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SUMMARY

The notation of a fibre bundle first arose out of questions
posed in 1930 on the topology and geometry of manifolds, [18]. By
the year 1950, the definition of fibre bundle has been clearly
formulated. Steenrod's book, [26], which appeared in 1950, gave

a coherent treatment of the subject up to that time.

The problems connected with bundles are of various types. The
problem of the great interest 1s that of obtaining the relations
connecting the homotopy groups of the total space, base space, and
the fibre. The isomorphisms between the homotopy groups of the
different spaces in fibre bundle are not valid in general, althou-
gh, for certaln flibre bundles, the exlstence for such isomorphlsms

are posslble.

The homology theory is one of the most important subjects 1n
algebralc toplogy, its axiomatic characterization has been given
firstly by S. Eilenberg and N. Steenrod in (1952), [8]. Its impor-
tance 1s due to the fact that an algebraic representation of
topology converts toplogical problems into algebraic ones, to the
end that with sufficiently many representations, the topological
problems willl be solvable if (and only if) all the corresponding
algebraic problems are solvable. One of the most essentlal homology
theories 1s the singular homology theory, [10], which is defined
on any category of toplogical spaces without any restriction and

always satlsflies all the Ellenberg-Steenrod axioms.
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The recognition of the branch of mathematics now called homo-
topy theory took place in the few years after the introduction of
the homotopy groups by Witold-Hirewicz in (1935). Since then, with
numerous advances made by various workers, 1t has been playing an
increasing important role in the expanding field of algebralc topo-
logy, [9]. The difference between the homology and homotopy groups
lies in the existence of the excision axlom in the homology theory
which is replaced by the fibration axlom in the hemotopy theory,

{13] and [8].

There are no algorithms for computing the absolute or relative
homotopy groups of topological spaces. One of the few tools avalla-
able for the general study of homotopy groups is their comparsion
with the corresponding integral singular homology groups. Such a

comparsion 1s affected by means of a canonical homomorphism
x . m (X, A, x ) — H (X, A)
n n [+] n

from homotopy groups to homelogy groups which is called the

Hirewicz-homomorphisam.

For every homology structure B, F. W. Bauer, [4], constructed
a homotopy structure Bn’ in which these two structures behave to
each other in the same way as the singular homology theory to the
classical homotopy theory, Bauer homotopy theory ls defined for a
certaln category of toplogical spaces and uniquely characterized
through certain axloms. Moreover, a Hirewicz homomorphlsm

h B" — 3 8 1is given. The maln aim of the present work 1s using

ﬂi
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the relation between homology and homotopy, especially the Hiirewicz
isomorphism, to obtain some results concerning homology from homot-

opy of spaces of flbre bundle, and vice versa.

The thesis consists of three chapters. The first chapter
contains basic ideas from algebra, topology and algebralc topology.

These ldeas form the theoretical base of our study.

In the first sectlion of chapter II, we deal with the answer
of the question "Are the homotopy groups of the total space isomor-
phic to those of the product spaces?". In the second sectlon we
prove that the homotopy groups of the total space and the base
space, in certain cases of fibre bundles, are isomorphic. In the
third section we prove the lsomorphism between the homotopy groups
of the total space and those of the fibre space under certain
conditions on the base space. On the other hand, the 1somorphism
between the homotopy groups of the base space and those of the

fibre space ls proved.

in the flrst sectlion of chapter III, we deal with the homomor-
phism between homotopy group and homology group, using the classic-
al and new ldeas of Hiirewicz homomorphlsms. Moreover, some propert-
jes of these homomorphisms are considered. At the end of thls
section we prove that the classlcal Hiirewicz isomorphlsm theorems

are speclal cases of the new Hiirewlcz isomorphism theorems.

In the second sectlon of chapter III, we use the classlcal
Hirewicz lsomorphism to obtain homology isomorphisms and homotopy

isomorphisms for fibre bundle.
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CHAPTER |

BASIC CONCEPTS

In this chapter we introduce the definitions and conventlions
which are required for our study. We classify them into slx main
sections. In the first sectlon we conslder the topologlcal concep-
ts, it is divided 1into three articles, the first article studys
the basic definitions; the second article deals with the fundamen-
tal group and the third article deals with the fibre bundle and
fibration. The second section is devoted to the algebraic concepts.
The third section deals with the category and functors. The axioms
for homology are considered in sectlon four. We concern with the
singular homology theory in section flve, Finally, we conslder the

homotopy groups and homotopy system.

