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The th,3s1s dea.ls mo.inlv with infinite mo.t:riees 

d.:SS.,cia.ted wit'" basic sets of pobmornia..Ls. In most ea.ses 

the matrices are a.l~ebraic ones. 

The th;;osi_s consists of four cha.pters. Chapter I is 

an introduction to basic sets of polynomials and to 

algebraic infinite matrices, This introduction involves 

only those results which are needed in later chapters. 

In chapter II we investigate effectiven-ess in closed 

circles, effectiveness in an open circle, effectiveness at 

the ori~in, a.nd effectiveness in the whole pla.ne for every 

entire function, of basic sets a.ssociaterl with "non­

singular" matrix functions F(P) where P is an algebraic 

row-finite matrix; four theorems, each concerning one of 

these four topics, a.re established. ~pplying these four 

theorems, another fo ~r theorems are proved on the effect­

iveness of basic sets J.ssociated with algebraic sum 

..ldtrices. Two further theorems are given which deal with 

effectiveness of basic sets ass~ciated with non-singular 

matrix functions F(P) \llhare P is an al(\'ebraic row-finite 

matrix whose elements a.ra of assi~ned magnitude, 
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+-.:"'·c3 -3ff~~ctlv0c.ess .f bas1c s-~ts ass·,~1_j,terl wjtr. iTJd.trtx 

cart ~in functtun F(P) is l<"nu·wr... tv be effective~ A. number 

c,f results on alE;ebraic infinite matrices \Yhich are 

required fur tnis purposJ are e;iven first. In this chapter 

too, two theorems are astablishecl concerning the effectiven9s~ 

of basic sets associated with "upper row-finite matrices" 

which dre not necessarilv algebraic.. FurthermorG th3 

·effectivaness of basic s3ts associated with functions of 

ct.lgebrct.ic upper row-finita matric3s is inv·estigated, 

In chapt:Jr IV~ wa first investigate th3 order of 

basic sets associat3d with non-singular matrix functions 

:rCP) of an c~.lgebraic row-finitG matrix P whosa elJmJnt~ 

are of cartdin orc1er of magnitude, We next investigate 

the ord3r, as well as the tvpe on a circle~ of basic sets 

associated with non-sing,llar matrix fu:-:~ctions F(P) of an 

d.lg3bra:ic sami-blJck matrix P. In the last articla wa 

investigate the urder of basic s9ts associated with non­

si''lgUldr F.;d.trix functions F(P) Wh3n th·J basic s3t associatGd 

W1th th-3 alg.1braic loWclr semi-matrix (or the algebraic upp9r 

ruw-fln:it-3 ;c:J.trix) P Is of giv3n order. Thaorems I and II 

.Jf this chaptar ca.n be stated as theorems on .;~lg3braic 
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infinit·a !llcitric'ls without raf,rrin~ tu bdsic sets. 

It is hopcJd thdt i.nstdlffi·3nts of chdpter? II, III 

dnd IV '"auld ba published. 

The tloasis hciS been prJpared under the kind supervision 

of Prof. Dr. Rat;y E. Makar to whom I wish to express my 

deepest ~ratitude and thankfulness. 

Novambar 1970 
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OF POLYNOMIALS AND ALGSBRUC INFlliiTE MII.TRI(jgS 

In this eh'lpt3r we first give 'I very brief survey to the 

theory of b~sic sets of polynomi~ls which we shall need in later 

e~~pters. No proofs ~re given since these results 

proofs) ~re mostly contained in Whitt~ker•s memoir 

(and their 

i- 23 1 • We 
L 

then give, in this chapter ton, an account of some recent 

researches on algebraic infinite matrices which are in complete 

touch and are necessary to our work in later ehapters. Proofs 

.are incJuded, since these results are g'ithered from diverse 

sources. 

~. Basic Sets Of Polynom!als. 

(l) 

A set of polynomials 

r ' 
~pn(z){ 

;... j 
... ' 

forms a basic set, if every polynomi'll can 

P (z), • .• 
n 

be expressed, in one 

and only one way, 'iS a finite linear com bin 'It ion of the elements 

of the set. This definition implies th'lt the elements of the 

set must be lineqrly independent. 

n 
Let the representgtions of the polynomi'lls z , n=o,l,2, ••• 

be 

(2) 

1nd let 

n 
z = L __ _. 

i 
F 
ni 

n = o,l,2, ••• 



( 3) z 
----

n:::~o 

be "!"egul~r ne·u the l'll"igia, then by (2) we h-we, fl'lrm3.lly, 

( '}) f (::, ) = II 
0 

f (-.) p 
0 

( z) + II
1 

f ( o) pl ( z) 1 II/ ( n) p 
2 

( z) + ••• 

where 

( ')) II f(n) -,, 
-~ + TTln 3.1 + ·-,, 

+ = 2n a2 • • • n on 0 ,, 
"'T f(o) TTln leo) 

..,...,.. f(o) 
== + + II -+ ••• on 2n 2! 

The series in (4) is called the associated ~sic series of f(z). 

Wr5ting 

(6) 
j 

z 

then p = [ Pij} , i,j = o,1,2,... is ~alled the matrix of 

coefficie:1tS of the set f pn (z)} , whilst i' = r~T 1 , 
I_ l ij J 

i, j == o,l,2, ••• is c3.lled the matrix of oper'ltors associated 

with the set. Both P ~nd TT are row-finit~ m~trices. The 

following result has been proved by Whittaker: 

Lemma 1: The necessary and sufficient condition for the set 

.fPn(z)} to be basic is that the matrix or eo·,f".Lici·mts P should 

hava a 1miqu~ row- finite reciprocal n. 
Writing 

~· 

(7) (0 (R) = f_, j Tf ~ ll.i (R) n1 ' n i 
where 

(3) A
1 

(R) = ID3.X 
!ZI = R 

\pi(z)j ' 



Whitt~. 1~er pr-c",\:'-,3d · h·1.t. 'Nben the f· .. nc·t t":r., f'-7) ~.r; '_:J.., ~-~' ~~ .c·'· 
CXl 

th'lt L- 1. . (..;.) (R) c"nv~rges, f(z) is representee! tly its 
n=:6 n: n 

3.Ssnci'1ted b1sic seri3s in "l.nd on the circle \ z! ,. R, by 

"represent"ltion" is ma"lnt the unifnrm convergence of the resic 

ser~es to f(z). 

To distinguish between the different c~nvergence 

properties of b"lsic series, we have the following definitions: 

(i) ~ l''lSic set is S'iid to b9 effective in the circle (z) ~ R 

if avery function f(z) regular in 'lnd on tzl = R is represented 

by its 1.ssociqjj;ed b'lsic series in 11nd on lz l = R. 

Cii) A b'lsic set is said to be effective in the circle lz1 ~R 

when every function f(z) regul1r in (z} ( R is represented by 

its associ"lted b"lsic series in fz1 <. 'R. 

(iii) A. b'lsic set is s'lid tt'l be effaet:l ve "lt the <">rigin when 

every function f(z) re~ul1r 'lt z = o, is represented by its 

'l.SSoci'lted b'lsic series in scme circle surrounding the origin, 

the size of t,,e circle being dependent nn f ( z). 

(iv) A. b'lsic sat is S'lid tc be effective 'lt the crigin (or in 

the whole pl3.ne) for every entire function when every entire 

·unctinn f(z) is represented by its 3.sscci3.ted b>sic series in 

some circle surrnunding the origin (or in the whole pl'lne). 

The number of non-zero coefficients TTni in the 

represent'ltinn (2) is denoted by N(n). A b'isic set S"ltisfy:tng 














