-period distribution for a finite reservoir
with independent inpute. The rcsults of this chopter are
totelly aew, and because of this fact it was thought use-

ful to add thew in the last chepter.
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i1i) Thv etorage of water Z, ot time t will be sugmented
by ti:. iaflow X, snd thbus the content will be min(K, Xype2)
siocu it xt+zn > K theo so amount of water Xtd.t- I will
overflow.

i1i) The witbdrswa weter, = units (where &< K), is

suppos.d to be relessed io at s uniforam rate,

Here we are going %o preseut the main clasaicsl re-
sults wbich coocern:

i) I'be distribution of th: storage Zt' when the saquenca
izt}poaaaaaea & noo-trivial asymptotic equilibrium
distribution, for e semi~-infinite dam.

11) Tbe theory of proportionality.
iii) Tbe distribution and th: moments of the waiting
time to first emptiness for semi-infinite dam.

- Bquilibrium distribucion of levels :

We Bbhall be concerned, firgt, with the case of finite
regservoir of capacity K, relesse m uanits, and a general
inflow ixt} forming sn ergodic liar'kov chain assuming the
values 0,1,2,...,0 whose transition probabilities given by:

P(It+1=i|xt= 3 = ti;i i 34 = 0414240.0,0; L Iia“l

It is asauned alao that this input has a stable l:ldting
d:.atr:.hlrblon given by.
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t}-}p&m F(dy=4) =py &

whal

L(Kt)- P gx< 1
snd th. vactor P is deterwined by the tr-nsition matrix
L = {'fia}, Buctl tbat:

Lo =R

It bas beco shown by Lloyd [ 5] that the behaviour of
reservoir level Zt. way be iovestigsted in terms of the joint
distribution of the pair (Zt' X;) which agsin forms s

markov-chain 8o it will be taken from the followiag

treatment
P(Zc+1=r, x‘l=-|-1=s)= %,'E.P(Zt+l=r,xt+l=slzt=r',ths')
X P(Zt=r"xt=5') (10201)
By che use of the notations:
i) Trt(r,s) = P(Zt=r, Xt=s)
ii) P(r,s|r',s") = P(Zt+l=r, Xt+1=s|Zt=r',Xt=s')
equation (1l.2.1) becomes:
T 1 (r48) =r'zs' P(r,s|rt,s?) T (x',s") (1.2.2)
L)
We ean arrauge the element of _ng(r,.é) with respect to

r and s to form a vector :
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Trc(lln); ees Wt(K|O)....,ﬁt(h.n)} which ¢an b
partitioned io the form:

Tig = (AL0), ML), «uuy TE(K))
where
Telr) = $ (2,00 Telry 1) yuney y(r,m)

Thus (l.2.2) cso ba writtea ioc a matrix form as follows:

Mear = B,
where
R = {P(r,8fr! .s')}
But:

P(r,s|r',s')

]

P(2y, =T It+1=slzt=r', X =s')

P(Zhl:r,x“l:a. Zt:.-r' ’xt=5l)/ P(Zt=1" 'xtgsl)

{

ss'ar wl

where O is Kronecker's delta, and :

0 r'+s* Cm
w = r'+st-n mn rtes' < K
K K Lrtas’
and hence:
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(r . g£) = T . f, Tt 1
77c+1\*'5) i Z fgge ~r°J17t(r ,81)

= b -py ! LI
*a'fzo IBS. My (reu-s',8")
Ibhe Merkov trsnsition watrix k governing transiticns

T, ._»ﬂ'b-n-l may be written i. the followieg partitioned

foruw
77.(r)
\\\\\ =0 1l """ mp-1 o Bl ‘" K-1 K
=01y L L L o 0 0
o,m o,a~1 0.1 0 *ee
1 Lm+1 Lm L2 Ll Lo C 8]
T 1 ()
2 Lm+2 Lm+1 L5 L;_, Ll 0 0

K-a | Iy Lg.y k041 Lk-p TR-m-1 L Lo

: : : i : : (1t2.3)
-1 | Lokl Pmer-2 Ik gy g ... Iy Ipna
s Lm+K,n I‘|11+K--3- LK,n I’K,n I'I‘I--l,n "o Lm+1,u Lm,n

where L. is derived from L by retaining the column £ and

replacing all other columns by geros, so that

o
L= % L
S5=0 8

and wherae:
Ly

j = Lj. + Li+l+ es et IJJ-
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In ¢iow special case of a1 = 1, the corresponding

oquation become:

T g1 (0 = LoiITT;(o) + L 77.(1)
f ol
ﬂc*l(r) = .Eo Ll.'-t-l-ﬂ Ti—t(!) 'y r =1,2,...,K“’1

K
T (&) = 2 Lgag,a Tele)
The asyaptotic equilibriuam distribution vectors :

(r) = 1im Trelr) 5 r =0,1,..0,K
G0

thereforo satisfy the relatioans:

1M(0) = L, ,7X0) + L,TT(L)
r+l

ﬂ(r) = ai Lr+1_s'rr(8) H r = 1.2.--. ’K-l
K

7 (K) = L 77 (8)

=0 Ke¢l-g,0

Thus the generalisation of the generating function theorem
proceeds as follows: We are concerned with the equilibrium
distribution of levels io 2 semi-infinite reservoir, with uoit
draft, and with Markovian inflows for wbich the trensition

matrix is:

L =

oMb

I,
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