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PREFACE

One of the most important subjects in abstract algebra
is the concept of groups. Every finite group is well defined
by a set of géneratcrs and soﬁe relations connecting them.

A group may have several sets of generators, but it is comp-
letely defined by any set- of Qenerators. This means that,
different representations hay giverisomorphic groups. It is

very difficult to show that two representations are isomorphic.

Many authers tried to find all possible groups aof a
certain order. In [4], the author gave 2ll possible groups
of order 1 to 15, together with some studisof their structure.
In [2], the auther gave all possible groups of order 1 to 32,
with their relations, generators, their lattice diagrams, and
another studies to each type alone. In the end of “his book
he listed the groups of order up to 100 in a table, giving
only the pumber of types of each order, classfying them to
~belian or non-abelian without giving any informétion about
Lheir structure or their description. Finally in [57], the
'roups of all possible order between 100 and 119 were given
*ith their relations, generators, some lattice diagrams, and

‘nother some properties.

On the same wavy, the main purpese of this thesis is

‘iniding .all possible groups of orders 120 up to 127, with
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their description and their subgroups. Sometimes we give the

lattice diagrams.
This thesis consists of three chapters:

In chapter one we give some definitions, and some import-

ant theorems without proof which help us in our subject.

In chapter two we list groups aof order up to 119 in a

table, together with the generators to some of these groups.

Chapter three forms the principal part of this work. In
it we start to compu£e groups of order 120 up to 127. The
cheif idea in this case is finding a normal subgroup using
Sylow third theorem. Checking possibility, we get the genera-

tors of our group and give the description of it.

Finally, after each group of a certain order, we give

a table showing the number of types of this group.

In crder to refer to specific groups we have introduced
- symbelic number for each group, which we call the type of
he group. This has the form m/n_where m is the order of the

roup and n denotes a particular group of’that'order.
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'CHAPTER I

GENERAL - BASICS

This chapter is devoted for some definitions, theorems,

and related results which are needed in our thesis.

§(1.1) Generators of Groups:-

If a set of elements contained in a finite group G has
the propérty that all the elements of G may be obtaiped by
forming products whose factors all oceur in the given set,
then this set of elements is said to constitute a set of

generating elements of G or a set of generators of G.

§(1.2) The order of a group and of an element:-

The order of the group G is the number of elements in G.

The smallest positive integer n for which an:e, where e
is the identity, is called the order of the element a. If no

such n exists a is said to have infinite order.

esults:

Let G be a group. Denote the greatest common divisor of

1 and m by (n,m). Then we have:

I. If agG, then a and its inverse have the éame order
. If |aj=n, then a™=e iff nim
. If lai=n, {bl=m, (n,m)=1 and ba=ab, then {ab|=nm.

"« If p,q are relatively primez, then the products a'b? (where

OCsigps DgJjgq) are all distinct for all a,beG.

N

o~
\_\\
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§(1.3) Isomorphism:-

Let G and H be groups, let f be a function from G into H.
If f satisfies the condition f(glgz}zf(gl) F(gz) for all
9;: 95 € G, then f is called a hemomorphism frem G inte H.
If f is one-one it is often called a monomorphism. If f is
onto it is often called an epimorphism, an isomorphism is a

menomorphism onto.

§(1.4) Definitions of some important groups:-

In our work we need to know the structure of some import-

ant groups such as:

(1) The cyclic group: A group G is cyeclic if every element

in it is a power a’ of some fixed element a. If the order
of this group is finite, say n,then G is denoted by Cq
and its description is

n
C = <a: a =e>»
n

(2) The Klein 4-group Kh: This group is defined as:

.K4 = <a,b: 62=b2=e, abz=ba>

(3) The symmetric group Sn: Let S be a finite set, the set

Sn of all permutations on n members of S forms a group of
order n!, called the Symmetric group of degree n, the law
of composition being that for maps of the members onto
themselves.

.4) The Alternating group An: The set of all even permutations

on 5 with the product of permutations is a group of order

n!/2 anc is denoted by An.
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(5) The Dibedral group Dn: This is the group of rotational

symmetries of a regular n-sided prism or the group of
all symmetries of a plane regular n-sided polygon. Its

order is 2n, and its description is:

D = <a,b: an=b2=e, baza~ib>

(6) The Dicyelic group Qn: This group is of order 2n, and

its description is:

Q= <a,b: a"ze, bzzan/z, basa”tb>

(7) The quaternion group Q: Let thé 2x2 matrices

I§] i 0 1
a = , b = s, where i = /-1

1 0

Consider the set of B matrices {e,a,az,a3,b,ab,azb,asb}.
This set under ordinary matrix multiplication forms a
group, and its description is

Q = <a,b: aaze, azzbz, ba:a-lb>

7(1.5) Subgroups and normal subgroups:

A nonempty subset W of a group G is said to be a subgroup
f G if, under the product in G, H itself forms a group.

heorem 1: [4]

A nonempty subset H of a group G is a subgroup of G iff
wb el implies ab_l e H
efinition:

A subgroup H of a2 group G having the property gH=Hg

gebG is ralled a normal subgroup of G.
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Theorem 2: - f4]
A subgroup H of a group & is normal in G iff any one aof
£he fﬁllowing equivalent statements holds:
(1) gH = Hg for all g et
(2) g'ng = H for all geG
(3) g‘ng = H for all g eG

(4) g"'hg € H  for all geG and all h cH.