1. TOPLOGICAL CONCEPTS

This sectlion deals with some topological constructions we
classify them into three articles. In the first we conslder the
basic definitions and propertlies for spaces and maps. The second
is devoted to the concept of the fundamental group, and the last

deals with a brief account on the topology of fibre bundle.

1.1 Basic Definitions:

pefinition (1.1.1): A topologlcal pair (X, A) consists of a topol-

oglical space X, and a subspace A of X. If A is empty, we shall not
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distinguish between the palr (X, ¢) and the space X. By a map
f: (X,A) — (Y,B)} from a topological pair (X,A) into a topological
pair (Y,B), we mean a (cont inuous) map f: X —» Y from the topolo~
gical space X into the topological space Y satisfying f(A) ¢ B. We
shall not distinguish between the map f: (X, ¢) — (Y, ¢) and the

map f: X — Y, [17].

Definition (1,1.2): A toploglcal triple(X, A, B), is a toplogical

space X together wlth two subspaces A and B of X satisfying B < A,

[17].

pefinition (1.1.3): By a topological triplet (X, A, xo). we mean a

space X, non-empty subspace A of X, and a point xoeA , [13].

Definition (1.1.4): The lattice of a pair (X, A) conslsts of the

pairs: X, ¢

(¢, §) —> (A, ¢)< \(x, A) — (X, X)

(A, A)//////ﬁ

all their identity maps, the incluslion maps indicated by arrows,
and all their compositlons.

If £: (X, A) —> (¥, B), then f defines a map of every pair of the
lattlce of (X, A) into the corresponding pair of the lattice of

(v, B), [8}].

Definition (1.1.5); Let {Xa} be a collection of sets Indexed by a

set M. The product || Xa of the collection {Xa} is the set of
aEM
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functions x = {xa} defined for each aeM and such that X the
value of x on «, 1s an element of Xa. In particular, 1if
M= {1, 2, ..., n}, then the product Tj Xa is the set of all
n-tuples (xl, Xoroooo xn) such that xleXTfH1=1, 2,..., n, and will

be denoted by X1 x sz L X Xn. If each Xa is a topologlcal space,
a topology 1s introduced in the preduct of the collection {Xa) as
follows:

If a finite number of xa’s are replaced by open subsets U“cxa, the
product of the resulting collection is a subset of T Xa, and is
called a rectangular open set of T[] Xa. Any unlon ﬁiurectangular
open sets is called an open set :futhe product. The product with
thlis topology 1s called the topological product, and the space Xa

1s called a-Component of the product space, [8].

Definition (1.1.6): Let F = {Xu' €M} be an lndexed family of

spaces, and let X =U X, be the union of all sets X . Deflne a
collection <t of sugzzis of X as follows: A subset U of ¥ is in T
iff U Xa is an open set of the space Xa for every oeM. It ls
obvious that T is a topology on X. The set X with this topology

is called the toplogical sum or sum of the family F, [16].

Definition (1.1.7): Let f: X — Y be a surjective function from a

space X onto a set Y. The identification topology on Y determined
by f is the topology in which U & Y 15 closed 1ff f_l(U) is closed
in X. If Y is glven the ldentification topology, f 1s called an

ident ification map or projection, [11].
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Definition (1.1.8): Let R be an equivalence relation on the

points of a space X. Let Y be the set of R-equivalence classes,
the function k: X — Y which assigns to each point xe€X its
equivalence class is called the natural projection of X into Y. If
Y is given the jdentification topology determined by k, we write
Y = X/R and say that Y is the quotient space of X by the relatlon

R, [11]1, [28] and [21].

Definition (1.1.9): Let X, Y be two given spaces and xoex, yoeY be

given polnts. Consider the topclogical sum W=X UyY. If we identify
the point xoeX with the point yOEY. we get a quotient space U of
W with a specified point u, which 1s the class consistlng of x
and v, This space U will be called the one-point union of X and Y,
and sometimes denoted by X Vv Y, [13]). The spaces X and Y can be
considered as subspaces of X Vv ¥ in the obvious way, and X Vv Y can
be considered as a subspace of the topologlical product X x Y by

means of the imbedding

k: (XvY, u)— Xx¥, x,vy))

{u, yo) if ueX ,
k(u) = {

(xo. u ) if ueY .

defined by

Definition (1.1.10): The n-cube 1™ is the topological product of

n-copies of unit interval, l.e., " = (Gt e oonn tn)1 t eI}
The n-cell E" 1s the subset of the eucl idean n-space R", defined by

E" = {xeR" | |x| = 1}.
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