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INTHODUC TION
i this Uheewis we prosent a surwey of status of

Ll ifnivasionl subspace problem.  The invariant sub-
Spdvis probklee s the guestion whe ther every operator
in -l b o rontrislal dinvaciant subspace, wheoe [

1o o venigles Hidbery Lpace of fafinite dimension.,

Lo vizdgater 413 we shall discuss the status of Lhe
insvasianl o subapace problem in case of normal operatars,
anal Pron the speciral theorem, whlaoh exbibits normal
witvi i lars oas integraly with respect to some of their re-
e indg wabipeaves, we oo The exinlerice of 10 Lyperinvar-

fani rubpdaees For the nermal vperaters {throarem 12),

Liv ¢liggter L) we shall study two dificrent kinds
el Gpetd alora: dilateral shilfes, which are unltary
dpecasur s, Jdnd unilaterat shifts, which are restrictions
b Ladaittal shidt lu eortlaln invariant subspaces. Then
wi whai Ll describe the insariant and reducing subspdces

Twr Lhe ..

Aapter (113 we ure concerncd witn 3 quasitr-

r.v

Padagular upstators. AL Flesl we glve a summary of some

Fesails Liomin for cumpacl operators, then we siudy the
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class of all guasitriangular eperators and Invarlant

subspaccs assoclaled wi th them in some special cases,

In Chapter {IV¥} we single cut a special sub-
class of the invariant subspaces which is called the
inner inwvariant subspaces and this chapter can he

divided into three sections:

In section (1) we present the definitions of
the invariant and ianer invariant subspaces for the
operalors {(not necessarily bounded} and then we study

their fundamental properties.

in section {(2) we calculate the inner invariént
subspaces of the shift operator in several settings.
In one setting we describe the inper invariant sub-
spaces of Lthe shift vn the Hardy spaces Hp, and then
we generalize this result., In ihe last section we

present some applications.
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(1) Svmooles:

We pegin oy scme symboles used in this thesis

d. Hillert soace.
L.,.0 innee peoduct.

F{r direct sum of ¥ and ¥,

W the =zpan of Z <.
L -
- the orthogenal complement of McH.

Z(4,H) the space of all linear operators on 2.

B LT} the Banach algebra wilth identity 1.
F i3 a projection operator.
L Jnitary operator,

lat & ihe zet of zll subspaces of H Invariant under A,
&=} tne spectrum of x ;3 &{x) = {d€ C ,(x-3) has no
inversel
) /
clxd the resclyent s=t @ plx) = {(&{x]]
rix) the spectral radius,
piwt o= osup Lo x], x €ertxl}

n

w.{E)  tre onirvt zspectrum of 4,

Akl = {3€0 3 (A-X) is not one to one}
AG'?G{QJ impiies ax such that Ax = ax.
LA the aponroximate point spectrum of A,
nia) =iA€E C , [A-i) i= not bounded below
I'ia the compression spectrum of &,

~

I{a) = §{»€ C =such that the range of [A=i) is

nct densel
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LiAd the meazsure of a set A,
AN Lhe wencuralle cpace,
woor ) the cicoure o 8 dn llilhert space H.

(7] Home casic definitions and Presults:

WaoZnwoil be concerred with operators on the unigque
{up to isomcribism) feparable, infinite dimensiocnal

complex diloert space H,

1 Ti

. & unitary cperator U 1s an automorphism of E i.e.

GEE{H) is unitary iff U is invertable and

—
[
i

Lot

4
—
I

TEL Y ' X, yEH.

4, L dis unttariy ecguivalent to © if there is U suchk
e

2. The subzohace MW is called invariant subspace under

Sx€d whenaver XM,

4, Tine coilection of all supspaces aof H invariant under

. The v=ctocr x€F is cvyelic for the operator & 1f

V{4 x} = H,and the sabspace Ml is called a

s ) - P R !
cyclic subspace for A 1 V{iaA x} = P

i
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» The siaozpace M Q= said to be hyperinvariant sub-

11

space for &2 11 HME Lat B for every B satisfie:

L

T
V. The subspace MEH is reduces & if M and M™ are both

Iron & BiHY and P ois znvy projectiocn onto H, then

o

h
—
L
o+
-
F-aq

T
"}
il
iz
]

tnen Mo oong [ioare ooth in Lat A 117 AP = PO,

. Ir iz gasy to see that M reducez A i07
MEiLot afllat A%} whers Lat 4% o {H:Hl'e,Lat A}

2. K reduces & 171 the projection F oo M commutes

Ly 12 & camplex, commi.tative Manach algebra with

e () = {glxV : ¢ iz a homomorphism of U onto € )«
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Theoren [&4):

