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CHAPTZRR I

AN THI DIFINITE INTIGRAL S LUTINNS
OF THS DIFFERINTIAL EQUATINN
()

y -

Xy =20

In this Chapter, we discuss briefly two different
methods to obtain the definite integral solutions of the
differential equation

The first method 1s the usual one [1] which was used
by 2. Mursi and K. R. Yacoub [ 2]} to obtain the definite
integral solutions nf the differentlal equation

(k)
y - xy = 0.

The second method is that used later ~n by ¥.R. Yacoub
and A. R. Yacoub {3} to abtain the definite integral solutiens
of the differential equatinn

(k)
Yy + xy = 0.

The fundamental idea which underlies the first method
1s the assumption of the daefinite intezral solution in the
form



[

- xt
Y = Q "‘f‘ (t) dt,
then the insertion of this Integral in the differential

equation under consideraticn in order to determine the form

oT the functirn ¥ (t) and the limits of Integration.

In the second method, the assumed integral has been

changed to tha form

wxt
v :je A (t) at,

where w 1s in general a complex quantity.
The merit of this modification 1s that 1t gives in a
systematic manner two complete classes of definite integral

solutions.

In the first method, just one class of definite integral
solutions has bsen furnished. Howdver, in the sscend mathod,
a proper choice of the vomplex number w simplifies the
definite Intdpral solutions obtained to those of the first
method.



1. DISCRIPTION OF THE PRNAPNS3ID METHNAD

To solve the differential aquatinn

(k)
N4 -XY:O, (1)

agsume that,

wxt
v :je ¥ (t) dt,

where w 1s In general a complex quantity and +(t) 1s a
function of the real variable t but not of x, the form of
this function and the 1limits of integration (supposed indepen-
dent of x) are to be determined by inserting the assumed
Integral in the differential equation (1). We thus have

k kK wxt wxt
wJ’t o YWat-x Je A(t)at- o,

Integrating by parts,

wixt

wxt 1 j’
x (t) at = = (t) d dt
_J( ® ﬂ' w NP T e

wxt wxt
1 1 d
= [Th‘/(t)e ]-T Je 'a-E-Y(t) dt.

Thus we have



wkj . ewnﬂ{/(t) at -[%’,f’{’(t) gXt] +

wxt
EER A B T

]

where the mlddle term is taken between the limits of integrat-

ion as yet unknown.

The 1last equatinn can be written
wxt &'1{ k 1 3 3
e 2 ; At
+
Se v ot ) e “\”“.k
wxt
1 } )

- [w e '*’(t) = 0.

This equation will be satisfiled 1f

k k
L L ywerw t AW = o0, (2)

for all values of t within the range of integration, and if

[% em"‘f(t)]

between the limits. ZTguation (2) determines "f(t) as a

0 (3

H

function of t while squation (3) will determire the limits
of the assumed integral. Zquation (2) ean be written in

thse form

{

L



il

k
-dg.t-—f*”(t) = - W tf"+/(t)9

which glves directly

k+1 k+1
ff(t):Caxp{-w t /(k+l)} ,

where C 1s an arbitrary constant. Then the sguaticn determin-
ing the limits will take the form

— k+1 k+1
Lg-emaith-w t /(kﬂ)}l = 0.

w

We may take O and oo as the limits of the definite
integral so that the left hand side of the last equation
reduces to - % providad that

k+1
1) RI w >0 ,
or (&)

k+1
(411) RI w = O and x RL w 0.

Writing
N
{ k+1l k+l
F {(x,w) = exp 4 wxt - w t  /(ktl){ dt, (%)
K . L

we readily see that the definite integral Lw P, (x,w) is a

particular integral of the equation

(k)
v -~ Xy = C,



where w =zatisfiss any »f the aco it dans W 41 p oy

It will be seen that assnciated with (4.1) or (k. 11),
there corresponds 3 completse class of definlte integral

solutions.

2. THE FIRST CLASS NF DAFINITE INTTGHAL SOLUT TNANS

This class 1s characterized by the chonls: of a complex
+
number w for which RI w'''>0. For the sake of simplicity

of the form of the solution, we take

However, the form of the primitive will differ according
a8 k is even or odd, for this reason we conslider sach case

Seperately.

CASE TI. kK = 2n.

