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The present thesis attempts to use the methods and
knowledge accumulated in this field to investigate a class
of spaces with a symmetric siructure namely the Orlicz

sequence space IRM.

In chapter 1 we summarize some known definitions snd

results on schauder basis and symmetric basis.

In chapter II we are dealing namely with the convex
functions and its role in the investigation of the struct-
ure of the sequence space (13, 14, 15, 16, 17, 18, 19 and

20) and give some examples of Orlicz spaces.

In chapter III we study one of the most important
properties of basis in Banach spaces, namely stability of
basis in Banach spaces and we obfain necessary and suffi-

cient conditions on & unit vector basis of Q’M to be stable.

W

Central Library - Ain Shams University



CHAPTER (I)

Basis in Sequence Spaces

§1. Bagic Definitions and Results

Definition 1,

Let X be a Banach space and {x,) be a gequence in IX.

We say that (x,) is a Schauder basis for X if for each xEX

there is a unique sequence (a,) of scalars such that

o0
X = E a, X,- (where the convergence is taken in norm).
n=1 ’

Clearly if X has a Schauder basis, then X ig gsepareble,
gince the get of all finite linear combinations ; ry Xj »
where r; are rational numbers and n = 1,2,... is azcountable
dense set in X. The converse hasgs been a celebraéed quegtion
for many years. In (1973) Per Enfiol 7] nas shown that there
ig indeed a separable Banach space without a Schauder basis
(in fact, his example shows there is a Banach space which )

fails to possess a weaker property "the Grothendieck approx-

imation property").

Theorem 1.

Let X be a Banach space and suppose that (x,) is a
' x
Schauder basis for X. Then for each n, the functional x,

defined by
x 0
Xn ( }k__;_ akxk) =2y

is continuous.
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Froof :

Let Pn $t ¥ w—r3 ¥ be defined dy

) n
Pn(;akxk) = ;315"]{ :

Clearly P, is a linear projection on X and for each x cXx,
P(x) = sup EPn(x) " < .
n

VMoreover, f is a norm on X and clearly $(x) 2> “x“ for all
x € X. We shwo that § is en equivalent norm on X. It is suf-
ficient to show that p iz a complefe norm. Let (yn) be a

Cauchy sequence with respect to f . Then for J > k,
“(Pj-Pk)(ym-yn)‘ < 123G |+ IRommv) |

< 2 (y~y)-
In particular, for j = k + 1 we get that

“ X; (yy=¥n) %3 “ = ‘x: (7=¥n) | | = "

& 2 ('Ym-yn) *
Thus

lim x: (y.) x; = 8;%:  for some a, »
- © J m J 4 d 3

Wow, let &£ > o be given and choose m, such tha¥

if n>m »m, then _P(ym-yn) £ ¢S . Then by taking the
[
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limit on n we see that
J

“(Pj -P) yy - i§=k+ aixil £ 2t .

uoreover,

X Ein)mupk () = vm | =

implies that there is a k, such that if j > k 2> kg, then

“(Pj - Py) Ymn < & (m zm).
Mug we get that
J
“Z aixi“(2£ vhen j >k >kg
i=k+1
[a o)
By the completeneas of the original nomm on X, E a;%;
i=1

converges to some element y € X. By the uniqueness of the

expansion of y, a; = x;(y) and
(P--P)y=§ CPY & .
J k s
Thus P(yy - y) £ & whenm >m, and it follows that L 4

is complete.

=
To gee that each x, is continuous note that

|5 @ [ = | 2@ - 7

< 28 (D when J xff =1.
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F 3

x
We say that the sequence (_xn) is biorthogonal to the sequence

(x,).

Definition Z.

Let X be a Banach space. & sequence (x;) in X is said

to be a bagic sequence if (x,) is & Schauder bagis for the

closed linear span [x,] of (x,).

The next thecrem is useful for determining wihen

segquences are basgic.

Theorem 2,

Let (xn) be a sequence of non-zero vectors in a Banach
space X. Then (xn) is a basic sequence if and only if there

ig a K 21 such that for each finite sequence a;, Boy sees

3, of scalars,
_m a
I P ayx; “ < K| Z as%; | for all m < m.
i=1 i=]1
Proof:

Suppose (x,) is a basic sequence. Then the norm defined

in the previous theorm is an equivalent norm to the original

norm on [xnl .
In particular, there is a K >1 such that for each sequence

oK
(an) such that ;L a,X, exists in %,
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Convergely, if the condition holds, then by induction it is
T
eagy to see that expansions in terms of the x,8 are unique.

Suppose x G [xn] i.e.

n
X = 1:]:le §i=1 al’n x5 Tor some ai,n'
Then for n >m >
> > S
“ (a. -a. ) x-l rd K“ a. x; — a. x “
21_;1 1,0 d,mt T4 Ngm im T T Tim 1Y

Thig means that (:3.:.L n) is a Cauchy sequence for each i. Then
?

following the proof of theorem (1), we have

o0
X = E G S
=
—4 el - a »
where a, 1J.,m al,n for all n

1

Let X and Y be Banach spaces and suppose that (x ) and
(jn) are basic mequences in X and Y respectively. The gseguences

(In) and (y,) are said to be equivalent provided that a series

2 a, X, converges in X if and only if the series Z an¥n
converges in Y. We shall write (x,) == (y,)- The two series

are called fully equivalent if and only if there is a linear
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isomorphism T : [x,] ——> [y,] defined by

We shall write (x,) 22 (y,) in this case.

Definition 3.

Let (xn) be a bagic sequence in X, (p,) a strictly
increasing sequence of positive integers, and (a,) a

sequence of scalars. The sequence (y,) defined by

n+l

is called a block basis with respect to (x,).

Theorem 3. [ 3]
Let X be a Banach space, (x,) & Schauder bagis for X,
and (xﬁ) the biorthogonal sequence to (xn). If (y,) is a
sequence satisfying inf || yol = € > o and

x
1lim x; (yu) = o for all i,
n

then there is a subsequence of (yn), which is equivalent to

a block bagis with respect to (x,).

Proof ; _
Let K be the constant given in theorem (2) for (xp).

Choose strictly increasing sequences (P,) and (gp) of positive
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