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SUMHMARY

One of the fundamental ideas in the gualitative theory of
differential eguations is the stability of solutions of a giwven
differential systems. A. M. Liapunov [1892] gave the definitions

of the stability, asymptotic stability of solutioms.

This thesis consists of three chapters. The first contains a
necessary background on stability theory, which is established by
A. M. Liapunov [1892]. The solution x{t) of the vector differenti-
al equation x = f(t,x) is said to be stable under an initial
condition and extermnal forces on the interval [T, =), if it has
emall perturbation corresponding to small enough perturbation in

the initial conditiens or the external forces.

In the second chapter we expose the two main methods for
studying the stability thecry :

1} Method of characteristic numbers: the characteristic number

{index) of a wvector function x(t) is defined by

% = Lim —%— In I x{t) H

X
gu—

These numbers are used to discuass the stability of the solutions

of the linear differential system x = A(t)x .
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2] Method of Liapunov functions: this method depends on gstt-
ing a scalar functionm v({t,x); x ¢ R? with special features to dis-

cuss the stability of a sclution of differential system

n

x=f{t,x), where f: R x R + R,
The necessary results concerning these nethods are mentioned in

this chapter.

1t is remarkable to notice that there is no general techi-
nigue to construct Liapunov functions and in most applications, in
mechanics and physics, where It is necessary to study the

stability of solution, these functions are obtained by guesaing.

In chapter 3 we study general properties of the class of
Liapunov functions, dencted by Lf, corresponding to a given wector
differential equation x==f(t,x) with stable zero solution and also
the general properties of a class of wvector differential eguat-
ions, denoted by Sv’ having the same Liapunov function v{t.x). And
we found that thesze general properties help us in constructing the

Liapunov function for certain types of differential equations.

In this chapter we, al=oc, discuss the stability of the solut-

ions of a given gecond order linear differential equation

2
47Y dy -
;?—- + 85.1 (t)a—E + az(t}"f =0

where 6 = 1, and altt}, az(t} are arbitrary bounded positive
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-iii-
functions which guarantee the existence and uniquence of solutions,
hy constructing Liapunov function in the form of a guadratic form
with constant coefficients. The obtained resultsjfhablif us to gset

up upper bound of the characteristic indices of these equations.
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CHAPTER 1

STABILITY THEORY OF
ORDINARY DIFFERENTIAL EQUATIONS

The stability theory is that area of mathematics that deals
with the problem of investigating the conditions that will aot
allow the sclutions of a wector differential equation to deviate
remarkably when sufficiently small changea in the initial condit-
ions i3 made. F. M. Liapunov [1852]) made great effort for intro-

dycing the fundamental definitions and theorems of this branch.

%§.1.1. Basic notions and definiticns

Let J be an interval of the real line R and D c E" be an open
connected subset of the n—dimensional Euclidean space E' with
usual norm
I

z _ n
¥ xi] . X s (xt. A xzjeE .
=1
Consider

f: 3D — BV (%, x) — £(£,%)

be a vector valued function defined on JxD.It is easy tc 3ee that £

defines a scalar functions fi: Jb — R ,1i=1, ...., n, by

[f(t,xl,....,xn)]. = fi(t,xl, ..... LX) .
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Definition (1.1.1)

A differentiable vector valued function wp: Jl——a L. J1§ J,

which satisfy p (£)=f(t, w(t)) for every t(—:J1 is called a solution

on J1 of the vector differential equation
x = £(t, x) , (1.1.1)
where "-" is the derivative with respect to t.
In case when there is no such function, we say that the vector
differential eguation {1.1.1) has no solution.
Definition {1.1.2)

Let (to, xc} be an arbitrary peint in JxD and Jc € J be an
interval containing tD. The sclution w(f) of the eguation (1.1.1}
on J which satisfies w(to} = x is ralled a solution of the

initial wvalue problem

x = £{t, ¥, x(t ) =% (1.1.2)

Definition (1.1.3}

R vector valued function f£! JxD — E° , (%, %) > E(t, X),
is called Lipschitzian in x uniformly with respect to t if there

exists a constant M > 0 such that for every (t, x},{t, y)ei=D :

Ve, x) - f(e,y s iz -yl

Definition {1.1.4}

4 vector valued function £:JxD — En, {t, x) +— £{%, %}, is
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called piece-wisze continuous function on J if for every fixed xeD,
the vactor valued function 9. J — En, gx(t} = f(t,x} is

piece— wise continuous on J.

We denote by cfip(axn) the class of all vector valued funct-
ions f: JxD —oE" which are piece—wise continuous on J and Lip-

schitzian in x uniformly with respect to t.

Through our thesis we assumed that the wvector walued
function f: JxD —s E° belongs to the class Cfip(JxD}. This aszump—
Lion guarantees the existence and uniqueness of the sclution for

the initial value problem (1.1.2) on some interval Jog J.

Let fECELP(JxD), %ft} be a solution of the equation (1.1.1)on
an interval A = [a,b] and let & » 0. Let the region Ux(ﬁj be

defined by
U(5}={(t yX )b oea, ||x~x{t}l1<5}.
x o o 2] o o

The following theorem gives more important propertiea of the

solutions of initial value problem (1.1.2).

