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Tha thasis deals malinly with infinite matrices
argsaclatsd witk baslie s2ts of polvnomials., ITn most eases

the matrices ars algebraic onss.

The thesls conslists of four chapters. Chapter I 1s
an Intrcoduction to basic sats of polynomlals and to
algebraic infinits matrices., This Introduction involvas

only those rgsults which are nseded in later chapters.

Tr chapter IT wo investigats effsctivenass in closed
cireles, effactlvensss In an open eircls, offsctivensss at
the origin, and effectivenass in the whols plane for avery
antire function, of baslc sets assoclated with "non-
singular” matrix functions F(P) whera P 3s an algebrale
row-finite matrix; four thecrams, each concarning éne of
these four toplecs, are astablished., Applyling these four
theorems, ancther four theorems are proved on the effect-
1vsneass of basliec sats assoclated with algebralc sum
Aatrices. Two further theorams ars gilven which deal with
affectivenass of basic sets asscvcelated with non-singular
matrix functliors F(P) whara P 1s an algebraic row-finite

matrix whose elements are of assigned magnitude,
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Tro Traptar ITT. foar thaoorams o ar? 2gtabidghad
thwa affactivanass . f basgsic g2ts assootated witkh matrix

fureticrze B(P) whan 2 basle sat ass-ciatad with soma
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cart.in funetion F(P) 1s krnown tu be

{

¢f results on algsebrale infinits matricas which ars

raquired for tnis purposs are glvan first. In this chaptar
too, two thraorems ari astablishad concerning the affectlvensss
of basle safs assoclatzd wlith "uppar row-finitz matricas®
which are not nacassarilv algebraic.,  Furthermora the
affasctiviness of basic saets assoclatad with functions of

algabrale uppsr row-finite matricaes 1s invastieatad,

In chaptzr IV, w2 first invastigats ths order of
hasic sats asscoelatsd with non-singular matrix fungtions
F(P) of an alg3bralc row-finlts matrix P whoss zlamants
ara of ecartaln ordar of magnituda, Wi naxt Invaestleata
th2 ordar, as will as th3 tvps on a cirels; of basiec sots
assoelatad with non-sineilar matrix funetions F(P) of an
algabrale saml-bloek matrix P, In ths last articls we
invastigat2 the ordsr of basle sats assoedatzsd with non-
stneular matrix functions F(P) whan th? basic sat associlataed
with tha algabrale lowsr sami-matrix {(or ths alesbraie uppsar
row-Finlts matrix) P is of eglven order. Thaorams I and IT

of this chaptar ean ba stated as thecrams on algaibrale
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infindts matriess without rafarring tu basic sets.

Tt 15 nopad that instalmants of chapters I7T, IIT

and IV would ba publlishad.

Thz thz3sls has been prapared under tha kind supervision
of Prof. Dr. Bagy H. Makar to whom I wish to sxpross my

despast gratltude and thankfulnsss.

Novambar 1970
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CoAPTER
R ML AN

L, JNTRODUCTIN TO BASIC $3TS

0F POLYNOMIALS AND ALGEBRAIC INFINITE MATRICES

In this ehapter we flrst give a very brief survey to the
theery of basic sets of polynomials which we shall need in later
ehapters. No proofs are given since these results (and their
proofs) are mostly contained in Whittaker's memolr {23 T. We
ithen give, in this ehapter ton, an account of some recent
researches on algebrailc Infinite matrices which are in complete
touch and are necessary to our work in later chapters. Proofs
are included, since these ;esults are gathered from diverse

sSourceas.

i+ Basic Sets Of Polynomials.

A set of polynomials

(1) %vpn(z)}- = po(z), pl(z), cee pn(z), .o

forms a bas;c set, if every polynomial ean be expressed, in one
and only one way, as a finite linear combination of the elements
of the set. This definition implies that the elements of the

set must be linearly independent.

Let the representations of the polynomials zn, Nz0,1,25000

be

- I
(2) A = /_-__jt_u i,rli Pi(Z), n = 0,1,2,--0
and let
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(3) TS N v, Z

WIE:‘..O

bs regular ne’ar the origin, then by (2} we hive, formally,

(%) £{=) = IIof{n) pO{z) + IIlf(o) pl[z) 4 IIEf(q) pg(z)f.._
whare
T T
T T o T £{o) ,
- on f(O) + ln f(O) + on 2.' e

The series in (4) 1s called the assnelated baslc serles of f(z).