—i

i B iz 2 maximal commutative subalgebra ol the

B
whie e ﬁ:{x] arl ﬁ;[x} dencte the spectra of % relative

complex banach slgebea W, 10 x4BE, then 6"11{3;] =s2(x)

to W ond 5 -

Let ¥ & |x;, then ¥-» has an inverse in B ,

but B is sunaicesra of U, then =-% has an inverse

jAM]

{5
o

inY iopliez tnat ¥ f rE:1T'L{>a]. Therefore we conclude th

il
H

[
&
-
[
9x
i
-t
T
¥
+r

-
=i
i
-,
il
-
—
h
I
-
——
i
—
—
Cr
3
L

PR CEY ome ¥ € "l.L.'

Toer, Tor sach = € 70, yzix=ily = ylx-Aloy, = thut
¥ZI = 2y. Hencs y commutes with every merber of B, and

Ly moeimslity of B, v € B . Thus E—F:{X]CG"-‘&[X:I'

—~ L ) o - L - ¥ - - .
neoren 400 {(Specirog Macping Theoreml:

o

I7T v €W and o 1= any polynowial, then

o oo e

R

P"‘!J

Laet I be any mzximal commutative subalgebra o

gl

containing ». Then, by Theorems {3), [4&)

g inlx]ll = sé( Aplxlt @+ a homomorphism of

B onto 1 .
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= ipléix)) : ¢ a komomorphism of B onto O} .

= {plal @ ok €slarie

by
-+
'_l
4]
(T
]
/!
=
—
b
)
o
4
AL
o
o
fi
(i

c
=2
N
9
=

T o € iy, then wl(A8FI1) TIA) =6 {4]

i
3
h)
b}
-
)
=
=
&
)
[
T
=
i
ot
A
:'_g-
—
]
o
—
—
—_
-
[
B
4
N
i_l
=

implies o 13 easily werfied by cousidering seguential

=

nit points, that tne range of (A=A} 1sglossd.  3Since
l¢ F{:i), thea the range of {A-X) is also dense , and it

follows thot (&«Xd) 1s [i-1) and onto, and thus inveri-

“he rext result is useful for the study of in-
variasat subspaces. For subszets S of C we use 32 to

denct

"
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N 6 U0, then BElRl oz miA)

Pirnt, from cefirition, telé) =g lh) IMTNSTRT).
SJirces STied is clogen wvet, then e-{n)l = g lAr, and
(CNein)tf = 57T Tren ue have Usf{s) =&(2) N ZTAT"

we wvanl Lo ahow that 3e(d) =z e8] B IRt TmLA) .

4

v

b A € Letdd, and we want o oshow bhat A €0 a{dk}).,

et fne conirery i.o¢. let A ¢ nlh). Choosze a seaquence

-
_—
T
.

which converses to A, We claim thet there

iz oa o » 3 and a poesitlve irteger M such that n 2z U

.

1~

dmelien fia-a b = f 5 % = T this case uers

G52, Tilen Tor oall poxlitive integers m and

b

vector ¥ of aorm i such

il

'5
-
—
bl
i
IR
1
A
ol
I
=
W
—
¢
o
T3
%)

¢

=7 0.
[ - P S ” + ﬂ [ w2 Jxmﬂ

11 I

§‘-+‘}"‘l‘ ]

£
and tnis implies A€ nl{A). Hence there do exist such

< and L. we can now show That l¢ Tiih). Tor if x &4,

T

ad

then for each n there 13 & ¥ &H with (ﬁ-lﬂ)? = X,

Central Library - Ain Shams University



4

bl 1o |1y

Since le-s ay |2 k"ynﬂ ,LEnis pgives ol

Hylﬂ s i/ =b for n .z N. Then

I
e L S I EEE SR I KPS SR
= 0w b=l
A E RN

IMn iz saificiently larse, % ﬂxﬂ|lr - d| iz arbitrary
small, thken the raznee of (A - A 13 dernse in H, implies
thzt A ¢ Tia)l, Then we have * € n(a)d T{&): &{8) (Theorem €)

whict, contradiction with A € 3e{i).

LiTiritdon (15:

If & € 200, then the fuil spectrum of the operator
4y cancted by nie{al), iz the union of & (A} and ail the

bcunded components of

—

ia); i.e., nleltl] is e (i)

]

tooednge woth Lhe "holes™ ingilnl.

T

This theorem gives Information about the spectra

4]

{

of restrictions to invariant subspaces.

Thasres ([5] or [131318)

T & Lt oA, tnen e (AIMicnlis( L))

"irat note that 2E nl8M) implies that {4-3) i

[0
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