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PREFACE

The cohomology theory is one of the mest impor-
tant subjects in algebraic topeology, its axiomatic
characterization has been given firstly by 5. Eilenberg
and N. Steenrcd, [13], as that for the homology theory.
Its importance is due to the fact that an algebraic
representation of topology converts topological problems
into algebraic cnes, to the end that with sufficiently
many representations, the topclogical problems will be
solvable if {and only if) all the corresponding algeb-

raic preblems are solvable.

Many definiticons have been given for extending
the cohomology theory of complexes to arbitrary topo-
logical spaces. At the present the two theories most
commonly are the Rlexandrov-éech, ili], {13] and the
singular theories, [12],{13]. It is known that there
exist compact Hausdorff spaces on which these two
theories differ. & different definition was given in
1935 by J.W. Alexander, [5], who coenstructed cohomology
groups for compact metric spaces using Functions of:
sets of points in the space. These groups with suitable
choice of cecefficient groups,. are isomorphic to the
'Alexandrov—éech Coheomology groups. Inasmuch as
the definition involving functions is simpler than
the definition in terms of covering, usually used
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to obtain the Alexandrov—&ech groups, a generalization
aof Alexander's definition, {51, applicable to arbitrary
space is desirable. E.H. Spanier, inl[22] has suggested
such a definition which is valid for any space and is
even somewhat simpler than Alexander's definition. On
compact Hausdorff spaces, these groups agree with the
Alexandrovw%ech Cohomology groups. However, the most
widespread cohomology theory applicable in sufficiently
wide categories of topclogical spaces is the Alexandrov-

Eech Cohomology theory (Spectral Cohomologyl.

It is known that the concept of a group spectrum
and its limit group yields a particularly =legant method
for defining the Alexandrov-éech homology and cohcomology
groups. It has shown in [16] that these fundamental
group-thecretic notions can also be applied to define
the connectivity groups, in the sense of "singular®™ homo-
logy theory. With this approach, the "singular® homology
qroups appear as direct limits and the “singular®™ cohomo-
logy groups are inverse limits, in exact contrast with
&lexandrov;éech theory. In view of the direct limi?
concept it is introduced in [1], the idea of the projec~
tive homology groups of compact spaces which is a genera-
lization of the interesting homology groups of Steenrod,
f24]. In [3], it is discussed the generalization of

the concept of the direct limit groups , [ 16 ].
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Using this idea projective homology construction over

a chain complex is introduced and studied in [41].

In the present thesis we give some topics of
spectrums with morphisms which are analogous to the
material of inverse systems. Also we give a construct-
ion of the projective cohomology groups of a pair of
compact Hausdorff spaces over a chain complex as a
coefficient group. HMoreover, this construction is dis-
cussed from the point of view of the first four axioms

of the Eilenberg-Steenrod axioms, [13].

The thesis consists of three chapters :

The first chapter ccntains basic ideas from topo-
logy, algebra and algebraic topcleogy. These ideas form

the thegretical base of ocur study.

The second chapter, seems to be original, deals
with a slight generalization of the concept of inverse
systems to include the case when there may be mcore than

cne morphism between two objects of the spectrum.

In the third chapter, which represents the main
original effort in the thesis,the projective cchomology
construction over a chain complex is introduced, and it

is proved that this construction is § -functor.
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CHAPTER 1

SOME BASIC CONCEPTS AND CONVENTIONS

In this chapter we introduce the definitions and the
conventions which are reguired for our study in this thesis.
We classify them into six main sections. 1In thé first
section we consider a general teopological and algebraic
concepts. The second section deals with the idea of the
categories and functors. The third section deals with the
axioms for cchomology theory. In the fourth and £ifth
‘sections we elaborate cochain complexes , simplicial
complexes and their cochain complexes which lead to the
construction of their cohomelogy groups. Finally we concern

with th2 duality theory in the last section.

{1.1) Algebraic and Topological Concepts.