Theorem (1.1.1)

Let fECEiP[JxD} and x{t} be a solution of the vector differ—
ential equation x = £(t, x} on A. Then there exists & > 0 such
that for every (tc, xo}eﬁxia), there exists a unigue solution

xt x{t) of the initial walwe problem (1.1.2) passing through

O o
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(t , % ). Horeover, the vector walued function
Eel [ ]

W :JxUX{S) — D, p{t, ta, xc) =% Ixit) ;

=]

is continuous solution of the equation (1.1.2).

REMARKS

1- The function Jxe{SJ — D in the above thecrem is well
defined, this can be seen as follows
{a) For a fixed point (ta,xu} € UK{S}, define a funcktion
ﬁ: Jx{(to, xo)} — D 4
by ﬁ(t,to,xoj =% , (£). By the uniqueness of the

[ ] <]

zolution of the equation (1.1.2), <this fupcticn is well

defined.

{(b) Since the set JXUX{S} can be written as a union of
muatually disjoint sets Jx{{to, xoj},(tc, xﬂ)eﬁx(ﬁ), then

we can define the function wit, to, xﬂ) by
pit, to. XD) = pit, tca XO)-
2- The continuity of the functicn wit, to, xoj in the initial

points {tﬂ, xo) iz called continuously dependence on the initial

conditions.

£.1.2. Stability Theory

Let I=[t, ®] be an interval of R, t = ¢ and Bp={%EEn : Hxﬂ(p}
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be an open ball of radius o centered at the origin., Coansider a

vector differential equation
x = f(t, xJ, {1.2.1)

Where fECfip(Ipr). It is clear that the properties of the wvector

valued function f(%f, xX) guarantee the existence and uniqueness of

the solutions ¢(t) 7 (o tﬂ. xoj of the initial wvalue problem

(1.2.1} ard x(to) =K. tnEl, KnEBp'

We assume always that the vector valued function £: Ipr——+ E"

P
helongs to the class cLip(Ipr).

L. K. Liapunov [1892] introduced the following definitions of the

stability of a solution of the equatien (1.2.1}

Definition (1.2.1)

2 solution p of the equation (1.2.1} is called stable at to H
tDEI, for stable with respect to the initial conditions ) if for
every ¢ > 0, there exists & =58(t_, £) > 0 such that if p is
any other solution of (1.2.1) with 1| ﬁ(ta) - w(t) 1< 5, then
Hw(t) - w(t) il < e for all tzt . Otherwise, p is called unstable

at t .
[ ]

Definition {1.2.2)

2 solution g of the equation (1.2.1) is called asymptotically

stable if it is stable and there exists a 61> 0 such that for any
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other soluticn w(t) of (1.2.1), k wit ) - p(t ) 1 < 8, implies

boplt) - pt) I — D as £ — o .

Pemarks

Studying the stability of some solution p of the vector diff-
erential equation (1.2.1) may be reduced to studying the stability
nf a zero (trivial} solution. Because if we replace the variable x

by a new variable y = x—y, ithen the equation (1.2.1) becomes

¥ = g{t, y) (1.2.2)

where g(t, y; = £ft, vty - £{t, ). [t is clear that g(t, Q) = 0,
for all €, and hence ¥ = 0 is a solution of the vector differential
equation (1.2.2). Thus the stability of the =zero soclution of
equation (1.2.2) is equivalent to the stability of the solution
pit) of the equation (1.2.1). Thus, without loss of generality, we
assume that f(t, 0} = 0 for every tel, so that the egquation (1.2.1)
has always the zerc sclution. Conseguently, for the zero solution

the definitions of the stability can be formulated as followa.

Definition (1.2.3)

The zero solution of the equation (1.2.1) is called stable if
for every >0, and every tOEI, there exists a & = S{to, e3>0 such

that for every XUEB

5 Ve have 1 pit, to' xoj <e, for every tztc.
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Definiticn {1.2.4)

If the gquantity & in the definition (1..2.3) is independent
of ta, or more precisely, 1f for every £ > Q, there exists a
& = &(e)> 0 such that for every tOEI and for every xDEBa, we have
i wit, to, xo} i < e, for every toz t, then the zero sclution of

the equation (1.2.1) is called uniformly stable,

Definition (1.2.5)

The zerc soclution of the equation {1.2.1) is called asympto-
tically stable if it is stable and if for every tOEI‘ there exists

& = 6,(t ¥ » 0 such that for all x B, , wit, t , x ) is defined
1 1'% 5151 e a

for all tztO and for every >0, there exists a T = T{to, X 010
such that for every t = t +T, I} p(t, t.x) t<n.
Definition (1.2.8)

The zero solution of the equation (1.2.1) is called uvniformly
asymptotically stable if it is unifermly stable and if there
exists a 51>0 such that for every n» 0, there exists a T = T{r)> 0

such that for every t €I and for every x EBS , we have ypi(t, te, %)
o kel 1 o

is defined for all tztoand W ow(t, to, xo) f <n, for all t = t°+ T.

Definition {1.2.7}

R vector differential equation {1.2.1) is called stable (or

uniformly/asymptotically/uniformly stable ) if all its sclutions

Central Library - Ain Shams University



