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Throughout this thesis (X, 1), (Y, o) and (Z, ) (or simply X, Y and

Z) are topological spaces with no separation axioms are assumed unless

explicitly stated. For each Ac X, cl.(A) (int,(A)) denotes the closure (the

interior) of A with respect to T in order to avoid confusion when there

exists more than one topology on X, otherwise the form cl(A) ( int(A))
will be used. P(A) the power set of A is the family of all subsets of A.

In 1933, Kuratowski [38] introduced the concept of an ideal on a
nonempty set as follows:
An ideal | on a nonempty set X is a nonempty collection of subsets
of X which satisfies:
(i) Aeland Bc A implies Be I, (hereditary),
(i) A€ land Be I implies AUBE I, (finite additivity).

Also, several authors are interested in this line of study and therefore
some sorts of ideals arise as one goes further in mathematics such as the
ideal of finite subsets of X, the ideal of nowhere dense sets and the ideal
of meager sets. Different types of operators in terms of ideals,
compatibility property, compactness modulo an ideal, sets, functions and
other concepts were introduced by many topologists.

The concept of the set operator ()1 P(X) — P(X), called a local
function, has been introduced by Vaidyanathaswamy in 1945 [68].

In 1967 [54] Newcomb defined a set operator ¥'(l, t): Tt — 1, on the

other hand, in 1986, Natkaniec [53] defined another operator

Y(l,7):P(X)—t. It was shown in [23] that the operator V' is simply ¥
restricted to t.

In 1990, Hamlett, Rose and Jankovic' investigated many properties

of the set operator ( )* in [24, 26, 31, 32, 61] and the operator ¥(L,7) in
[23].

Semadeni, in 1963 [64] and others have recognized a crucial

property of ideals which was first proved for the ideal of meager sets by

Banach in 1930 [13]. This property of ideals has been called
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"compatible” by Njastad in 1966 [56], Jankovic' and Hamlett in 1990
[26, 31], it was called super-compact by Vaidyanathaswamy in 1945
[68], "adherence" by Vaidyanathaswamy in 1960 [69] and strong

Banach's localization property by Semadeni in 1963 [64].

The concept of compactness with respect to an ideal was first

defined by Newcomb in 1967 [54] and has also been studied by Rancin

in 1972 [58]. Compactness with respect to an ideal (namely, I-
compactness) has been studied extensively in [22, 54, 58].

Newcomb [54] also, defined the concepts of countable compactness
modulo an ideal.

In 1981, the term of "semi-compactness"” was used for the first time
by Dorsett [18].

Hamlett, Jancovic' and Rose in 1991 [25] have studied extensively
the later concept under the name "countably I-compact”.

In 1992, A. A. Nasef [46] was introduced and studied the concepts

of a-local function, pre-local function, B-local function, 6-local function

and o-local function which were generalizations for the concept of local
function.

In 2001, A. A. Nasef [47], generalized the concept of I-compactness
by using the concept of semi-open set and presented a new concept of
compactness, namely, semi-lI-compactness. Also, he was studied the
relations between semi-l-compactness, I-compactness and semi-
compactness.

The concept of soft sets was first introduced by Molodtsov [44] in
1999 as a general mathematical tool for dealing with uncertain objects.

Recently, in 2011, Shabir and Naz [65] initiated the study of soft
topological spaces. They defined soft topology on the collection t of soft
sets over X. Consequently, they defined basic notions of soft topological
spaces such as open soft and closed soft sets, soft subspace, soft closure,
soft neighborhood of a point, soft separation axioms, soft regular spaces
and soft normal spaces and established their several properties.

Hussain and Ahmad [29] investigated the properties of open (closed)
soft, soft neighborhood and soft closure. They also defined and discussed
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the properties of soft interior, soft exterior and soft boundary which are
fundamental for further research on soft topology and will strengthen the
foundations of the theory of soft topological spaces.

Kandil et al. [35], introduced a unification of some types of different
kinds of subsets of soft topological spaces using the notions of 7y-
operation. Kandil et al. [37], generalize this unification of some types of
subsets of soft topological spaces using the notions of y-operation to
supra soft topological spaces. The notion of soft ideal is initiated for the
first time by Kandil et al. [36]. They also introduced the concept of soft
local function. These concepts are discussed with a view to find new soft
topologies from the original one, called soft topological spaces with soft
ideal (X, 1, E, ]).

This thesis consists of seven chapters.

Chapter one consists of three sections. In section one; we review
some basic definitions, properties and propositions on ideals. Also, some
topological concepts in terms of ideals were recalled.

In section two; we presented the basic definition of soft set in
mathematics, then the soft set in soft topological spaces with some
concepts and properties which will be needed in the sequel.

In section three; we recalled the basic concepts and terminology of
the game theory in order to apply it in the topological spaces and in the
ideal topological spaces consequentially.

Chapter two consists of two sections. In section one; we recalled the
a-local function [1], which is a generalization of the concept of a local
function [68], a set operator ()": P(X) —P(X), by using the notion a-
open set [55]. We further study some properties of these types. Some
propositions, remarks and examples are offered to explain these
concepts.

