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INTRCDUCT LON

This thesis treats some problems in the stochastlia

theory of storage, where we have a dam of capaclity K,

a random input X, and a release specified according to

a prescribed rxule. The purpose of the dam is to make

the release (output ) wore uniform than the input in some
statistical sence.

The stochastic theory of storage was first initiated
by the empirical work done by Hurst (1951), but it was
VMioran who gave the first probabilistic model in the
theory of storage (1954).

However, Moran's model was & first approximation o
the real situation. He assumed that the successive inputs
are mutually independent random variables, while we kaow
in actual fact that they are correlated. He assumed that
the capacity of the reservoir in infinite, while we know
thet it is finite.

liony esuthors have tried successfully to improve the
azoupptions of Morac’s model, (Gani, Prabbu and Eondell),

105 all of them kept the azsumpticon of jndependent inputs.

)

In 1964, Lloyd wes abl: to relsx the assumption of

<

indgpeadence, replacing it by & Markovian input structure,
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and thus obbaining the apalopus ~f Morans results with
independent inputs. By now Lloyd's results are known 85
Lloyd's model in storage theory. The development of
Lloyd's model was carried by Lloyd bimself, Lloyd and
Odoon (1965) and Anis and Iloyd (1970, 1971).

This thesis reviews in the first two chapters Moran's
and Lloyd's essential achievements for discrete inputs.
The fourth chapter expounds cssentially the work done by
Anis and Lloyd (1971) on special Markovien input structures.
But the results in the third chapter are due to the author

of this thesis.

the first chapter deals with Moran's model in the
casa of discrete starage of infinite dzms. In this chapter
we study the stationary dissribution of levels of water in
case of independent inputs. The generating function of the
stationary distribution is found for infinite dam with
unit release policy. In this case the stationary dis-
tribution of storage content of a finite dam is evaluated
vy usiv uhe theorem of proportionality. The probability of
s owaoiing time to first empdlness is also obtained.

The geconrd chapi.on discusses Lloyd's model in the

coze of Markoviaa inpnss, rolease tnity and infinite capacity.
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Ty thig coapter we study she goenerabing function ~f who
stationary distribution of levels of water with scrially
correlated inputs (Markovian inputs). We discuss the
staticnary distribution of levels in a finite reservoir by
using the theorem of proportionality. We also obtain the
probability of emptiness in a semi-infinite reservoir with
general inflow transition matrix, and the probability of
waiting time to first ewmpbtiness. Finally we establish a
new formulae for the mean and variance of waiting time to

first emptiness in a semi-infinite reservoir with general

inflow transition matrix.

In the thir? chapter, the investigation is cerried
a step further, to the casc of the mean znd variance of
storage content ( P ag) when the inputs are Harkovian,
the release unity and capacity infinite. These resultes are

completely new.

Chapter four investigatcs special cases of storage
staticnary distributions with Markovian inputs. We con-
centrated in this chepter cia a compromise model involving
(+3 2 sizplification) semi-inlinite capacity and (as a
¢cp towards realigm) markovian inflows. We consider for

tr'e model a number of epplications of the Odonm~Lloyd
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matrix generating funckion for the paymptotic storsge

The results of thisa ¢C
tha last section which is

distribution. hapter are due o

anis and Lloyd, 1971 (%) except

due tc author of this thesis.
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CHAPTER T

ST ATTONARY STORAGE DISTRIBUTIOR FOR A DAM wITH

T/DIPIWDENT INPUTS

INTRODUCTION

The statistical treatument of water storage problems
is of recenb origin. The eerliest work in this field is
due to E.J. Guubel (1941), He studied the return period
of f£lood flows. Empirical work on the determination ot
storage capacity was done by Hurst (1951, 1956) and was
extended theoretically by Anis and Lloyd (1953). In 1954
iWoran grve the first probabilistic formulation of a storage
model for the dam.

In this chapter we shnall be cvucoernad mainly with a
mathematical discrste godel on storage of waterl. 4 dom is
buily on & river. The rescrvoir is of capacity K. A random
input X flows into the dem Auring the time interval (t,t+1),
£ = 0y12g0ee o LDhE inputs X, are agsumed mutually indepen-
J-nt randoem variables and idenvically distriouted. 4
vooroge Do 18 gefined as the dam content abt bime £=0,1s2secer

ta

2 release 18 sgsuned o be instantanecus and just before
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An overflow during oho interval (t, ©+4l) cccurs if
Xt + Dy > K , and the amount o cveprflow at the end of the
interval is equal to Max (U, Xt+Zt~K). The quantity of
water left in the dam at tae en1a of the interval (t,t+1)
and just before the release occurs, is equal %o Min (K, Xt+zt)'
An amount Rn of water is to be released according to a
prescribed rule. This rule is to release a quantity M of

water if Xt*zt

—_—

>~ M, or a quanbity Xt+z't’ if Xt+Zt<_ M,
the release being instantaneous just before the end of the
time interval. From these assumpbtions it follows that

storage function Zt satisfies the recurrence relation
Zt-l-l = Min(K.f{t+Zt) - Min(M;Xtﬁ'Zt), t = O,l’atc

The purpose of the dam 12 to meke the amount released
(the output) wmore uniform then the input in soume gtatistical
sense., In this the following problems are of some practical

importance.

