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CHAPTER 1

ALGEBRAIC NUMBER FIELDS

in this chapter we introduce the concept of an
algebraic number fieid, and give some of its characteristics;
in particular the ring of integers in an algebraic number
field, the group of units in this ring, and Dirichlet's

theorem concerning this group of units.

1. Finite extensicon fields

In this section we shall be concerned with the relation
of one field to another. Let F be a field; a field K is
said to be an extension of F if K contains ¥. Eguivalently,
K is an extension of F if F is a subfield of X, and we denote

this by K/F.

If K is an extension of F, then under the ordinary

field operations in K, K is a vector space over F.

Let *,‘51, 5252, eer 2 Qr be elements of K, with the
property that Algl + A2§252 + ... + Aerr = 0, Aie_ F cannot
hold, unless Al = A2 = ... = Ar = 0; then the ;Zii's are said
to be linearly independent over F. If in addition to this
property the QSi‘s span the field X, that is, each element
X € K can be represented as a linear combination of the

1 : ——
;25i s, i.e., &= Algzl + A2 ¢2 + ...+ Argr' Aie F, then the

set{@i, i=1,2, ... , r}is said to form a basis of K over F.

A
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DEFINITION (1): The extension K/F is called finite if X

considered as a vector space over F, is finite - dimensional,
i.e.,, K has a finite number of elements as a basis over F.
The degree of X/F is the dimension cf K as a vector space

over F, and is dencted by [k:é}.

2. Algebraic number fields

By an algebraic number field K, we shall mean a finite

extension of Q, the field of rational numbers.

DEFINITION (2): A number 6 is said to be an algebraic number

if it is algebraic over Q, the field of rational numbers i.e.,

. ; ; . n n-1
© satisfies a non-zero polynomial equation a.x + a _,% +

ee. + a, = o, with coefficients in Q.

THEOREM (1): An algebraic number 8 satisfies a unigque

irreducible monic polynomial eguation g(x) = o over Q.
Furthermore every polynomial equation over Q satisfied by

e is divisple by g(x).

PROCF: From all polynomial equations over Q satisfied by 6,
choose one cof lowest degree, say G{x) = o. If the leading
coefficient of G(x) is ¢, define g(x) = ¢! G6(x), so that

g(@) = o and g{x} is monic. The polynomial g(x) is irreducibl.,

for if g(x) = hl(x)hz(x), ther one at least of hl(x) = o and
hz(x) = o would hold, contrary to the fact that G(x) = o and
g{x) = o are polynomial equations cover Q of least degree

satisfied by 8.
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Next let f{x) = o be any polynomial equation over Q
having & as a root. Since we can get £(x) = g(x) g(x) + r(x),

o
the rem}nder r{x) must be identically zero, for otherwise

the degree of r{x) would be less than that of g(x), and 6
would be a rocot of r{x) since £(8) = g(8) = 0. Hence g(x)

is a divisor of f£({x).

Finally to prove that g(x) is unique, suppose that .

e

gl(x) is an irreducible polynomial such that gl(e) = O.,:?ﬁ—

Then g(x) ‘l'gl' (x), say, g,{x) = g(x) g(x). But the irreduci-

bility of gl(x) then implies that g(x) is a constant, in

7,7§ae4&q4x4,;,1_51m4rtx)_andg_£x)are,anlC- _Thus we have

9, (x) = g{x).

The irreducible polynomial g(x) is the minimal polync-
mial of @ and the degresof & as an algebraic number is the

degree of its minimal polynomial.

THEOREM (2): If © is an algebraic number of degree n, then)

2 n-1
the set{Ao+Ale+Aze +...+An_le ,AjeQ} forms a

field denoted by Q(6), whose degree over Q is n.

PROOF: Let the minimal polynomial of the algebraic number

_.n n-1 n-2
& be p(x) = x + B _, X + B ¥ Tt
n n-1

2
e’ = —(Bo+Ble+B29 + ... + Bn_le y. It follows that every

polynomial in & can be reduced to a polynomial of degree at

most (n~1). The set {AO+A16+A262+... en-l ;Aj 0 } forms

ee. + BO; Bje Q. Then

n-1
a field usually denoted by Q(®). All verifications that
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Q(®) is a field are trivial, except the existence of an

n-1 .
inverse. Given K= > :Ajej = g{e) € Q{8}, one has to show
- j=o
that p¢ le Q(8). since the degree of g(X) < n-1 and the

degree of p(x) = n, then the irreducibility of p(x) implies
that g(x) and g(x) are coprime, i.e., (g{x), g{(x)) = 1.
Hence there exist polynomials s(x) and t(x) such that

s(x)p(x)+t(x)g(x) = 1, (see [3] , p/283) replacing here x

1
g(|)