In thils case, the differential aquation is

(2n)
v -xy = 0, (6)

2n+1
and the corresponding values of w are given by w =1,

so that
Tior
Wwo=1 y © >

s



whara

2r WT"
e = “ I‘:l 2 T ER rn
Tr on + 1 3 b ’ b
ie, ~16,
It may be remarked that ¢ = e = 1. Then with

the notatimn introduced in (5), we see that

n

1 0p 10,
y = :z:j C, e F2n (x, e Y (7

=0

whare Co’ Cl’ esey C aTe arbitrary constants, is a solutlon

provided that
(8)

H
1 o
[
Q
‘-1
i
o

1@
Remembering that e =1 and substituting for C, its value

given by (8), then (7) glves

I
16, 10
y = /) Coe | F, (x,e ) +C, Fpy (x,1)

r=1
In 1 Dr 19t
1 >
=7 _Ce F, (x,e &) . c. F, (x,1)
=1 r=1 A

n
10, 10, -184
lies v = E C. e {Faﬁme ) - e F&Jxﬂ)}—
r=1




It 1s readily seen that

16, iop ~1&p
G o (xye ") = Fy(x,e ) -e an(x,l)a

r - l’ 2’ 3’ e 1] n,

form n distinet solutions of the differential ecuati.n (6),

In a similar way
-i6é,

G2n (X * 6 ) = P = 1, 2’ * o e q L

form other n distinet solutions. With the notation introduced

in (5), we see that
= p i i
y = :E:: C.e F. (x,e GII‘) (9)
r=0 r 2n

where CO, Cis veey Cn are arbitrary constants 1s a solution

provided that




Then (9) gives

n
v -10, -16,,
v o= — C,o Folxye ) +C, an(x,l)
n n
S T e 2
= C, e Fo,(x,e ) - £~ C, Fou(x,1)

\iﬂ

~-16 - i
C. e r{an (x, e ier) -8 eI‘an(x,l)} .

It is readily seen that

-10 - -10 1
6, (x,0 ) = Foy (x, @ ) R C&'an (x,1):
r=1,2, ...y n, formn distinet soluti~n of the different-
13l equation (6).

In coneclusion the solutions

* 1o,
ng (I, Q ) : T = 1, 2, L L 1'1,

furnish 2n distinct solutisns for the differsntial equation
(6).

Moreover if we write

iy
Gzn (x, & ") = Ci, (x,0,) + 1 i, (x, 8,)



We see that €1 (x,6.) and 51 (x,8.) are distinct snlutinns

2n en
of (6),
Furthermore
1@ 10 L9,
G (x, e Yy = F (x, ® Ty - @ F (x, 1),
2n 2n en
fo'e}
ie, i(ontl)6p 2nt+l
= exp 1 xt o - e t / (2n+l) dt
o)
—1er 2n+l
- e exp ) xt - ¢t / (2n+l) it,
)
i,e.

ci  (x, €.) + 1 512 (x, 6,.) =

2n n
® 2n+1
= jr exp 4 x t (cos €, + 1 sin 6.) - t ‘} dt
5 T T 2n+1
foe)
t2n+1
- (cos ©u~ 1 sin 8,) exp ] x t - dt,
o 2n+l
o
t2n+1
= exp 1X t cos er - .
& 2nt+l

. {cos (xt sin Gr) + 1 sin (xt sin er)} dt



ki e

o
d[ ‘ t2n+l
- (cns e, - 1 sin Sr) 8xXp %xt - paweYy dt.
lal n
Thus we have the followling.
Conclusion 1t
The dafinite integrals
2n
0
S o ] cos Gt atn @)
= expd{ xt cos 6p- cos (xt sin 8,) dt
o 2nt+l
P2 t2n+1
- cos 9, j exp { xt =~ }dt, (11)
o . 2ntl
and
Sign(x ’ 61.3 =
w
2n+l
= exp { X t cos 9. _L—2n+l sin (xt sin e, dt
o
o0
t2n-|-1_
+ sin 6, exp 1 X t = dt, (12)
o on+l :
_ 2r
Where 6, = ST W and r =1,2y..., n furnish 2n real

distinet solutions for the differential equation

T A T D U SR y-n v s e e

(2n)
Y —xy;O.



