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INTRODUCTION

The theory of operator ideals, which had bheen initia-
ted by the fundamental work of A..- g rothendieck E?] is

becoming more and more a special branch of functional analysis.

In this work we present properties of nuclear aﬁd pP-
nuclear opei:atorsr which are typical for the research in this
branch. Then we intrgduce the criterions for a diagonal opera-
tor from one lorentz sequence space tc another to belong to

nuclear and p~nuclear ideals respectively.

1. A bounded linear cperator T from a Banach space E to
a Banach space F is called nuclear 1f there exists two seque-
nces {ai] and {Yi} of E'{the topclogical dual of E} and F

respectively such that

Tx = < X, ai> ¥y

LM18

for every x € E with

& <=
This definition is due to R. Sdhattenr[lg] and A. Grothen-

dieck [77.

A, Tong'[lsl and E. El-Shobaky [3] have given a complete
account of nuclear diagonal mappings from ons ﬂp space to

‘another.

.
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2. A bounded linear operator T from a Banach space E to
a Banach space F is p-nuclear if and only if T can be factorized
in the form

T=QDFPF

where PEL (E, ,\?m] with “ p"-cgl ; Qe L tlp,F} with'nr;}"g. 1
and D is a multiplication operator by a sequence in j;. This

class of operators is introduced by &, Persson and A. Pietsch
[11}.

D. Garling [6] and E. El-Shabaky [ 3] independently
have given a nearly complete account of p-absolutely summing

and p-nuclear operators from cne JL space to ,fq space with

1 £ p, g < o.

3. The organization of this work 1s the following:

In Chapter I : we collect some general results
which wi1ll be used later on. Furthermore the concept of an
operator ideal is introduced. Then some known classical

examples are giwven.

In chapter II we shall present the definitions and the
fundamental properties related to Lorentz sequence spaces in
view of rearrangement. Especially, a result concerning the
rearrangement of a sequence due to Hardy, Littlewocod and
Polya, and a generalized Holders inequality will be frequently

used.
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In chapters III and IV we deal with nuclear and p-
nuclear operators respectiwvely. 1In section A of these chapters
we consider the work of A. Pietsch [15] and A. Pletsch and
A. Persson [11] respectively, in which they have given inter-
esting thecrems and characterization of nuclear and pjnuclear

operators,

In section B of chapter IITI we give a new characteri-
zatlon of diagonal operators between Lorentz sequence spaces.
In section B of chapter‘I? we obtain a complete account (which
is new in the literature) of 2-nuclear diagonal operators

between Lorentz segquence spaces,
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CHAPTER 1

BASIt CONCEPTS AND DEFINITIONS

In the fdllowing we introduce some concepts and defini-
tions { [l] ; {2] ). E,F and G are always Banach spaces. With
E', F' and G' we deno?e the topological duals of the correspons+
ding spaces.

< X, a > denotes the value of the bounded linear
functional a € E' at x€ E. On E' we consider the norm

a = Bu l x,a)l . a € E'
=l ler

under which E' i1s a Banach space too.

The ccllection of all bounded linear cperators that
transform the Banach space E into the Banach space F will be
denoted by L{E,F). The elements cof L(E,F} are usually called
cperators or mappings. In the set L(E,F) two operations of

addition and scalar multiplication and a norm
izl = s § e . Bell € 2}
are defined. Under this norm L{E,F) is a Banach space.

For every operator T& L (E,F), T' (the dval operator}

is an element of L{F',E') and we have

I L B L
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1f the range of an operator T € L{E,F} in F is finite
dimensional, then T is called a finite dimensicnal operator.
The subset of all finite dimensional operators of L(E,F) is
dencted by LO (E,F). Ewvery finite dimensional coperator

T?ELO(E,F} can be represented in the form

n
T x = igi <x, agy ¥y ;, X €E
where a, & E' and ¥y £ F for i =1,2, ... ; n.

For a finite &imeﬁsional operator T € LO[E,F] which is

represented by
n
Tx = Zl <X, ai> Yi
we assoclate a number given by
n
trace {T) = Z LYirdy> -
i=1

Trace (T} is called the trace of T. Trace T is independent

of the representation of T.
For TG.LO{E,F} and S € LI{E,F)

we have

Trace {TS) = Trace (ST).

By an operator ideal or only ideal we mean a class of
bounded linear operateors &, so that for all Banach spaces E
and F the set

A(E,F) = alNL(e,F)
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is a subspace of the space L(E,F). For three Banach spaces
E,F" and G the following 1deal propertlies are satisfied
l) For T<€2{E,F)] and SEFE{_E,FJ we have

S + T € A{E,F).

2) For Teh(E,F} and Se€eL(F,G] we have
ST € A(E,G).
3. For TELI(E,F) and 5S¢ A{F,G) we have

ST € A(E,G).

It 1s clear that L(E,F) is an operator ideal and in

fact it is the largest ome.

" The class LO{E,F] cof all finite dimensional cperators

is also an operator ideal.

Every ideal which contains not only the null operators,

contains LC_[E,F} as a dense subset.

Definition:

A function %, which associates to every cperator Te€ A,
a non-negative number w (T) is called an ideal norm 1f the

following conditions are satisfied

0} If vw{T) = 0o it follows that T = o,

N,). For S¢A(E,F} and T € A(E,F) we have

v (S+T) £ w(S)+ ¥ ().
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NI ) For T € A{E,F) and S € L(F,G} we have
1

wism < sl ® .
For TEL{E,F} and S & A(F,G) we have

% (ST} £ g (8) iz -

An operator ldeal A on which an ideal norm % is

defined is called a n:crmed ideal and is denoted by [A,wt] .

A norm ideal [Ps, V-J is called complete when every

component A{E,F} is a Banach space.
For every one dimensional c¢perator A we set

wm = | al.

Propositions:

For every operator T of the norm ideal [A, ?t] we have

bel o« = o
Proofr
stree  fi7]l= s iz x]
We can take x,€ E for every £ > o such that I =1
and
=] > & (1.

Then, there exists a one dimensional operator & € L(E,E}

t
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for which

S X = X and HSL" = 1.

The composlite operator T SE ls a one dimensional

operator, and from the fact that ﬁz]

NORES 3 [N PY
we have
v‘{ ITSIE = Cu
w{ TS,) =HTSJI Coe (2)
Since TSE x, = T xi we have
f = x || < It s | (3)
and
wiTs,) X (T (4)

From (1} and {3) we get
HTsill —{l

Using (3} we get

« sy = c s,

Using (2}, (4} and (1) we obtain

Nerlf-

¥ (T} % R(TS) = C TSt“> Cp Trs
This means that

(1+ £} w(™) > c_ el s

as 1 —> o we obtain
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wm > ¢, [t -

We can construct a new norm on the operator ideal A as

(T} -

i

2 =
-

This gives = (T) > iz

for any operator T of the norm ideal [A,IFJ .

2 number of examples for complete norm ideals with

the operator norm as ideal norm can be found in [14] .

By a guasi-norm we mean [10] a real valued function
“'lldefined on the space X such that the following conditions

are satisfied,
Lo sl s e el me > x=o.
2. For any number 7\ we have

12l = 1AL i)

3. For scme number o 3,1 we have

ix+v] s dxl+llsly Yy ex

If 0 =1 the above given function is called a norm.

Finally we state a useful inequality [12] .

Theocrems:
Let E be a finite dimensional space. If TE€ L(E,E)

the following inequalify is true
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trace (T} & & (T)

where 4 {T) is the nuclear norm of T.
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