~ The representation X = g(®) is unique, otherwise, I = g, (8) =

-

by 8, p(8) = o, and we get t(8)g(8) = 1 or &l = = t(e)eQ(e).
g2(9) implies that h{B) = 9, (@) - gz(e) = 0, i.e., ©® satisfies

the polynomial h(x) = gl(x) - gz(x) . But © satisfies no

polynomial of degree less than n. Then it follows that h(x)
is identically zero, gl(e) = gz(e) . This argument tells us
that the set{l,e,ez, eee en—l} is a basis of the field

0(8) over Q where [Q(e) :Q] = n,

One can see that Q(®) is the smallest field containing
both ¢ and 8. The field Q(€) is called a simple extension

of Q.

DEFINITION (3): Let 81,92, ces g en be the different roots

of the minimal polynomial eguation p(x) = o, satisfied by 8.

These roots are called the conjugates of e.

Since the coefficients of p(x) are real then any imaginary
root ei has paired with it a complex - conjugate root ej. Let

s be the number of real roots and 2t the number of imaginary
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roots. Since the degree of Q(8) is n, then n=s+2t.

3. The ring of algebraic integers Z[Q(eﬂ

An algebraic number € is an algebraic integer if it
satisfies some monic pelynomial egquation

F(x) = x + blxn_l + ...+ bn = o, _ N

with its coefficients belonging to Z, the ring cf rational

integers. It is easily seen that the roots & = & O5,.0.+16

1 72 n

of £{x) = o are algebraic integers.

—-n

THEOREM (3): In the set of rational numbers Q, the only

ones that are aigebraic integers are the rational integers

{o,il, +2, } .

PROOF: Any integer m is an algebraic integer because f(x)

can be taken as x-m. On the otherhand, if any rational number

m/g is an algebraic integer, then we may suppose (m,g) = 1, and
we have

m, N m, n-1 _

(a) + bl(q) + .. + bn = O,

n n-1 n

m + blqm + i.. + bnq = o,

m n-1 n-2 n-1

-E = =- (blm +b2qm +.. .+bnq ).

Thus q{mn, so that g = 4+ 1, and m is an integer-
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THEOREM (4): The minimal equation of an algebraic integer

is monic with integral coefficients.

PROOF: The minimal equation is monic by definition, so we
need to prove that the coefficients are integers. Let the
algebraic integer © satisfy f(x) = o, where f(x)=xn+blxn—1+
e+ bn, bie Z, andé let its minimal equation be g(x) = o,
monic and irreducible over Q. By theorem (1} g(x) is a
divisor of f(x), say, £(x) = g(x) hi{x), and h{(x) is monic
and has coefficients in Q. Let c,c' be the least positive
integers such that cg{x) and c'h{x) have integral coeffici-
ents. Then cg{x) and c'h(x) are primitive polynomials, i.e.,
the coefficients have no common factors other than 1. Thus
ce'g(xX)h(x) is primitive, (seeI:5] r P/59) and hence cc'f(x)
is primitive. Since f(x) is primitive, then cc'=1l and

c=c'=1 which implies that g(x) has integral coefficients.

DEFINITION (4}: TLet X be an integer in Q(8), and Q(8) be

of degree n over Q. Then (¥ has the form

_ 2 n-1 _
K=a_ +a®+ay®8 +...+a_ .0 = r(e).

Ife=¢ e

1!
the numbers:

91 eee en are the conjugates of @ over Q, then
b(i=r(ei) , i=1,2, ... , n
are called the field conjugates of X for the field Q(8).

THEOREM (5): The algebraic integers of the algebraic number

field Q(€) form a ring denoted by Z[?(GD .
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PROOF: Let ¥ and ]3 be algebraic integers Whose field
conjugates are Xl' Kz, «ne p b{n and }31,?2, ces 7 Fn
respectively, and consider the polynomials f({x) and g(x)

such that

n n
= -— . . = - x. - -
£ (%) ':'_][;];(x KJPJ) and g{x) ;I;I;(x ( j+Fj))

. e
The coefficients of both, f(x) and g(x), are symmtric

polynomials with integral coefficients in the conjugates
of both, & and B and hence, by the theorem on symneé:ric
functions (see [3] , p/78), in the coefficients of the
field polynomials for X and 13 Consequently, they are
ratiqnal, and being also integers, are rational integers,
éo tﬁat f(x), g(x) are polynomials with integral coeffic-
ients. Also f{x) and g(x) are both monic, so that X+ B
{and its conjugates) and KP {(and its conjugates) are
algebraic integers. In fact, this ring of integers,

Z[Q{e)] , is the maximal ring of integers in Q(8).

