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PREFACE

The theory of linear operators on Hilbert spaces is cne of

the active parts of functional analysis.

In 1977, a general cenference was held at California State
University Long Beach to discuss Hilbert space operators. Tha pur-
pose of this conference was to put a classification to these opera-

tors as the fcllowing:

{1} TIntegral Operators (f(x) ~(Jk(x,y)fiyidy} .

ny -

Mul-inlication Operators (£ix) + ¢ix)fix)).

Composition Operators (fix) > fslx))).

w

Dur gcal in this research is tc study one of these eoperztors, namely
compeosition operators wiich are discussed iIn one of the main papers

introduced in this conference by Eric A, Nordgren.

To define a compositicn coperator, suppose V is a vector space
of aomplex valued functions on a2 set X under the pcirtwise cperations

ol

af addition and scalar multiplication. If & is a mapping ¢l X into
¥ such tha* the composite fod of f with ¢ is in V whenever [ is ,
then & induces a linear transformation C¢ on Y that sends f into
ftis ilinezr transformation Cé is called a composition cper-

ator on V if C, is = bounded and V is =z Hilbert space.

here are wmany contexts in which such a study can Te carried
ous, Dur principal work has been devoted to the case in which the

Gilbert space V is the 1.2 space of 2 measure,
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PREFACE

The theory of linear operators on Hilbert spaces is one of

the zctive parts of functional analysis.

In 1977, a general conference was held at California State
University Long Beach to discuss Hilbert space operators. The pur-
pose of this conference was to put a classification to these opera=-

tors as the following:
(1) Integral Operators (f{x) ~+(fkix,y)f{yldy) .
{2} “ultiplication Operators (f{x) -+ #(x)f(x)).

(3). Composition Operators (f{x} =+ f(&l{x})).

Cur goal in this research is tc study one of these operators, namely
compesition operators which are discussed in one of the main papers

introduced in this conference by Eric A. Nordgren.

Tc define a compesition operator, suppose V is a vector space
o complex valued funciions on a set X under the polintwise operations
of addision and scalar multiplication. If & is a mapping of X into
¥ such that the composite fod of f with & is in V whenever f is ,
“hen & induces a linear transformation C, on V that sends £ into

¢

£5¢ . This linezr transformation C is called a composition oper-

¢

ator on V if C, is a bounded and V is a Hilbert space.

ks

There are many contexts in which such a study can te carried
ouat. Qur principal weork has been devoted te the case in which <the

Hilbert space Y is the L? space of = measure,
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This thesis consists of three chapters.

In ckapter I, we state some basic definitions, notations znd <heo-
rems which we need in this thesis. We give more attention for the
basic ceoncepts, results and important thecrems on measure theory

which represents a main material for building most paris of our

thesis,

-

in chapter II, we characterize compesition operator using the Yord-

gren's cenditions (Th. 2.2.1).

Our work in this chapter is to show that the zondition cf
Singh (Tk. 2.3,1) for characterizetion of compesiticn operator, is
equivalent fo Nerdgren's cenditiens. Also, we give necessary and
sufficient conditions for the set of all compesition operaters ind-
uced by all cne-to-one measurable transformeticns of X cnto ¥ <o

ferm a group under composition of mappings (§2.4),

Characterization cof composition cperztors induced -y ~zncocre
functicns, rational functions and polynomials on the Resl line with

ebesple matror will te investirzsed 2% the erf of frhis chapter

Py M = M Tia

In chapter III, we study some speciszl types of composition operators

a measure, Conditions for z composition oper-

ater to be normgl (Th., 3.1) and some related results are giver,

Some conditions under which the composition overator is unit-

ary and hermitian are investigated, ancd some examples of unifary

Central Library - Ain Shams University



( ii1 )

composition operators on the L2 space of a spacial measure are

solved.

Finalliy, some results concerning compact composition operators

cn the L? space of a measure are studied.

Ir this thesis, we have represented z group cf transformations
cr some measure theory as a grous of trarnsformations on L2 spaces ,

glso sorme conditions on ¢ to mzake C, normal operzator are obiairned .