Writing
T J
(6) Pi(Z) = .éj_.s pij Z L] 1 = 0,1,27..-
then P = !~p13] y 1,) = 0,1,2,... 1s called the matrix of
fficlents of t v f ™ - {77 ]
coafficlents of the se ! pn(z)} , whilst T E'ij j .

1, = 0,1,2,¢.- 1s called the matrix of operators associated
with the set. Both P and '] are row-finite matrices. The

following result has baen proved by Whittaker:

Legma 1: The necsssary and sufficient condition for the set
.fpn(z)}to be basic is that the matrix of ec fiicisnts P should

have a wnigua row- finite rociprocal TT.

Writing —
; I
(7) ©w ®) = /o o A, @)
where
3) A, (R = ' ,i
( i( ) ;zTifR ’ pi(z) l y
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whittsker proved “mal when the fuoeti-n ©72) in 730 1 saoW

o0
that E:: 1 Lén (R} crnvarpes, f(z) 1s represented by its
aSSnci:Sad basic serizs in and on the circle jz: = R, by
"rapresentation’ 1s meant the uniferm convergence of ths basic

series to f£(z).

To distinguish between the different crnvergence

properties of basic series, we have the following definitlons:

(1) A basic set is said to ba effective in the circle fz} <R

1f every funetion £(z) regular in and on [z} = R 1is represented

by 1ts nssociamted basic series in and on {z} = R.

I

(11) A basle set 1s said to be effective in the circle {zl 4R
when every function f£(z) regular in {z}] £ R is represented by

1ts associated basic series in fz] <R.

(111) A basic set 1s said to ba effective at the origin when
gvery function f(z) regular at z = o, is represented by its
associated basic series in some circle surrounding the origin,

the size of tnre cirele baing dependent -n f(z).

(1v) A basic set is s31id to be effective at the origin (or in
the whole plane) for every entire funetion when every entire
unction f£(z) is represented by its associated basic serles in

some clrele surrounding the origin (or in the whole plane).

The number of non-zero coeffieients TTni in the

representition (2) 1s denoted by N(n). A basic set satisfying
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the c¢ondition
7 . l/n
(9) ] N(n) g —_ 1 28 N.—z M
is ealled 1 Cannon hisic sat. Writing
' ) 1/n
(10) )\(R) = 1lim a{wn(a)} '
n-—+om -
4t has been proved, by Cannon, that if for 2 Cannon basic set
/\ (R)> R, for some value of R > 0, then thers exists 1 function
of radius of regularity/owhere R AL )\(R}, which 1s not

represented by the associated basie series, in izj {R.

Combining‘ this result with the former result due to
whittaker, we have the fundamental theorem on the affectiveness
in a1 closed eirele | z| < R, viz.
lemm 2: The necassary and sufficient condition for 1 Cannon
basic set to be effective in [z | R is that }\_(R) = R.

In the cise of general basilc sets, i.e. sets not satisfying
Cannon's condition (9), Cannon considers, in plice of the

axpression (,cn(R) the expression

(11) Fn(B) = mx mX '1'11 pi(z) + 73

p  (z)* ...+ 77 P (2)
i,] jz:=R 3

ng+l 1+l nj
writing
_ — ( . l/n
(12) V(@) = lm LFn (R)}

n—
then, in place of lemma 2, we have
Lemma ’2: The neeessary ind sufficient econdition for a general
basic set tn bs affective in [z | < R is tmt Y, (R) =R
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We mste that in geneml

a3y R X R ¢ )\ (R}
" wut 1a the eisa of 1 Cannon sat X (R) = /\ (R).

The fundimentil theorems on the effectiveness in in epen
etrels | z{ { R, effectiveness 1t the origin, ind effectiveness
1t the ertgin (or in the whole plane) for every entire function

ara 13 follows.

Lomma 33 The necessary ind suffiecient condition for 3 Cannon
bisie set to ba effective in the eircle [z |<R is that
’\ (r}< R for all T < R. ‘

Lemma Y4: The necessary and sufficient condition for a Cannon
basic sot to be affective at the origin is that /\ (o+) = o.

Lemma 5: The necessary and sufficlent condition for a Cannon
baisic set to be effective at the oyigin (in the fhole plane)
for evary entire function is tmt/\ (o+) £_ oo ()‘ (R) 1s finite
for 211 finite vilues of R).

For generil basic sets, /\ (r) is replaced by X (r) and
‘ A (o+) is replaced by X (ot).

