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Abstract

This thesis has two predominant objectives. On one hand, we investi-

gate the relation between the concept of graded essential extensions and

graded injectivity of graded modules. Actually, a characterization of the

graded injective hull in terms of graded essential extensions is deduced and

graded versions of (Echman-Schopf) theorem and (Papp-Bass) theorem has

been proved. On the other hand, we study one of the most important ex-

tensions of graded injectivity, namely the graded soc-injectivity. Roughly

speaking, after defining the graded soc-injectivity of graded modules we

provide characterizations of semiartinian graded rings, graded noetherian

rings, and graded quasi-Frobenius rings in terms of graded soc-injectivity.
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Summary

It is undoubtedly that modules and rings are ubiquitous objects of ab-

stract algebra and they are delight to construct. A natural strategy for

investigating the structure of a ring is to consider a given set of conditions

on the modules it admits. The study of rings and modules would be defi-

cient without a connection with homological algebra. In the solar system

of homological algebra the sun is certainly the theory of projective and

injective modules. If R is an associative ring with 1 then every R-module

M can be embedded in an injective R-module. Among the injective mod-

ules that contain M there is a minimal one called the injective hull of M ,

denoted by E(M). The injective hull of M is unique up to isomorphism

and in some sense, it is the best approximation of M by an injective mod-

ule. The concept of essential extensions will prove to be indispensable in

dealing with uniform dimensions and in the formation of the injective hull

of modules which is crucial for the theory of rings of quotients. Injective

modules are closely related to essential extensions. Actually, a module is

injective if and only if it has no proper essential extensions. During the

past twenty years, the theory of injective modules has enjoyed a period of

2



vigorous development. The concept of injectivity has been extended and

characterizations of quasi-Frobenius rings, perfect rings, Kasch rings, and

semiartinian rings in terms of extended injectivities of modules have been

established,[1],[9],[15],[20].

The motivation underlying graded rings and modules is almost contrary

to the one of representation theory. The graded methods are not aiming

to obtain information about the grading group of the graded ring

R = ⊕σ∈GRσ. On the contrary, the existence of a G-gradation is used to

relate R and Re, e is the unit element of G, or graded to ungraded proper-

ties of R. Graded rings have been proved to be a very satisfactory tool in

the study of algebraic geometry where they are used to gain information

about projective varieties, [21],[10].

This thesis has two predominant objectives. On one hand, we investigate

the relation between the concept of graded essential extensions and graded

injectivity of graded modules. Actually, a characterization of the graded

injective hull in terms of graded essential extensions is deduced and graded

versions of (Echman-Schopf) theorem [16] and (Papp-Bass) theorem [4]

has been proved. On the other hand, we study one of the most important

extensions of graded injectivity, namely the graded soc-injectivity. Roughly

speaking, after defining the graded soc-injectivity of graded modules we

provide characterizations of semiartinian graded rings, graded noetherian

rings, and graded quasi-Frobenius rings in terms of graded soc-injectivity.

The new results we have obtained so far are displayed in the third chapter
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of this dissertation.

The thesis consists of three chapters.

The first chapter provides the preliminaries and some background ma-

terial to be used in the subsequent chapters. The second chapter consists

of two sections.

The first section is devoted to the study of graded injective module.

We proved Baer’s theorem for injectivity of graded modules. Actually,

the proof is a slight modification of the proof in the ungraded case. The

importance of Baer’s criterion is a clear consequence of its iterated use

throughout the thesis. The relation between injectivity and graded injec-

tivity is discussed. In the second section we investigate the concept of

H-injective graded modules, where H is a subgroup of the grading group

G, as displayed in [18]. The well-known result of Higman about H-injective

modules over strongly graded rings is presented.

The third chapter is divided into two sections.

In the first section we study basic properties of essential extensions of

graded modules. The graded injective hull of a graded module is charac-

terized in terms of graded essential extensions. The graded versions of the

well-known Echman-Schopf theorem and Papp-Bass theorem for injective

modules over noetherian rings have been proved.