Definition (1.1.1}): A lower sequence of groups is a

collection G = {Gq ' ¢q}  where for each integer
glpositive, negative, or =zerol, Gq is a group, and

¢q ¢ Gg — Gg-1 1is a homomorphism.

The lower seguence G 1is said to be exact if, for

each integer q , Iy ¢q+l = ker bq - where
Inm o1 = Yol {Gq+1) and ker ¢q = {ngq:ph{g}=0 b, [131-

Definition (1.1.2}: An upper seguence of groups is a

collection G = {Gq , 53 }» where for each integer
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g{positive, negative, or zero}, cq is a group and
@q . g4 ——aqu+l is a homomorphism.
An upper sequence is exact if, for each integer g .

In 631 = ker o9,

Definition (1.1.3): A lower [upper] sequence {Gg . oq }
is said to be of order 2 or semi-exact if the composi-
tion of any two successive homomorphisms of the sequence

is zere, i.e., for each g , ¢ = 0 . This means

g g1
that Im ¢q+l is a sgbgroup of Ker ¢q for any g.

Remark {1.1.1): There is a one-to-one correspondence

between the set c¢f all lower segquences and the set of all

upper sequences,for, if 6 = [Gg, #4}is a lower seguence
and we set GY =G.gq, @and ¢4 = ¢—q for each g, then

{Gq P q lis an upper segquence . In the sequal definitions
are made only for upper seguences. The corresponding
gdefinitions for lower sequences are to be sobtained using
this transformation, [13].

Definition {1.1.4): An upper sequence G = {G‘q ; @‘q jis

said to be a subsegquence of the upper sequencei = {Gq; @q},
written G < G, if, for each integer g, G‘q is a subgroup
of G3 and the homomorphism ¢ 9 is the restriction of 03

on G\q *
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Definition (1.1.5): If ¢ = {69, Jland G = [, &~ 7}

are two upper seguences,a homomorphism 4 : G-——#G‘ is a
sequence of hcmomorphisms,{+q } such that, for each
integer g ., *pq : Gq——*G“q, and the follewing diagram

is commutative;

q
c9 & —> §q+1
q g+l
{ | 4
W W
G\q 'S a a* gtl
; +1 4 4
i.e., ¢q s & = 15+ ¥g
If =ach 1q is an isomorphism, 1. is said to be

an isomeorphism.

Definition {1.1.6}: If L = {Lq, +q } is a subsegunce of

the upper sequence G = | G3, ;9] , the factor seguence
G/L of G by L is the upper sequnce composed of the factor

groups ¢3/19 , and the homomorphisms 3 q:Gquq _ 5

+1
g4 /19+1 which are induced by the <

Definition (1.1.7): Let {xj be a collection of sets

indexed by a set M, i.e, for each «M, X 1is a set of

the collection. The product of the collection, dencted

[+

by EM X* , 1is the totality of functions x =fx7%}
=g
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defined for every = ¢ M and such that x* , the value of

X on « is an element of X . The element x © is

called the «-coordinate of x. In particular, if M

consists of the first n natural numbers 1,2,...,n, then

the preduct of the cellection is the set of all n-tuples
1 2

(X, 25rce.s x™") such that x'e Xl, i=1,2,...,n and

will be denoted by Xl X% ... xxM.

If each X is a tepological space, a topology is
introduced in the product of the collection { X | as

follows

If a finite number of the X%s are replaced by
open subsets UsX®, the product of the resulting col-

lection is a subset of 1X%, and is called a rectan-
“eM
=

gular copen set of 1 X
* EM

Any union of rectangular open sets, is called an
cpen set of the product. The preduct with this topoclogy

is called the topelogical product.

If each X* in the collection [ X%} is an abelian

group, then an addition is defined in the product I -

-::EM
by the usual methed of adding function values :
(x + x*) (<} = x {e) + B () = x° + x*
In this way the product )} xf becomes an abelian

« M
group and is called the direct product of the greoups {XE} '

rizl, [26].
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