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ABSTRACT :]

ABSTRACT

In the last few vyears, the theory of Partial Differential

Equations has continued to develop raptdty.

This thesis is concerned, In a unifled manner, with some of
the main directions now taken in the fleld of Boundary Value
Problems. We shall conflne ourself to studying certaln eliiptic and
parabelic problems, mainly to studying quantitative characteristics

of classical and generalized solutions of these problems.

During the course of studving classical and weak solutions and
their regutarities, it has been noted that boundary problems for
elliptic or parabolic eguations may have classical solutions, which
are not weak ones. This situation illustrates the fact that the

recent deflnltion of a wesk solution s not a complete

generallzation of that of a classical one.

To avold such situation and to construct a reasonshble theory

of weak solutions, there are two different approaches:
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ABSTRACT ]

{I} To investigate the conditions that must be Imposed on the
known functions of the problem, i.e., the coefficilents of the
differential operator, the right-hand side function and the
functions defining the Iinitilal and boundary conditions In
order that the classical solution be In one of the Sobolev
spaces H", and, consequently, is a wesk solutlon of the same
problem [41, [5), [9], [10], [111.

(I1) To construct a more general concept of weak solutions, such

that it generalizes the concept of classical solutions.

The latter approach was firstly Introduced by Mikhailov [14]
for Dirichlet’s problem for a second-order elliptic equation. Hls
|dea was based on considering scolutions In local Sobolev spaces,

{cf; Hl ), where the boundary conditions are satisfled in the

loc

squara mean.

This thesis deals with both directions mainly for the first

mixed problem for a parabollc equation,

The thesis consists of four chapters. In chapter (I] we
tntroduce the basic definitions and notations being used throughout
this work. Also we include this chapter with a full and clear

presentation of Scholev spaces by which we formulate and prove our
results,

Chapter (1I) expcses a survey of the recent works of Mlkhailov

[(1a4], [151, [16] and Kassan [8], which concerns the soluticn In

- ff -
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ABSTRACT :]

H1 of Dirichlet’s problem for an elliptic equatlon: [ts

loc
existence, unigueness and regularity. Also, the conditlons
sufficient for such sclution to have a limit in the sguare mean on

the boundary are investigated.

In chapter (III} we study the integrabllity properties of
classical sclutions of a parabolic problem and thelr derivatives
near the base of the cylindrical region, whare the problem Is
considered, The nature of the singularities that the solution and
its derivatives may have near the base are Investigated. The

material of this chapter has been accepted for publicatlon in Aln

Shams Science Bulletin, 1991.

In chapter (I¥) we ‘ntroduce a more general concept of weak
solutions for a paraboiic problem In local Scoboley spaces of
functions of x and % Such sclutlons are reguired to satisfy both
boundary and initial conditions in the square mean. With the aid of
certain eigenvalue parabolic problem we prove tha exlstence and
uniqueness of such soflutions. In addition to that, a regularity
result is obtained for these solutions. The material of this
chapter iz accepted for publication in Ain Shams University

Engineering Bullatin, 1991.
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CHAPTER (I):] INTRODUCTORY TOPICS

CHAPTER (1)

INTRODUCTORY TOPICS

§ 1.1 INTRODUCTION:

The process of developing Partlal Differential Equations
{P.D.E,s) requires a good knowledge of Sobolav spaces. In fact
these spaces are an essential Ingredient of any serious study of
partial differential eguations. Sobolev spaces are much appropriate
than the spaces C"(Q}; known as the class of m times continucusly
differanttable functlons on @ for any non-negsative integer m. This
argument counts on the fact that c™(Q)-spaces suffer from the
drawback that, with the exception of C{Q)} with the sup-norm, they

are not complete.

The Soboley spaces H (?) provide, as we shall see, & very
natural setting for boundary wvalue problems since they are
complete, Furthermore, it s possible to obtain gulte general
results regarding the existence and untgqueness of solutions of
P.D.E,s , by using these spaces. Also {t provide a means of
characterizing the degree of smoothness of functlons., We point out
here that completeness of a space depends crucially on the chcice

of norm, Central Library - Ain Shams University



CHAPTER (1}:] INTRODUCTORY TOPICS

In this chapter we shall give a brief survey of the
fundamental results about the regutarity problems for classical and

generalized solutions.

§ 1.2 NOTATIONMS:

The followlng notaticns and conventlons will ba used.

n

R = the real n-space. For any point x = (x1,,..,xn) and

y = (¥, wo¥ ) € R,

.2 2142 _

[x] = (] + e +x), XY 2 (XY, + . v XY ),
white (x,t) = {xi....,xn,t) Is a variable point of the space
R"*!, where t denotes the time.

Z: = Tha set of all ordered n-tupies of non-negatlve Integers. For

any multi-index « € z:,

= [o e [* ] I = I ... L
u [ .11 ’ n}) & ul H]I

x| denotes the length of the n-tuples o and we write

@] =, +a_ + ...+ .
1 2 n

Denoting afaxi s I = 1,25,n by |:|l we deflne the partlal

derivative 0 of order |a| by:

Supp u = the support of u, that is the closure of the

set{x: u{x) #Q} .
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