¢
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CHAPTER 1

GENERAL INTRODUCTION

Most of this chapter consists of certain basic definitions and

results which will be required later,

§(1.1) Some Basic Concepts of Measure Theory

(1.1.1) Definition (Measurable Space) (6,

(a) 4 collecticn § of subsets of a set X is sald to be a g-algebra
sigma algebra) in X, if & has the following properties:
(1)  Xed
{ii) If Eeé, then Eccﬁ,where EC is the complement of E relative

to X,

[+0]

(2ii) If E = En and 1if Eneé for n =1,2,3,..., then Ee3.

n=1

{n) If % is a c=-algebra in ¥%,then X is called z measurable space,

and the nmembers of & are called the measureable seis in X.

{c) If X is a measurable space, Y is a topological space, and [ 1is
a mapping of X into ¥, then f is said %o be measurable provided

1

that £ (V) is a measurable set in X for every open set V in Y.

(1.1.2) Remarks:[6] & [3]

{1} Let & be a g-zlgebra in a set X. Reffering to Propertiss (i) to
{(ii1i) of Defirnition {1.1.,1){z), we immediately derive thes fol-
lowing fzcts:

(a) Since & = ¥°, {i) and (ii) imply that $ed (whers O is the

Central Library - Ain Shams University
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{£)y Taking = =E .=z...= & in (iii), we sees that
EWUEEU"'UEnEﬁ if E.ex fer i=1,2,...,n-

(-}
(¢) Since OV E = ( EN7, & is closed urder the forme-

tion of countable (and alsc finite) intersections,

el
vz}
}—l
]
0
L
L
1
s}
u
'y
0
D

¥, we have

E_Fed if Eed and Fel.

The prefix - refers to the fact that {iii} is reguired *to hold
for 211 countable unions of members cf &. IF (iii) is reguired for

finite unions only, then § is caliled &n algebra of sets.

I
3
0
Fy
m
‘T3

{2} & class of =ets, R, is called 2 ring if whenever ZcR
then E ¥ and E«F belong to R,
A ring is called a g-ring if it is closed under the formation
cf countable unions.
It is possible to show that every zlgebrz is & ring and every
Jg-z2lgebra is a g-ring. In other werds, an algebra may be char-

acterized as a ring containing X, and c-algebra is a c-ring

containing X.

(3} There exists a smallest ring and a smellest o-ring containing
a given clzss c¢f subsets; we refer to these zs the generated
ring and generated o-ring respsctively.

(4) A rnon smpty class M of sets is monctone if, for every menotone

secusnce (Eq) of sets in M, we have

Central Library - Ain Shams University
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4 c-ring is a meonotone; a

n

Lim En c M.
n

Terirg ccnizining R.

(%.1.3) Propositions: [6]

measurable snace ¥, then § is z complex measurable functior on Z.

bt
by

Th

<h

1

T ils z
Yo (%) =

call %
e letter
reuUgnout
Sor oany

M

No= Xz
=

T

where 1 and v are real measurzbis functions on

z monctene class contains a ring R then 1Y contains the smallest

mezsurable set In ¥, and i~

the charzcteristic function cf the s

at

1]

y will be reserved for characteristic functicns

this thesis.

twe measurable seis E and

T
o
3
el
-
=
[
1y

XF: XE c XF: }EY‘F *

JFT X WXET Xz T Xedp

: . PR A
{1.7.4) Definition (Borel sets) 6;

tet ¥ be

z “opoleogical space. By the third ren

Central Library - Ain Shams University
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trhers exists z smallest g-algebra 5 1in X such that every open set

,

in ¥ belongs to 8. The members of § are called the Dorel sets of X,

In particular, closad sats zre Borel sets ( being,by defini-
tizn. the comnlement of open sets). and so are all countable unions

of closed sets, and all countable intersections of open sets,

Since 3 is a c-algebra in X, we may regard X as z measuratle

space wiith the Rorel sets playing the role of the measurable sets.

I f:X —Y is a continuous mapping of ¥, where Y is any

. -1 .
topological space, then £ (V)eB for every open set V in Y,

In other words every continuous mapping of X is Borel measur~

able. Borel measurable mappings arse 5iten called 3Borel mappings or

sorel “unctions,

{1.1.5) Theorem[6]

Suppose ¢ is a g-zlgebra in X, and Y is a topological space.
et £ maps ¥ intc VY,

(a) If 0 is %he collection of all sets EC ¥ such that f—1(3)€5

then 2 is a ¢-algebra in Y.

(E? If T is measursble and E is & 3orel set in Y, trhen 7 (Z)ed.
e Y = LR e “-1 S yea 1 +
o)l IFY = -2, | and £ ((a,= )zd Tor every real g, then 7 is

mezsurable.
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