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INTRODUCTION

One of the fundamental tocls of research in tapology

and in its application to algebra is the track greups.

The track group (P,Q)m = (P,Q)m (K;xc} is defined as
the zet of =1l homotopy classes of maps
s [ px1™, PximuQxIm]—?-[K;xo], where x_ is the trivial
mep defined by X, (P):xo , the fixed point of P.

The track groups were studied by many mathematicians
such as S,T. Hu{5) in the cese of P and ¢ are topclogical
gpaces, slso Hu 15] studied the track groups when P and §

are replaced by C-W complexes.

Pox {3], had co-operated with Hu and others in simplify-
ing the study of the relationship between various track

groups end the homotopy groups.

The mein object of this thesis, on one hand, is the
study of the quotient track groups and obtaining some
resulis such as the isomorphic relationship between a
gplit extension track group and the quﬁtient track group,
beaide we discuwss this relationship in the status m > 1 ,

and on the other hand, slternative proofs for :

(1) Hu's theorems of {5}
(1i) Pox's Lemma, asre given

Also we prove some applications on Fox's Lemma.

N
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It is necessary to congider first what is the point
of ditfference in nature of congtruction between track
groups "and homotopy groups, the maps in track groups

. n m “m m
transforming from [PxI , PxI'yyQxI }to {X;XJ . |
while in homotopy groups the maps transforming from[Im,Im]

to the function compact open topological spaceix;x&LP’Q].

The thesls ig divided into four chaptiers as follows:

Chapter {I) deals with scme properties about the con-
cepts that are asgocisted with the track groups, alac the
definitions of the homotopy extension theorem property and

the homotopy type are given in this chepter.

Chapter (I} is devoted with the study of the exact
sequence of HE-topological spaces triple | P,Q,R}, which is
terminagting at {Q,R}l.

Chapter (III) is concerned with Fox's Lemma, and with
some applications on it, where some of these applications

study the relationship between track groups and the nomotopy

groups.

The previocus three chapters are accomodated with the
study of the construction of the guotient track groups and
acquired that the quotient track group is a swmmand of a

aplit exitension track group.

e Central | ibrary - Ain Shams University
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Applications on the results of these chapters

are proved in chepter (IV).

Seme theorems on the cluster space are given

in chapter (IV).

The numbers in square bracketsa refere to the

bibliography at the end.
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TRACK GROUPS
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CHAPTER {I)

TRACK GROUPS

In this chapter, we are firstly concerncsd with
the concepts that are associmted with track groups.
Besides we study in detailas some releted properties

of the genersl track groups. (see [5] ).

§{1.1) Basic notations

(1) Tet {3\ and [Iﬂ be two sets of spaces
indexed by the same set A ; no two spacez need be

disjeoint.

(ii) I™ shell be the m-cube, consisting of all
pointas {xl sreesy xm) in Puclidean m-space R, such

that o< x5 £ 1 for each 1.

(iii) I™ 4is the boundary of Im, congisting of
all points (xl, ey xm) of I™, such that x,70 or 1

for some 1& J < m .,

{iv) Set Eg-l = % - Im'l, a closed set which

meeta -1 in im'l.

et B |
v) [I‘,‘] is the set of zall maps of[Ph] to [L].

{vi) Q 4is a clesed subspace of P.

Central Library - Ain Shams University C“\



§(1.2) Definitions

(1) Amap £ : [I;'l ——-—'.v-{_I;\] ) ig & set

of continuocus maps £, : P, — X, , such that, for sll

TS IE R R EA RN )

{2} If T is any topological space then a map
T [_P,_] ——b-[x},'] induces a map 2: [PA x T]——;-[}[; x TJ
which is defined by %, (p,t) = (%, (p),t) for all
PE P, end alldech.

(3) The factor space P/Q {Zerlegensraum {: 1] )
is defined by :-

(a) If Q =< , the empty set, then P/Q =P,
gnd # : P—> P is the identity map

(b} If Q #p , then P/Q = (P-Q)wq, where g
is a point in (P-Q)°, the complement set of P-Q , and
$ : P—> P/Q is defined by
| (2-Q) = 1, the identity mep
& l Q=g

(4) If there is a map F:[ B, x I]—>[X,}, such
thet the following diegram

9
(2} > (B xI)

P
o )

R4Y

Central Library - Ain Shams University



-3 -

is commutative, where 9, : [B)——[2, x I} is a map
-:ief:l.ned by (Et (P) = (p,¥) € P, x I, then we say f,
is homotopic to fl and we write fo-:’ fl .
The map F or the maps ft are czlled the homotopy.

{5) If there is two maps LPAZ—:! (e ] such
that fg <~ 1 and gf~~ i, the identity maps, we say that
g 1is a homotopy inverse of f, and that [R.], KP}lare
of the same homotopy type.

{6) The homotopy reletionship between maps is an
equivalence relation and divides the set [P‘\] L%] into
homotopy classes. We write if} Tor the homotopy clags of
£, and (P, )° (X)) for the set of all such classesa. The
addition of two classes {f} s 353 in (PA)C' (X, ) is defined
by {f} + ig} - 1f + gﬁ , where the map f+g is defined by
(£+2)(Py ¥y s e ea ¥ ) 2f(D, 250 ps 0 v eyyy) if 04y, 2 B

:E(FnE.Yl -1, 321'--15"111] ir % < < 1
for all pg P}\ s 811 xg N

The homotopy c¢lass - ifi is the inverse of "Zfﬂ
containa the map{.f which is defined by:

18 PSP PPRTRIE AN 1§ 0 0% PPPDRIS e B

{7} The set (P\)mil’.} X, } which is cslled the track
group [5 1 is ‘che get of all homotopy classes of maps
T \P;u x I Py X 1 _]——é-—[IA, 0:\ s where x_ is the

trivial maep defined by: x (P )=x0 the fixed point in X,
for all >~E;f‘t'
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(8) The m-th homotopy group TTm ([I,\[P*]; xo}
ig the set of all homotopy cleasses of maps
£: I" — [I}.][P«‘] such that f{im)=x0 » where x  is the
trivial mep from [P}] to {Xﬂi.e. x,{P\)=x, a fixed point
in x, for all xgfh.

{(9) The path component ¢y
o

the homotopy class contains ¥q which ig due to the egquive-

of ¥ conteins Yo o is

lence relation, thet each two points of the connected

topological space ¥ can be connected by a path in Y.

(10) The m-th relative homctopy group m(F,G;xO} is
the set of all maps f:[Im,Im'} Eﬁ'll—r[ﬂ',t};xo] , where
P =[1;xo][P’R], G .[z;xo][P’Q] and R QCF are closed

subspaces of P.

{11) A iopological space X isg said to be regular,
if for every closed set F end every point xg F, there
exists an cpen set GCF and & neighbourhood Hx of x ,

such that GNN_= .

(12) A locally compact space, is a space which has

a8 compact neighbourhood Hx at each point =x.

(13) If ScT, end if, for any maps f,: T —u X,

By = fO|S : 8§ — x, and for e homotopy g;:5 —> X,
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