The second section is devoted to the study of one of the most important

extended injectivity concepts of graded modules which is the graded soc-

injectivity. Actually, we introduce and investigate the concepts of graded
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soc-injectivity and strongly soc-injectivity. We study the relation between

these concepts and the graded semi-simplicity as well as the graded projec-

tivity of graded modules. We round off by establishing important charac-

terization of graded semiartinian rings, graded quasi-Frobenius rings, and

graded noetherian rings in terms of graded soc-injectivity of graded mod-

ules.

The main results of this thesis are published in

Pure and Apllied Mathematics Journal, Science Publishing

Group (SPG), 2015, Vol. 4, No. 2, 47-51.
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Chapter 1

Preliminaries

In this chapter we assemble the most basic known concepts and their

associated necessary results for our study in this thesis. For details on

injectivity and projectivity of modules we refer to [2],[3],[7],[8] and [22]

while for details on graded rings and graded modules we refer to [10],[11],

and [14].

1.1 Projective and Injective Modules

Throughout R is an associative ring with 1. All R-modules are left R-

modules unless otherwise stated. By R-mod we denote the category of left

R-modules.

Definition 1.1.1 ,[6]. Let M be an R-module. A set of elements X in M

is said to generate M if for any element m ∈M , m = λ1x1+λ2x2+...+λnxn

for some λ1, ..., λn ∈ R, x1, ..., xn ∈ X. M is said to be finitely generated

if there exist a finite subset X of M which generates M . The elements of

such a set are called generators of M .
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Definition 1.1.2 ,[6]. Let M be an R-module. A set X in M is called a

basis for M if

1. X generates M .

2. If
∑n

i=1 λixi = 0, then λ1 = λ2 = .... = λn = 0 for λi ∈ R, xi ∈ X. In

other words, X is linearly independent set of elements.

Example 1.1.3 ,[7]. If Q is the set of rationals, then the Z-module Q is

not finitely generated.

proof: We first claim that: if finitely many arbitrary elements are omitted

from an arbitrary generating set X of ZQ, then the set with these elements

omitted is again a generating set of ZQ.

Indeed, let xo ∈ X, since X is a generating set for Q then

xo
2 = zoxo +

∑
xi 6=xo zixi , zi ∈ Z, xi ∈ X

then it follows that

xo = 2zoxo +
∑
xi 6=xo

2zixi ⇒ nxo =
∑
xi 6=xo

2zixi

where n = 1− 2zo ∈ Z and n 6= 0. Now let

xo
n = z

′

oxo +
∑

xi 6=xo z
′

ixi , z
′

i ∈ Z, xi ∈ X
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hence

xo = nz
′

oxo +
∑
xi 6=xo

nz
′

ixi

=
∑
xi 6=xo

2z
′

ozixi +
∑
xi 6=xo

nz
′

ixi

=
∑
xk 6=xo

z
′

kxk , xk ∈ X, zk ∈ Z

Thus xo lies in the submodule generated by X − {xo}, and since X is a

generating set of ZQ, then so also is X − {xo}. The assertion follows by

induction. Hence there is no finite set of generators of ZQ, since otherwise

ZQ would be generated by the empty set and it would follow that ZQ = 0.

Definition 1.1.4 ,[6]. An R-module M is said to be free if it satisfies one

(and hence both) of the following equivalent conditions:

1. M ∼= ⊕i∈IRi such that Ri = R, for every i ∈ I.

2. M admits a basis.

Lemma 1.1.5 ,[7]. Every R-module M is an epimorphic image of a free

R-module. If M is finitely generated, then M is an epimorphic image of a

free R-module with a finite basis.

Example 1.1.6 1. Any finitely generated vector space V over a field F

is a free F -module of finite basis.

2. Z2 as Z-module is not free, since Z2 is finitely generated by 1 but {1}

is not linearly independent (obviously 2.1 = 0).
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3. If the ring R is viewed as an R-module, then R is a free R-module with

basis {1}.