Theorem 3: f10]

There is a one-one correspondence between the set of all -
right cosets of H in G and the set of all left coset of H in
E. The cnmﬁon cardinality of the two sets is called the index
of H in G and is usually denoted by [G:H]l. In the finite case
[G:H] = [G[/[H]. The number of elements in each coset is fH].
Theorem 4: [10]

Let H be a subgroup of index 2 in the group G. Then H is
normal in G. In particular An is normal in Sn.
Jefinition:

Let E be any normal subgroup of a group G we may be able
-0 construct a group whose elements are the cosets aH of H in
3 with multiplication:

aH.bH = abH , for all a,begtG.

This group is called the factor or guotient group of G

elative to H and is denoted by G/H.
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§(1.6) Lagrang€s theorems:

(1) Let H be a subgroup of a finite group G, then |H| devides
|G|. In particular, if ael, then |[<a>| must devide |G|,
hence |al||]|G|, then we state this as:

(2} Let a be an element of a finite group G, then |a} devides

G-
Theorem 7: [4]

Let G be a finite group of order a prime p, then G is
cvclic.
Cefinition:

Let S be a non-empty set of elemenis of G and let
{H.:

i iegs}be the set of all subgroups Hi of G which contain

S: Hi::)S, then we have the following definition:

The subgroup N H, is defined to be the subgroup of G
igA
generated by 5. 5 is called a generating set af N H.. The
ied
members of S are called generators of [l H.. If § is a finite
ich
set, then N Hi is said to be finitely generated. We usually
ieh
denote N H. by <S5>.
; i
lehA
Theorem B: [14]
Every subgroup of a cyclic group <g> is cyclic. Moreover
'f <g> is finite of order n, then there is just one cyclic
iubgroup of order m. For each divisor m of n this subgroup
/m

1as the form <gn >, these are all the subgroups of G = <g> in

he finite case.
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§(1.7) The p-subgroup and Sylow theorems:

The subgroups of order p", where |6{=p™s, (p,s)=1 are

called the Sylow p-subgroup of G.

(1) The first Sylow theorem: Let G be a group of order n:me

where (p,s)=1, and p is a prime. Then G contains subgro-
ups of orders pl; i=l,2,...,m; and each subgroup of order pl;
i=1l,2,3,...,{(m-1), is a normal subgroup of at least one sub-

group of order pl+l.

(2) The second Sylow theorem: In a finite group G the Sylow

p-subgroups form 2 complete conjugate set of subgroups of G.

(3) The third Sylow theorem: Let G be a group, then the number

of Sylow p-subgroups is of the form l+kp, where k is 2 non-

negative integer, and l+kp divides the order of G.

Results:

1) Let G be a finite group with just one Sylow p-subgroup for
each prime p dividing |G|. Then G is the direct product of

its Sylow p-subgroups.

2) Let |G]| = pzq, where (pz-l) does not divide q and (g-1)

does not divide p. Then G is abelian.

5) A finite abelian group is the direct product of its Sylow

subgroups.
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Theorem 2:
If the order of a group G is divisible by a prime_p,-
then G contains an element of order p, and hence G has a

cyclic subgroup of order p.

Theorem 10: [4]

All groups of order pz, where p is a prime are abelian.

Theorem 11: [14]
There is one unique Sylow p-subgroup of the finite

group G iff it is normal.

Theorem 12: [4]

Let G be a group of order pgq, where p,q are distinct
primes with p < q, then G has just one subgroup of order q.
This subgroup of order q is normal subgroup in G. If p does

not divide (gq-1), then & is a cyclic group.

Theorem 13: [10]

If a group G is of order pn, where p is a prime number,

then G has a normal subgroup.

§{1.8) Conjugacy:

Let H be a subgroup of a group G, then.g-ng form.a
ubgroup of G.Vg-ng is called a conjugate set to H in G,
"t is isomorphic to H, and Jg_ng} = |H]|.
lefipition:

The set N{H) = {g: ge8, gH=Hg} is called the normalizer
f H in G.
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Definition:
The center Z(G) of a group G is defined as:
Z(6) = {x: xeG, xg=gx, for all g-eG)}
Definition:
Twe subgroups H and K of a group G are called conjugate
if H:g_lKg, for some>g eG,
Results:
Let G be a group, then we have:
(1) Conjugate subgroups are isomorphic; in particular they
have the same order.
(2) 1If H is a subgroup of G, then H is normal in NG(H).
{(3) If N is any subgroup of G such that H is normal in N,
| then H G N = N.(H).
(4) All elements in the conjugacy class containing g have
the same order as g.
(5) H is normal in G iff H consists of the union of complete
conjugacy classes.
(6) Z2(G) is a normal abelian subgroup of G.
(7) Let G be a finite group. Then the class equation is in
the form iG] = {Z(G)[+hl+h2+...+hr , hy>1
where hi= the number of elements in the ith conjugacy class
= {G:NG(xi)]for any element x., in the ith conjugacy
class.
(8) If |G]=p® for some prime p, then |Z(G) [=p®> 1. In particular

Z(G) # {e} for a p-group G.
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