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ABSTRACT

This work aims at finding the bifurcaticns which happen in a
second order conservative recurrence. These bifurcations take place
when a parameter "a" changes in a certain domain making the
behaviour of the recurrence solution undergoes a gqualificative

change.

Practical examples on many problems which lead to recurrence

relations are introduced to show the dependence of many engineering

problems on this work.

The basic theory of recurrences, its order and type, the
solution and its stability, nature and type of singularities and
its description in the phase plane . the possible cases of
kifurcations, all have been investigated and discussed in detail by
means of definiticns , simple figures, various solved examples and

well studied cases.

The most important part of this work is the problem of Hencn
which is considered here as an example of a second order
conservative recurrence. Its fixed points, many cycles, and the
eigenvalues and type of these singularities are obtained
analytically. Also, critical and excepticnal cases are discussed,
mahy types of bifurcations are deduced and many bifurcation schemes

are cobtained.

Central Library - Ain Shamé University



The present thesis cosists of three chapters. Chapter 1 presents a
general introduction to the thesis and gives some problems which
lead to recurrepnce relations.

Chapter 2 deals with a survey of the different properties of second
order autonomous recurrences of real variables.

In chapter 3 we consider the recurrence relation

2
X, =l+y,—axg,

Ypea= "My

which is an example of a conservative recurrence of the seccnd
order and obtain some of its singularities. Critical and
exceptional cases of the recurrence under study are introduced as
well as many bifurcation schemes.

Finally in appendix A we introduce the equation of transverse
moticon in an ideal cyclotron and show that it is possibkle to find
a corresponding second order conservative recurrence which

describes the same motion.
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CHAPTER |

INTRODUCTION AND STATEMENT OF THE PROBLEM

1.1 Bome problems which lead to recurrence relations

Recurrence occur in many branches of mathematics. They
appear 1independently as natural description of time evoluticon
phencmena or what 1is called dynamic systems which appear in

physics, biology, electronics, ..... etc.

1.1.1 Recurrence relation in connection with discrete information

An example is the command system with pulse modulatiocn shown

in fig. 1.1

€ u COMMAND PART X
—— MODULATOR I —— L —
xf=AX + bu

Fig 1.1

This system represents a feedback system in which the input e
deﬁends continuocusly on the output x. The errcr signal ¢ which is
a continucous function of time is transformed into a series of
pulses modulated either in amplitude or in duration or in frequency
by e(t). Such system is used freguently in automatic control.

The signal u is the signal of command delivered by the modulator,
b is a constant vector characterizing the coupling between the
medulator and the command part. The command part is supposed to be

expressed by a linear differential equation

Central Library - Ain Shams University



X’ = AX + bu , X(t) = x_ (1.1)

where A is an (m X m) constant matrix

The soluticon of the linear system of eguaticns (1.1) can be written

in the form,

[
x1£] =eAit-tﬂJKo+feAtt—r]buET] dt

Lo

(1.2}

Consider the case of amplitude mecdulation and suppose that we have

a train of pulses with period T, and pulse duration h and amplitude
function of € as shown in fig. 1.2

We have
Mle)=e (L) if nT,stsnT +h and
=0 1f nT +h<t<{ml) T,

u

-...______.‘h
|
o+

[ g} t
T,:, H n+l

Fig. (1.2}
substituting in the eguation (1.2) we get

AT+
%, =6 x,+ [ eV bleit) Y dr (1.3)

n+l
nT,

Suppose that h<<T, and the wvariation of ¢ is very slow then we can
consider the pulses to be with constant amplitudes and we can

denote M{e} by M, in the interval nT, < £t < nT, + h . When & is a
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nen-singular matrix then eguation (1.3) will take the following

form,

- . ATo -1 _ Al
L= TELTE AT [I-] M, {1.4)

where I is the unit matrix and &' is the inverse matrix of A.