4. The R-module Rn is a free R-module with basis {ei}ni=1, where

e1 = (1, 0, 0, ..., 0),

e2 = (0, 1, 0, ..., 0),

e3 = (0, 0, 1, ..., 0),

and ...

en = (0, 0, 0, ..., 1)

5. The matrix ring Mn(R) is a free R-module. One basis of Mn(R) is the

set of matrix units {Eij}ni,j=1 with n2 elements. where

Ei,j =

(
el,k

)n
l,k=1

is given by el,k =


1, l=i and k=j

0, otherwise

For example, if (aij) ∈M2(R), then

(aij) = a11E11 + a12E12 + a21E21 + a22E22

Theorem 1.1.7 ,[10]. Let P be an R-module. The following statements

are equivalent:

1. P is a direct summand of a free R-module.

2. Given any diagram
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P

A B 0
f

h

with exact bottom row, there exists an R-homomorphism g : P → A

such that fg = h.

3. Every exact sequence 0→M
′ →M → P → 0 splits.

Definition 1.1.8 An R-module P satisfying one (hence all) of the above

conditions is called a projective left R-module.

Proposition 1.1.9 ,[7]. If f : N → M is an epimorphism and M is a

projective R-module, then M is isomorphic to a direct summand of N .

Example 1.1.10 1. Every vector space over a division ring is projective.

2. Every free R-module is projective.

3. There are modules that are not projective. For example,
∏

N Zi, where

Z = Zi for i = 1, 2, 3, ... , is not a projective Z-module,[8].

4. The n × n matrix ring Mn(R) is projective as an Mn(R) module and

as an R-module,[3].

5. For a non-zero idempotent e of R, eR is a projective R-module but not

free.Indeed, since R = eR ⊕ (1− e)R and RR is a free R-module then
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eR is a projective R-module. And since

(1− e)er = er − e2r = 0 , (1− e) 6= 0.

Therefore {er} is not a basis for eR for all r ∈ R. Thus eR is not free.

6. Since Z6 = <2> ⊕ <3> then both <2> and <3> are projective Z6-

modules. On the other hand, non of them is a free Z6-module. Indeed,

neither <2> nor <3> is isomorphic to direct sum of copies of Z6.

7. Q is Z-projective as Z-module. Indeed, consider the following diagram

Q

Z Z/nZ 0

f

η g

where f : Q→ Z/nZ is defined by

f(q) = f(n
q

n
) = nf(

q

n
) = 0 (i.e f = 0.)

then there exists θ : Q→ Z such that θ = 0 with ηθ = f .

8. Q/Z is Z-projective but not Q-projective. Indeed, consider the follow-

ing diagram
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Q/Z

Z Z/nZ 0

f

η g

where f : Q/Z→ Z/nZ is defined by

f(q + Z) = f(n(
q

n
+ Z)) = nf(

q

n
+ Z) = 0 (i.e f = 0).

Obviously there exists θ : Q/Z → Z such that θ = 0 with ηθ = f. But

if Q/Z is Q-projective then Z is a direct summand of Q(Proposition

1.1.9), thus Q = Z⊕K for some K ≤ Q. Since 1
2 ∈ Q = Z⊕K then

1
2 = z + k for z ∈ Z, k ∈ K. Thus 1 = 2z + 2k and 1 − 2z = 2k ∈

Z ∩ K = {0}, therefore 1 − 2z = 0. Hence z = 1
2 ∈ Z, which is a

contradiction.

Proposition 1.1.11 ,[3]. If {Mα}α∈Λ is a family of R-modules, then ⊕α∈ΛMα.

is projective if and only if each Mα is projective.

Definition 1.1.12 An R-module Q is said to be injective if and only if it

satisfies one (and hence all) of the following equivalent conditions:

1. Every short exact sequence

0→ Q
f−→ A

g−→ B → 0

splits.
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