The properties of the functions )\ (RY and X (R) were
estiblished mainly by Whittaker. For 1 Cannon set we have

Ay Aw g i)\m)} o {/\ml+b)} P ecacn,
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apd from (14) the following results hiv: been deducad:
(1) There is at most »~ne Intervil in whi-h ;K(R) is a
constant and moreover the left end point of this interval
is zaro.
(11) I1f )\(R) =R forR=131ard R =b, (0o 2 <b), then
A () =R for all R such that a { R L b,

Similar results hold for X (R), and co we have:

Lemma 6: The circles of sffectivensss of 1 basic set form

an annulus a R b or 2 {R .

The number D(r) has been introducad, by Cirnnon, a8 the
degree of the polynomiil of highest degree in the representation
(2). Tt is clear that N(n) SfD(n) + 1. Canron has proved that

if
(15) 1im Dgn) = O(
Nn—-00
then x
{r) R -
(6D '"";gé— < >\;c><) ' oLR ST

Thus for sets satisfyine (15) which are counsequently Cannon
sats, )\ (R) is either finite and continuous for 311 R X o or

infinite for 11l R > o. Consequently we have

Lemma 7: If a Cannon basic set satisfying condition (19) is
affective 2t the origin for every entire function, it 1Is

effective in the whole plane forevery entire functioen.
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For Ciunon sets nnt satisfying (L5%5), Nassif has shown
that )\(R) his it most one discontinuity beyond which it

bacomes infinita,

A simple set of polynomlals 1s defined as ona in which
pn(z) is of degree n for all n. Such 1 sat is basic ind
D(n) =n for 111 n, The valus o< = 1 in (16) gives Cannon's
resulit: _
Lemma 8: A simple set which is effective in some circle
5Zl\§‘Rl,1S effective in every eircle |zI{R, R 2R,.

But the set may not be effective in a cirecle | z]{< R,
R <~Rl'

We also hive the result that 1 simple basic sat which is
effective in an open circle |z{-(_R1 is 1lso effective in the

closad circle .z’g{ Rl (and so effgctive in every cirecle

tz{{ R, R R,

Wnittaker hais ilso eonsidared the representition of entire
functions, of definite order aind type, by basic series of
polynomials, Whittaker's fundamentil theorem miy be explained

18 follows.

The order A ind typs O~of in entire function

f(z) = ; 1 2" ire defined by
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.7) /2 - lim mlogrn/ loz T
-3 00 ! ﬂi
1 — l//@ l/n ‘/0
(18 e~ =5 14m n fa_|
AL -
e/ “ose | ol
fQ -~

provided o < [T N oo

Whittaker defines the order (O and type ¥ of 2 Cannon

basic set as

(19) Ly = 1lim ©w RY
R-—+»00
whare
(20) LR) = 1im log W (R) /n log n ,
n-y 00 :
and
(21) ¥ = an % (R)
—00
wnera L/eh
= r . _7l/n - W T ’
(22) ¥ R) = 3! n]—-inclx) {(.onm)j n |
‘ ] ‘ |

provided o < L3 < .

The fundamental theorem 1is now as follows:
Lemm_9: A& Canoon basic set of order (O and type % represents
in the whole plane (is effective for) every entire function of
jnereise less than order 1/(D , type 1/ ,i.e., every entire
function

(1) of order ¢ 1/

a
(11) of ordar 1/40 btut type < 1/ -

Cannon has proved that the necessary and sufficient
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eanditicn Coro3 Aarsinm T varsie sat te be effasctive for avary

entire fucciion of growta 1ass than order p, type 4 is that
- P l/p r . --,l/nl

(23) Lim | “9-%_9) Y, ®) 9 | £ 1, for all R.
n— 00 L L J T

Thus 2 Cannon basic s3b of order (D and type ¥ doas not
rapresent 2 the whrla plane every antira function of order

p > 1/(y or of ordeT P = 1/ () but type a > /7% -

The function () (R) may bs finite 2nd continuous for all
R, but may i~cranse indefinitely with R, in which ease = ‘oo.
In such a2 case Ewelda [2_1 ezils LY (RJ the order of the Cannon
set {p (z)j on the circle |z | = R, and proves that the baslc

sat 1s effechive in the circle lz / R for every entlire

function »f order 4 L
. WE"
In the casz of 3 basic st satisfying the condltion
D (n)
(21") 1im o1 " = 0 ’
e b log ™

an1 so thz set is 2 Cannon set, ¢ (R) 1s the samz for all
R > o, whether fir te or tnfinitz and this fixed value 1s

then the order £ of the hasic s2t [2]

when (3 (R) -5 the same for 21l R> », ¥ (R) may not be
the same for 211 R > o3 it may tneraase te infinity with R.
In such 1 case the baslc set 1s effectuive in the circle

*z\( R for every enture function of order (_b , type g(ﬁj
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