In section two; we will introduce the set operator W*(I, 1) and study
some properties of it.

Chapter three consists of two sections. In section one; we recall

some types of weakly open sets in ideal topological spaces like; al-open
set [28] and la-open set [4]. Also, we introduce new types of weakly
open sets like; o,-open, weakly al-open and weakly la-open sets. We
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study some properties of these types and the relationship between these
sets.

In section two; we introduce new types of weakly continuous
functions on the ideal topological spaces by using the weakly open sets
that we introduced in section one of this chapter like; al-continuous,
w.al-continuous, w.la-continuous, strongly al-continuous, strongly w.al-
continuous, strongly w.la- continuous, al-irresolute, w.al-irresolute and
w.la-irresolute function. The relations among these functions are studied,
also.

Chapter four consists of two sections. In section one; we will
introduce new types of compactness in an ideal topological space by
using the concepts of a;- open, w.al-open and w.la- open sets like; a-
compactness, al-compactness, la-compactness, w.al-compactness, w./la-
compactness, Cca-compactness, cal-compactness, cla-compactness,
cw.al-compactness and cw.la-compactness. So we study the properties
of such spaces and the relationships among them and among other known
types with many corollaries. We also gave many counter examples to
improve the ones which are invalid and put conditions to the invalid
direction true.

In section two; we introduce new types of connectedness in ideal

topological spaces by using the concepts of a,-open, w.al-open and w.la-

open sets like; I*hyperconnectedness, «,*hyperconnectedness, w.al -
hyperconnectedness, w.la+hyperconnectedness, oy-separated
connectedness, Ww.al-separated connectedness and w./la-Separated

connectedness. Some properties of these types are studied.

In chapter five, we have continued to study the properties of soft
topological spaces. We introduced new types of soft compactness based
on the soft ideal 7 in a soft topological space (X, 1, E). Also, several of
their topological properties are investigated.

Chapter five consists of two sections. In section one; we introduced
new concept of weakly soft open sets in soft topological spaces via ideals
which is called o,-open soft set. So, by using this concept we introduced
new types of compactness like; soft oj-compactness, soft oy-/-
compactness, soft a-compactness and soft a-/-compactness. Some
properties of these types are studied, also.
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In section two; we introduced new types of countably compactness in
soft topological spaces via ideals like; soft countably a-/-compactness and
soft countably o,-/-compactness. The relations between these types with
some properties are studied, also.

Chapter six consists of four sections. In section one; we propound a
comment about the Meneger (X) game. We show that player TWO has a
winning strategy always per contra that player ONE. So, we define a new
game, say G(C), by using the same data of the Meneger (X) without any
winning strategy for both players in general.

In section two; we introduce new games by using the concepts of
ideal topological spaces, like: G(C, 1), Gp(C, 1) and Go(C, I). So, we
show some results that explain many conditions to make anyone of
players have winning strategy.

In section three; we introduce new games by using some types of
covering for ideal topological spaces. Also, the efficacies of some types
of ideals on the strategies for players are studied.

In section four; we use the concept of I-compact spaces to define
new game say G(X, I) and study the relationships between this game and
the terms of selection principles.

The aim of chapter seven is to offer a point of view about some
assertions which were appeared in some articles ago. This chapter consists
of two sections. In section one; we discussed some assertions (The
collections of all codense sets and the collections of all boundary sets in
any topological space) in the paper by Jankovic” and Hamlett [30] does
not represent ideal by counter examples. And so we show that, the note
IU{X} is not a topology on X in general which was introduced by
Jankovic” and Hamlett [31].

In this section, we show that there is a mathematical error of the
claimed result of the paper of Friday Ifeanyi Michael [21]. We show by
producing counter example that the result "For an ideal | on a topological
space X, the following are equivalent: (i) I is the minimal ideal on X, that
is, | = {@}; (i) the concepts of semi-openness and I-semi-openness are the
same" which appeared in that article [21] is incorrect. We review some
basic definitions and remarks about "semi-open set" in topological spaces
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and it is generalization in ideal topological spaces. Also, we explain the
relationship between these sets.

Finally, every remark, lemma, proposition and corollary which is not
referred to by any reference in this thesis is our own.

Some of the main results in this thesis were published in [2, 3, 48,

49, 51, 52 and 57], other results were presented in The 27"

Conference of Topology and its Applications (21-22 June 2014),
Faculty of Science, Ain Shams University, Egypt.
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CHAPTER 1
Preliminary Concepts and Some Results

1.0 Introduction

In this Chapter, we review three different branches in general
topology and in game theory in order to mix them follows.

In section one; we review some basic definitions, properties and
propositions on ideals in mathematics. Also, some topological concepts
in terms of ideals were recalled.

In section two; we present the basic definition of soft set in
mathematics, then the soft set in soft topological spaces with some
concepts and properties which will be needed in the sequel.

In section three; we recall the basic concepts and terminology of the
game theory in order to apply it in the topological spaces and in the ideal
topological spaces consequentially.