4. The units of the ring of integers ZL£Q(6)J

Let K and B # o be two elements of Z[Q(e)'] in the
algebraic number field Q{8). Then we say that X divides -
P, and writep(lp, if p/k is an integer of Z[Q(e)] . An
element ¥ €2 \'_Q(e)] , is a unit if it divides the integer 1,
which means that the multiplication inverse 1/§ of § belongs
to 2 \'_Q(e)-j. Two integers Kand B are associates if K/P

is a unit.
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Let KX be an integer in Q(8) which is of degree n over
0, and let W= b(’l, 0(2, e b(n be the field conjugates of X

for Q(8). We define the norm of [ , written N{&), by

N{K) =& .. X,

1 n
Note that N(X ) depends on the field 0Q{8). For example

N(2) = 2 in O, but N(2) = 4 in Q(i}.

LEMMA (6): N(K) is a rational integer.

PROOF: Let f(x) be the field polynomial of ; i.e.y £(x) =

n
-;L;;rl(x— D{i) where Kl'NZ' ce. X

n are the field conjugates

of o for £(x). Since f(x) is a power of the minimal polynomial
(see [7] , p/65) it has integral coefficients. Hence

_ .n n-1
fix) = x" + bn—lx + ...+ bo

= (x -k’l) (- Kz)...(x- Dfn)

where bO is a rational integer. Then

N(x) =X el X

1 n
= (-7 b,.

LEMMA (7): N(XPB) = N(x).N(B).

PROOF : Ile,xz, ,D(n; Pl' ]32, ces g Pn

are the field conjugates of & and {3 respectively for

Q(8), then

Klpl d N2P2' ey O(n?n
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are the conjugdtes of D{F for Q(e). Hence

N(KP) = OBy « X,Bye onn o X B

=X %, L X L BB, -e- By

= N{x)- N(p).

THEOREM(8): § € Z [@(©)] is a unit if and only if

N(E) = + 1,

PROOF: We first show that for any § # o of z[o(e]] »
the norm N{(§ ) is divisible by § - The minimal polynomial

£(x) = x® + blxn-l + ... +b
n

of § has integral coefficients. Since f(§) = o, then
N(§)/§ lies in Z[Q(®)] , which means that N(§) is

divisible by § .

Now if N(§) = + 1, then 1 is divisible by § , that
is § is a unit of 2 [Q(e)] . Conversely, if § is a unit
of z [g(e]] , so that g§ = 1 for some g ¢z [0(@)] ,
then since N(%) and N(§') are rational integers, the

equation N(§) N(§') = 1 implies that N(§) = + 1.

THEOREM (9): The unit§of the ring z [0(8)] form an

Abelian group under multiplication.

PROOF: Let U be the set of all unitsof Z [Q(eﬂ . It is
obvious that 1 &€ U and is the identity element of U. Now

if Se U, this implies that there is L= [Q(e):] such
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that §§' = 1, hence g &€ U. Thus the inverse of a unit
belongs to U. If §&U and %gU, then SSI= 1 and
;%' = 1 where S',ol‘ & U. But then g"](g"’]') =1,
aﬁd this means that s’qe U, i.e., U is closed under
multiplication. Associativity and commutativity are

satisfied in U because, they are satisfied in 2 EQ(G)].

Dirichlet (1846) gave in his celebrated units theorem
a complete description for the structure of the group of

u2nits in the algebraic number field.

5. Dirichlet's theorem

If the field K= Q(e) is of degree n, where n = s+2t,
then there exist units ,§1,§2, e Sr where r = s+t-1, such
that every unit S E 7z EQ(G)J has a unique representation in
the form

§-¥5 1 gne ¢ "

r

where ¥_, Nz, - ,V‘r are rational integers and K is

some root of 1 contained in 2 EQ(G}:I .

The units Sl’ . Sr’ whose existence is established
by Dirichlet's theorem are called fundamental 'wnits for the
algebraic number field. The proof of Dirichlét's theorem
is not effective in that it does not give an algorithm for
finding some set of fundamental units fer the algebraic

number field.
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