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A Mathematical Programming Approach for Nonmetric Multidimensional Scaling

Abstract

Multidimensional Scaling (MDS} is a data visualization method for identifying
structure or clusters of objects depending on proximity measures between pairs of
objects. In this thesis, nonmetric multidimensional scaling is considered, which is prone
to local minimum solution when minimizing the stress function, and we do not guarantee
obtaining the global optimum. For this reason, a new approach for solving nonmetric
MDS problems is proposed based on mathematical programming. Two mathematical
programming models are proposed, namely; nonlinear and mixed integer programming
models. The proposed nonlinear programming model is compared with the classical
nonmetric approach (Shepard-Kruskal algorithm) using the data of the cormruption
perceptions index (CPI) for 2010 for 19 Middle East countries. The comparison is based
on stress value, Shepard diagram, residual diagram and the structure of derived
configuration. Although Shepard-Kruskal algorithm came out with very good solution for
this data set, the nonlinear programming model showed its supcriority, especially for
stress value and the structurc of configuration. As for the proposed mixed integer
programming model, it minimizes the stress function based on city block metric instcad
of Euclidean distance. It is linear in both objective function and constraints, so that it
guarantees obtaining the global minimum solution.

Key Words
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Title of the Thesis:

A Mathematical Programining Approach for Nonmetric Multidimensional Scaling

Summary of the Thesis:

Multidimensional Scaling (MDS) is a graphical representation method. The key
objective of multidimensional scaling procedures is the creation of a low-dimensional
picture or map for objects, subjects, or stimuli based on proximities between these items.
In other words, objects arc represented by points in the space and the distance between
these points represents the dissimtlarity between objects. The aim is to find representative
configuration of points in low dimensions, especially 2 or 3 dimensions to cnable

visualization of data structure.

The purpose of using MDS differs according to the problem of the study. MDS
could be used as a method of data exploration, and for discovering the hidden structure of

data, or it could be used as a method for testing structural hypothesis.

There are two types of multidimensional scaling procedures; the metric and
nonmetric multidimensional scaling. The diffcrence between these two types depends on

the nature of dissimiiarities. If the dissimilarities are quantitative, we usc metric MDS



scaling. whereas if the dissimilarities are qualitative (ordinal or nominal). we usc

nonmetric MDS scaling. This thesis is concerned with nonmetric MDS.

MDS techniques suffer from the possibility of obtaining a local minimum solution
when minimizing a loss function (called stress). Therefore, many attempts in literature

were presented for constructing MDS models using mathematical programming

approach, in order to overcome this problem. However, all thesc attempts dealt only with

metric MDS, and there is nothing in literature about a mathcmatical program for solving a
nonmetric MDS problem. For this rcason, this thesis presents a new approach for solving
nonmetric MDS problems using mathematical programming instead of the classical
approach {Shepard-Kruskal method). Two mathematical programming models were
proposed to solve nonmctric MDS problems, dealing with Euclidean distance and city

block metric as measures of distance between points on the MDS configuration.

Also. the problem of corruption in Middle East countries is considered. trying to
create a map of middle east countries in terms of their level of corruption via the
proposcd nonmetric MDS analysis. The performance of the proposcd mathematical
programming models is compared with the classical approach for nonmetric MDS by

applying them on corruption perceptions index 2010 for 19 Middle East countrics.

This thesis is divided into five chapters and two appendices. The first chapter
presents an introduction to multidimensional scaling procedure. its importance, the
different types of MDS, and a brief discussion of the stress function and MDS
interpretability.

The sccond chapter presents mathematical programming models that were

presented in literature for solving metric multidimensional scaling problems.

The third chapter presents the two suggested mathematical programming models
for solving nonmetric MDS problems. The first model is a nonlinear programming
model, which was proposed to minimize the stress function of the classical approach
based on Euclidean distance. and it was solved using Generalized Reduced Gradient

{GRG) method. The second model is a mixed integer programming model for nonmetric




MDS based on city block metric, the model is in a lincar form and it was solved using

Branch and Bound method.

In the fourth chapter, the proposed models for nonmetric MDS are applied on the
data set of corruption perceptions index 2010, and their performance is compared with
the classical algorithm of nonmetric MDS (ALSCAL). The comparison is based on stress

value, Shepard diagram, residual diagram and the structurc of derived configuration.

The last chapter summarizes the most important conclusions of this thesis and

some points for future work. The most important study conclusions are as follows:

By comparing ALSCAL algorithm and NLP meodel, we found that the NLP model
produced configurations with better stress values than the ALSCAL algorithm for both
unidimensional and two-dimensional scaling. As for the unidimensional scaling, both
methods produced, in general, solutions that are represcntative to data, and could be
described as excellent fits, with approximately zero residuals, even though the stress
value for NLP model 1s better than that of ALSCAL algorithm. When two-dimensional
scaling is concerned, the stress value for ALSCAL becomes greater than the one for
unidimensional scaling, which means that the second dimension docs not add too much to
the configuration. However, adding the second dimension for the NLP model illustrates
certain classification of courtries; indicating highly clean and medium clean countries in
one direction, and medium corrupted and highly corrupted countries in the other

direction.

As for the proposed mixed integer programming model. it minimizes an objective
function based on the city block metric instead of the Euclidean distance, therefore we
cannot compare the stress values with the other nonlinear models directly. However, its
lincar formulation guarantees a global minimum solution for the case of city block

metric, and it came out with a representative configuration for CP12010.

Moreover, two appendices are included, appendix (A) gives the commands of the
software packages- GAMS and SPSS- used in this thesis, and Appendix (B} gives values
of disparities and other output values obtained from the suggested models and ALSCAL

algorithm.