For elementary concepts in general topology like; topological space,
open set, closed set, interior of a set, exterior of a set, closure of a set,
boundary of a set, derived of a set, continuous function, open function,
closed function, homeomorphism function, equivalent topological
spaces, connected topological space, compactness topological space and
soon see [5], [9] and [66].

1.1 Ideals and topology

An ideal 1 on a nonempty set X is a nonempty collection of subsets of
X this has hereditary and finite additivity. The subject of ideals in
topological spaces has been studied by Kuratowski (1933),
Vaidyanathaswamy (1945), Freud (1958), Semadeni (1963), Hayashi
(1964), Njastad (1966), Newcomb (1967), Ranéin (1972), Samuels
(1975), Hashimoto (1976), Natkaniec (1986), Kaniewski and Piotrowski
(1986). Recently each of Hamlett, Jankovic' and Rose in (1990, 1991)
developed the theme of ideals in general topology.
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Definition 1.1.1 [38]: A nonempty collection I of subsets of a set X is said
to be an ideal on X, if it satisfies the following two conditions:
(i) If A€ 1 and Bc A, then BE I
(if) If A€ land Bel,then AUB €.
(iii) An ideal | is called a o- ideal if it satisfies the following condition:
If {Ai:i=1,2,...}cl, then U{A: i=1,2,...} € | (countable additivty).

Remark 1.1.2 [31, 33]:

(i) The simplest ideals on a nonempty set X are P(X) (the improper
ideal) and {@} or Ig; (the trivial ideal). Then for every ideal 1 on X,
we have {@}c | < P(X).

(if) 1f Xe 1, then | is called a proper ideal.

(iii) If I is a proper ideal on a nonempty set X, then {Ac X: X-A€l}isa
filter. Hence proper ideals are sometimes called dual filters.

(iv) If I and J are two ideals on a nonempty set X, then we have:

(1) IN Jis anideal on X.

(2) In general U Jis not an ideal on X, but the join IvJ={EU H:
Eel and He J} is an ideal on X containing | and J.
(v) lla={ENA: E€el} ={E€l. ECA} is the restriction of | on A, where

A is a nonempty subset of X and | is an ideal on X. It is easily seen
that 1| is an ideal.

Example 1.1.3: Let X={a, b, ¢, d, e}, I={9, {a}, {c}, {a, c}} and J=

{3, {b}, {d}, {e}, {b, d}, {b, e}, {d, e}, {b, d, e}}. Itis clear that U Jis
not an ideal on X.

Definition 1.1.4: Newcomb [54] defined A= B [mod I] if (A-B) U (B- A)
€ |, and observed that "=[mod I]" is an equivalence relation. Let us
denote by AA B the "symmetric difference" (A- B) U (B- A).

Definition 1.1.5 [10, 31]: A subset A of a space (X, 1) is said to be

(i) nwd (= nowhere dense) in X, if int(cl(A))= 3.

(if) countable, if it is finite or has the same cardinal number.
(iti) meager set (or of first category) if it is a countable union of nwd sets.
(iv) dense- in- itself, if Ac AY that is A is without isolated points, where

A is the derived set of A.
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(v) perfect, if A is dense- in- itself and closed.
(vi) discrete, if AN A= @.

(vii) closed and discrete, if A%= @.
(viii) Relatively compact, if cl(A) is compact in (X, 1).

The following collections form important ideals [31, 58] on a
topological space (X, 1):
(i) {9} or lg: the trivial ideal.
(i) P(X): the improper ideal.
(iii) f= g the ideal of all finite subsets of X.
(iv) C=I: the ideal of all countable subsets of X.
(V) CD: (l¢g) the ideal of all closed and discrete sets in (X, 1).
i.e. Ie= {Ac X: A’= @} where A% is the derived set of A.
(vi) N=I,: the ideal of all nowhere dense sets.
i.e. = {Ac X:int(cl(A))= g}.
(vii) M= Iy: the ideal of all first category (= meager) sets.
i.e. In={Ac X: A= U{B;, ie N; int(cl(B;))= @}.
(viii) CDF= Icpg: the ideal of all closed df- sets, where a subset A of a
topological space (X, 7) is called discretely finite (= df- set) if for

each xe A, there exists an open set U containing x such that UN A
is finite.

(ix) lk: the ideal of relatively compact sets in (X, 1).

(x) <A>=1(A): the principal ideal generated by any subset A of a space
(X, 7). i. e. I(A)= P(A)= {Bc X: Bc A}.

Theorem 1.1.6 [54]: Let f: (X, 1) — (Y, o) be a function. The following

statements are true:

(i) Iflisanideal on X, then f(1)= {f(E): EE I} isan ideal on Y.

(ii) If f is injection and J is an ideal on Y, then f (J)= {f(B): BEJ} isan
ideal on X.

Since ideals are usually defined, by Kuratowski [38], as collections
of subsets of a nonempty set X, Vaidyanathaswamy [68, 69] introduced
the concepts of a local function and a kuratowski closure operator which
were considered the main-entrance of the concept ideal into the
topological spaces.