By means of feedback in the system, M, will be a function x, and

then we have

e ATa, g AT -1 _ =ah
X, =6 x +e e AT (I-&Mb. fix ) (1.5)
The last equation represents arecurrence relation in m variables
(the components of x }. It can be called an nm® order recurrence
relation given in explicit form where T, is a positive constant, A

is a constant sguare matrix and b is a constant wector
1.31.2 Recurrence relation associated with differential egquation

Consider the example of the electronic oscillator shewn in

fig. (1.3}

F 3

TaEL
* A I ,

fig.(1.3}
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The differential eguation corresponding to this oscillator is :

i'= d1 jH= d% i

e A S — gt ==
Lci +RCI+1—1P ' V. =-Mi ' e ; P

=

We can write this eguation as follows
Lei+Roi/-£(-MI') +i=0 (1.6)

If we replace the relation i, = f(V,) by its approximation as shown

. . . i
in fig. 1.3-b and if we put —=x , —1—=wi and -§=2h, we reach to
i, LC L
the following eguation
X" + 2hx* + w’x = B {1.7)
Where B = 0 if x* =y < 0 and

= w? if x' =y > 0
It is necessary to add conditions of continuity at y = 0.

These conditions are due to physical considerations about the
continuity of the current i and voltage v applied on the condenser
c for all £ including t = 0.

The solution of equation (1.7) can be written as follows,

2

x=Ae Ptzin[ w, 1—11—t+¢]+a ; a=201if y < 0 ,
w?,

a=11if y > 0,

where A andyg are constants depending on initial conditions.

In the phase plane {x,y), the phase trajectory of the
parametric eguation x = x(t) and y = x*({t) are arcs of logarithmic

spirals centered alternatively in x =y = 0 for vy < 0 and in x = 1

*
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a

, ¥ = 0 for y > 0. Let x = ¥, > 0 be the initial condition of

egquation (1.7) and d-2nh{w®-A%2)1? (d 1s the ratioc of amplitudes

separated by period TEZ{E and w=(w’-h%) 2},

After one half oscillatien in the half plane y<0 , the trajectory

initiated by (%, , ©0) cuts the x-axis in a point with abcessa -x'

where x‘=xbexp{—-g?

The next half oscillation y>0 gives a trajectory which cuts the x-

axis in a point with abecessa x, such that xi—l:{x‘+l}exp{—€§)

In fact, for y>0 the new origin is in x = 1 and the amplitudes
separated by a half period are x' + 1 and X%, - 1 with respect to
this origin. The elimination of x between the relaticns for y<0 and
y>0 gives a relation between the first two successive maxima x, and
¥, of the curve x = x(t).

This relation remains the same for every two successive maxima x,

and x,;.

rn,

(1.8}

A

=e-d B
18 X tl+e

This recurrence relation is linear with real wvariable and
corresponds to the transformation of the line y = 0 of the phase
plane into itself. The dimensioﬁ of this recurrence is less by one
than the dimension of the given differential equations {1.7) and

permits to characterize globally the solution of (1.%). In fact,

{1.8) has a fixed point x,, =x,=x where X=(l-g %2)-1>1.

Central Library - Ain Shams University



This fixed point corresponds to an oscillation with constant
amplitude of the periodic solution x = x{t) of (1.7). On the phase
plane corresponding to these fixed points there exists a closed
curve. This curve consists of two arcs of spirals, the first one is
centered at x =y =0 , ¥ < 0 and the cther at x =1, ¥y = 0, ¥y > 0.
This curve passes through the pointsx = %, ¥ = 0 and x=-xe ¥2,

¥y = 0.

To show that this oscillation is stable, it is sufficient to show

that 3% is attractive . That is the segquence {x,} which 1s generated
by using {1.8}by taking an initial peoint x, converges to x. Let X%
= ¥ - x.The recurrence {(1.8) will have the form

=e 9% {1.9)}

n

A,

n+l

S8ince 0 < g9 <1, it is clear to see that the seguence {x}

converges to x ¥ x.
1.1.3 Recurrence relation associated with an algebraic eguation

The numerical solution of an algebraic eguation or of a system
of algebraic equations is made by iterative methods which associate
a recurrence relation to the eguation such that a stable fixed
point of the recurrence relation corresponds to a solution of the
algebraic equation. The most important method is Newton’s method
which results from the discretization with a step h of the
differential eguation associated with the method. Hence, applying

Newton’s method to the system of algebraic equations

p(x,y}=0 and g(x,y)=0 {(1.10)
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