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E~t1ilibrium forms and stability of charlted drops 

Introd11ction. 

Atomic nuclei are examples of uniformly charged drops, 

Ill lhuup;h ~uant.um effects arc important in the study of 

atomic nucl<'i, the average effect of trcatinp; them us uni-

forn•lY charged incompressible liquid drops (drop model of 

th~ nucleus) is quite important in the investigation of the 

fission of nuclei and in the study of nuclear encounters in 

genora 1. 

The equilibrium form of a uniformly charged drop at 

rc·st 11ndcr the action of the surface tension (whi.ch l<ecps 

the positive charges from flying apart) and the Coulomb 

repulsion is a sphere, 

II hollow '>phcrr:with ~;pht:"ricnl symmc·try is n pos"ible 

l'orm of equLlibrium but it can llc shown that this l<int\ of 

ecJuilibrium is unstable, 

It will be shown that the spherical form of a uniformly 

ch;trged drop is only stable under certain conditions where 

8 par8mc ter j. known 8S the fissiwnali ty parameter docs not exceeds 

tho valul· one. This fissionali ty parameter is defined as 

the ratio between the Coulomb energy to twice the surface 

energy of the spherical drop, 



When the drop is not at rest, but rotates with a p;iven 

constant angular momentum, then its equilibrium form will 

no longer be a sphere, but another complicated form. Neglec­

ting the Cohlomb energy (when the drop is unchnr~ect) th~n 

its equilibrium form under rotation can be exactly computed 

(15 ). Increasing the angular momentum the drop finally 

takes an annular form and then becomes unstable under what 

is known as saussage deformation. 

On the other hand on neglecting the surface energy of 

the drop and using gravitational attraction instead of 

Coulomb repulsion, then under rotation the drop (planets, 

stars, etc) takes the form of an exact oblate ellipsoid of 

revolution (known as Maclaurin's ellipsoids). 

Jncr<<'<ts.lng thC' nngulnr momclltum tlH• drop can tnkl• Pi th<>r 

the form of a Maclaurin ellipsoid of revolution or as an 

exact triaxial ellipsoid (known as Jacobi ellipsoid). 

We shall however concentrate in this thesis on the 

investigation of uniformly charged drops at rest, Apart 

from the stable equilibrium of spherical form, we shall 

investigate another unstable equilibrium form l<nown as the 

saddle point shapes where the form is described by more 

than one parameter and the defQrmation is stable for cer­

tain variations of these parruneters and unstable for other 

variations (investigation of the different modes of defor­

mation). These sRddle point shapes are quite importnnt 
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for the investigation of stability of the charged drop. 

We shall follow the ene;rgy method in our invcs\.i~,;aLiuu, 

either to obtain the saddle point shapes or the unstable 

deformation of the drop starting from the saddle point 

shapes. 

The investigation of these unstable deformations 

wi 11 rovcnl the po1;1;i bi li ty of the fission of the drup 

in1o several fragments. 

Numerical computations arc quite important in these 

investigation and full analytical expressions will be civ~n 

which ean facilitate further investigations on the subje>c:t.. 

Ther is however o. lot of invcstic;Litiono curried oul on 

tlw problem of otability of unl.formly clll.lrc;cd liqu:L<l d '.'opu 

mRinly by Swiatecki, W,J nnd hlG colluborntorn ( see for c~-

cot"strlered the c1eformod drop to be c;ivon by nn nxlnlly DJrn-

metrj c fic;ure deocrillod in tcrmo of 10 deformation Jlll.<'c.un~: L·­

ero \1!!inc polur coordinateo y,6CPclescr:Lbll the ourr. .. co , i:iueh' 

inveot.icntions altiJou:.;h trey deocribod exnctly tho sui.li.llo 

point shapes , they fuilecl to describe the dynamic~ of tlte 

dror strntin~ from the saddle point ohapcs • 

In addition the computation wn.:J quite lluc;t" , We have 

con~ic1ered the deocription of the u.xio.lly oymmetr.i.c rleforrnt.Jd 
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c1r·Gr• l•y uninc: nmc.ll dcfoi·ml\Lions Clhout u.n cllipuoid of ~cvol­

