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PREFACE

Dynamical systems generally speaking iz the study of
transformaticns which preserves o certain measure,
Abstractly one has a space ¥ »ad a transformation o of
X {or a family of transformations s teT where T 1s a
given group) such that v {or nt} preserves the measure
defined on X. The nature of any work on dynamical systems
can be c}assitled depending or che rvature of both X and T.
For example, if X is Just a topological! space we have a
topological dynamics. £ T is tthe real line R we have a
continuous dynamical system, 1.0 T 1s Z then we have a
di.crete dynamical system., In the cass where X is a diffe-

rential manifold with T = R w= have a continuocus flow and

S0 Ch.

The aim of this work is tc stady the stabkility proper-
ties of dynamical systeins where X is = topological or a

metric space.

This work consists of four chapters. In the first
chapter we study dynamical systems on topological spaces
and we discuss some properties of thess systems. Also, in
this chapter we discuss minimal sets on compact dynamical sys-
tems and the limit sets e and Ax of trajectories. In the
second chapter we dliscuss tne different.types of stabilicy

"Lagrange and Liapuncowv S=zability] in a dynamical system.
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Also we prove one 0f the nost mportant propecvties ol
Poisgsson stability. In the third chapter e discuss

the mean properties of ativac-tors aml we zlso give same
examples to illustrate different fypes of attractovs.

In the fourth chapter we shall cefine what is meant by

a perturbed orbit, then we sFall define a mapping con a
set of dynamical systens using this notaticn and £inally
study the properties of thi: mapping. We also define a
class @f dynamical systems und prove that thei- perturbed

orbits are close to pericdic wrbits.
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Introduction

In this chapter w2 discuss the main definitions of
dynamical systems. The chapter consists of four articles.
In article one we state the definitions of topological
and metric spaces which we need throughout the thesis. In
the secdnd article we give the basis definitions of dyna-
mical system on topological spaces. We discuss some pro-
perties of these systems and also some properties of invariant
sets in dynamical system. In the third article we discuss
minimal sets on compact dynanical system. Finally in article
four we discuss the limit sets nx and Ax of trajectories.

The main references for this chapter are; [7,8,8,15)

1.1 Basic Definitions {Topological and Metric Space)

pefinition 1.1.1

A topological space is a set X and a class of subsets
of X called cpen setsof X, such :hat the class contains ¢
and ¥ and is closed under t.e foromation of finite inter-

sectionsand arbitrary unions.

Definition 1.%.2

The interior, EO, of a subset E of ¥ is the union of
all open setscontaired in E. the closure, E, of F is the

intersection of all closed set containing E. If E is open
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then E° = E, and, if £ is closed, then E = E.

Definition 1,1.3

A set E is dense in X if &I = X.

Definition 1l.1.4

& space X is separable i1 it has a countable dense

set E.

Definition 1.1.5

A ®ollecticn of open sets [G“}is ~alled an open cover

cf a set K if U Gu = K.
L1 3

befinition 1.1.6

A set E in X is compact if for every open cover K of E
chere exists a finite subclass {Kl,Kz,...,Kn} of K which

is an open covering of E.

Definition 1.1.7

A topological space isaHausdorff space if every pair of

distinct points has disjoint neighborhoods,

befinition 1.1.8

A transformation T from a topological space X into a
topoleogical space ¥ 1s cortinuous if the inverse image of every

cpen set 1s open, or, eguivalsntly, 1f the inverse image

of every closed set is clos:d,
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Bboefinition 1.,1.5

If T:X +~ X 1s a continuous .nvertible transformaticon

1

such that T ~ is alsc continuous then we say that T is a

homeomorphism,

Definiticon 1.1.10

The trnasformation T is ocpen 1f the image of every

open set is open.

Definit#¥on 1.1.11

A metric space i3 a set ¥ and real valued function 4

(called dAistance) is non XxX, such that

{1) d{x,y) 2

| v

il

(ii} dix, v} 0 iff % = v, dix,y) = d{v, x)

N

(1ii}) d(x,¥) < d(x,2) + dlz,v).

1.2 Basic Definitions and Elementary Propertvies cf

Dynamical Systems

Definition 1.2.1

Let X be a topological :=zpace. Let T be an additive
topological group. Thaen, a transformation m:¥xT - X is
said to define a dynamical svstem (X,T,7) on X 1f it has

the following properties:

fi} n{x,0) = x for all xcX
fii) n{n{x,t),8) = v (¥X,t+s) Zfor all xeX and all t,s5.T

(iii) » is continuous,
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For every teT the mapping 7 induces & continuous mapping

at.x » X such that 7' (%)

mi{xn, 1.

The mapping t is called transition.

Theorem l.2.2

The mapping “-t Gefinad by n-t(x} = gf{x,~t} is the

inverse of the mapping nt.

Proof

It must be proved {“:}-1 = n‘t. This can be easily
-

shown by applying to the point xe¢X the mappirg nt, then
to the polnt ¥ = gix,t} we apply n—t. Laet z = n_t(yj,
then z must coincide with x. In fact, using axioms (i) and

f§ii) we hawve
- -t : - ; P = - =
Z =1 {r(x,0)) = gplp{x,L},~t, = gix,t-t) = z(x,0) = x

which proves the theorem.

Theorem 1.2.3

The mapping 7= i3 a haveamorphism  where i"F is the

. t
inverse of 7 .

Proot

The mapping “t i3 an onwo mapping. In fact, all points
XeX are image points 2f points «{%x,-t)zX. For ths same
reasons the mapping nt iz ome to one. In fact ths statement
wix,t} = niy,t) = 2, where r,y,ze¥, teT are fixed implies,
by applying r-t, that % = y = ni{z,=-t), which shows that nt

is ocne to ocne.
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Since, by l.2.1, n"t is obviously continuous, the thoorem

is proved.
Note 1.2.4

We note that the set [nt}, teT is a group with the group

operation defined by

where r° is the identity element and for any nt, “—t is the

inverse, In fact,

-
(i) g = “t+c = ﬁt
(1) ata = PR a O

+C +5)+ +
{1ii) nt{wswq} = “tws S = wt+[s+q} = ﬂ{t SItd o ﬂt sﬂq
= (n n )2
Notice alsc that the group is commutative,
t s t+s s t

{iv} T T =7 . B

A Simplified Notation

We shall write Xy orlx{t] instead of 1t(x,t) For a fixed

t, Xy is, therefore, the image of the point xecX under the

mapping wt. In this simplified nctation we see that

Definiticn 1.2.5

For every xeX the trajectory orbit through x is the set

xXT = {x{t}, teT}
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Definition l.2.6

In the case where T = R the sets xR and xR~ defined
by b = {x(t),terT} and xR™ = {x(t),teR ] are called
respectively the positive and negative semi-trajectory

{orbit) through x.

The set x[a,b] definel by x[a;b] = {xt,teEa,b]} is

called a trajectory segment.

If T = R we say that we have a continuous dynamical
-

system. If T = Z we say that we have a discrete dynamical
systeﬁ.
Wote 1.2.7

{1) It is clear that xE = {xt]R, teR.

{2) From the properties of e it feollows that the

trajectory segment is a closed bounded set.

Definition 1.2.8

A point xeX such that »7T = [x} is called a critical
or fixed point. It is clear |hat this point is a fixed
point for the mapping 7% - X, It is also called

stationary or equilibrivm o: rest point.

Theorem 1.2.9%

Let (X,T,v}) be a continuous or discrete dynamical
system. If for a < b, a,be?, XeX; we have
xle,b] = {x} (1)

then % is a fixed point,
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