1. To obtain the storage content distribution when the
process described above has reached statistical equilibrium.
2, 'To cbtain the probability distribution of the "wet
pericd” that 1s the time takea for a given initial dam

content to dry up. This is known as the problem of

waiting period to first emptiness.
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Lal= 1 XD EFENDENT INPUTES: GREIERATING FUMCTTON LK TEVELS
FOR "SEMI—INFINITE"’DAM

The reservoirs discuszscd 1n this section are of the
semi-infinite type (K = €0 pounded below) introduced by
Moran (9). (10), with gutbually independent stationary
integral—valued inputs and steady discrete outipuisS. The
regervolr levels are observed at epochs8 e.e g-1y By G+le
... . During the jnterval (b, t+1) a quantity X, of waber
f1ows in, and just before the end of the ingerval, if there
ig then any water in the reservoir, 2 usonit quantity i8
instantaneously withdrawn, Thus, the contents Zt at time &

are governed ©Y the recurrence relation

1}

Zt‘fl M&C(O,Zt-t-xt-l) ’ t = 0,1,2,... (ltl.l)

i.€e
Ty =0 1f X 40, K2
= Zt+Xt—1, if X.t-l-Zt =1
It is obvious now thab Yth} will form an irreduciable Markov

chain, IHere

P(Zg41" 0) = p (C<ZyHleS 1)
(1.1.2)
p(l, 17 r) = p(Zt-pXt-]_: £) 5 T=1,2pe--
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e 3emi~iafiu1ne repgarvolr

~povided E(Xb):_ 1, Im

Ye shall show that for

g ercond”

addition let the general diey. iLision for the independent

the sequ@noei‘zh} remain

inputs { L.} e

p(X =) =P, 1 T = OrheZeeer

and senerating function

@© L4

ne) = T pot o+ (B()=D) (1.1.3)
r=0

denoted bY

The equilibrium distribution of levels &ZtE

lim p(Zt= S) = us 9 5 = 0,1,2,... (loloq’)
t—pco

ion of the homogeneous linear syaten

is the normalizad solut

QU = U (1-1.5)

ghere U is the vector fugs S20s1y2se00) » and Q 18 the
where

transition matrix @ = (qrs)

for r>1, 8« r+l

9117 PotP1 Qrg = Pros-1 (1.1.6)
Upg = o otherwise
Hence frow equation (1.1.5) and (1.1.6) we have
u = (u_+u,)p 1P
) otH1/ Yo" 0oFl 2 (1.1.7)
T+l
u=2up - ,r=12--o
r 520 s¥r+l-8 10
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(£ zhe generating funocbtiod ol Lus G Bk L

jibriun distribution of levels U, TeGel gy e
S
g(g)z}:'.u g
g B

then, for a semi—infinite regervoir (bounded below) one
may multiplydés given in (1.1.7) by o and sum over all
possible values of s to obtain,
g(@)f n(@)- 8 i= (= 8ugp, »
whence, making use of the fact &(1) = 1, we find
u P, = 1 - By {(1.1.8)
where W, = E(Xt)<: 1. Thus the generating function of ug

is
g, (&) = (1= pA - 0)/} n(e)- e} (1.1.9)

We thus have a siample expression for the asymptotic
wprobability of emptiness of the semi-infinite reservoir",
viz
uy = (= /o (L) (1.1.10)
The mean and variance of Zt may be also obtained from
(1.1.9) by simple differentiation at & = 1.

This gives us

g(1) = (a2 + p-f[-ux)/E(l- bhy) (1.1.11)
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géfl):apzﬂai+ p§~ P} /(1= 1, )+ p42 (1) /300 poy ) fl.0. e

0
where h(i)(l)z 3 r(r=1)(z-2>:.
r=0 i

(3 2 2
= p o 3ot By by) = Wy
where
; o's]
&3; = 2 r5pr
Ir=0

apd hence g, = & %Ztﬁ = g,(1)

2_ - ”. ’2
oo= g, (L)+ 53(1) - & (1)

= 1, C gD+ - /30 ) (1.1.13)

1.2~ THE THEOREM OF PROPORTICNALITY
Tn a finite reservoir, of capacity K(K is a positive
ioteger), and therefore of meximum level K-1, the distribution

of level, say

(k) ; |
1 = 1im P(Z = S{Z = K""l) 3 (1.291)
s E—>00 t max
is obtained by solving the equations
Q(K) &) _ gl (1.2.2)

where U(k) is the vector i“uéﬁ); 6 = 041525.0-3 K} 5 and the

matrix Q(k) consists of the firat rows K-1 and first K columns
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