uti~nn , ei thor proll!!.te or oblute • 

Thin procedur"' wo.s succensful in describin;_; il1u su.uulc 

point Rhnpen in tcemo of only 0110 bi[.j parameter ( tho :_·nrn~ 

rnnjor uxi:J n of the ellipsoid ) 

nnr1 n nnmher of smrJ.ll dcformution pnrnmuter:J rle:Jcrl i1 inc the 

'lc·formntion H bout the ollip.'1Qirl • 

In this wny the ettuntion!l or motion ti\,O uL the oaudle 

:•oint sklf"~" co11lcl 11e :.:ncccosfully cnr1·ie<l out nne! sc•lvc:d 

'~:i ·rln._: the dynamic behavciour of the ohape of \.he cll'OJ• ui 

euccen:;ive instants of time 1 

~ince this procedure io new ( see Ref. 4,5,6 ) • A full 

lnv,·st:lcation on increnuinc the number of clefor·mulion para­

mcet.r;r<J rmd their compnriGon i!l core rully ce~.rrie I out ~in ch­

nr•1 r:r· f»ur 1n thiu tlie::Jir, , 

In chapter I of thin lhuuin the pou.ibilily or finnion 

into several fragments is investigated on uoiny o closed form 

Par tho mutuul polonliul onoryy of Lwo ulli~ooid of revolution. 

li: i lJ '"''s olre<~dy achieved by A. SubL'Y and 5. Shu lobi ( oou llt>f. 7 

Hnd 30). The same result is usod to investiysle the atahlllty 

of n bubble drop. 

ln chapter li the saddle point shapes of o uniformly 

chnrqed drop is carried out, This includes curreclionu in 

n previous work (see Ref. 4) and an exlcnsior1 to more defor-
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mntion pArameters. An investigation which is Vt:ry i11qjurL1i1l 

for the present procedure ~1tl1 reuar~:• lu 

o l he r 111 e l hod~ , 

In chnpler III invesligelions of rolatiny drupo, 

us! "'1 the present ener<JY mel hod ~ith numor.i.cul EliJiJI i cul <ur.c; 

were carried out• 

f 1 n 0 11 y J. n c h up lor IV , u o mo n l i uno d iJ u for" lhf' dynamics of 

Lhe uniformly chorgod dro~a io fully i rw e s t i q ct l <: d 

In the whole thesis it was found for com~luleneu~ 

Lo repeat writing samo equntiono already oppcorcd •n our 

prPvious investigations. This was found necessary lo h:1ve 

nn understondoble b~Ckr:Jround to the numerous nur""~'H'"l 

npp l icut iona corriod out nnd nloo for uny further .i.nv•.n•t •-

ontion to Ll1i!J now procedure. 
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OF CHARGED OROPS 



LilA I' II I( 

l't"l'lliniflary invcsliquliuns Ufl Lhc slability of 

charged drops 

In this chapter abrief investigation of the stability 

CHid the [10Ssible form of fission of 8 uniformly charged 

We firsl G\Jmmnrizc bric~fly lhc krlo\lln reutJ:ll!.> of 1 irniL~·> 

ul ,;t:al>i lily of u q>heric<Jl unifurmly churlJed drop. 

In the second section the case of a hollow drop is 

irJ\I(!~>t iqulcd on t l1e ar;surnpljun lhol the inside and outGide 

hounduries have thP- form of ellipsoids of rcvolutilim. The 

cncrqy tnctl1od 1s then applied to investigate tl1e stability 

of Lhe hollow drotJ 1 with the result that there always exist 

nn \Jn.'-:;tnb.lc mode. 

/\n npproxim;-df-~ and Pr1!3V .inve~liqntion uf tl1f' IJO:;r;.i.hlf~ 

forms that an excited uniformly charqed drop can have just 

aft-er tile Fissjon is cnrrjed nnd toqether with ~-;om£~ numc-

rlc•>l results for these forms having different flssion~lity 

\lnrcttneters. .I 
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